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EQUIVARIANT BUNDLES ON TORAL VARIETIES
UDC 512.7

A. A. KLYACHKO

ABSTRACT. Equivariant bundles on toral varieties are described in terms of filtrations
which arise canonically in the fiber over a fixed point. The cohomology groups and
characteristic classes are computed in terms of these filtrations, and problems of linear
algebra which arise from them are discussed.

Bibliography: 20 titles.

§0. Introduction

0.1. Let X be a nonsingular toral variety. This means that an action of an alge-
braic torus T is defined on X and X contains an open orbit on which this action
is free. We call a vector bundle p: & — X an equivariant or toral bundle on X if it
has an equivariant 7-structure, i.e. an action of the torus T: & which is linear on
the fibers and makes the following diagram commute:

g L &
rl rl vieT.
X 4 x

The starting point of this paper is the following description of equivariant bundles
given in the language of linear algebra. We recall (see §1) that a toral variety X is
determined by a fan X = Z(X) in a lattice T ® dual to the character lattice 7 =
Hom(7', G,). The cones g € £ correspond bijectively to orbits O of the torus
T in X,and tCo & O, CO,; dimog = codimO_. We denote by [X| the set of

primitive vectors of the lattice 7° which generate one-dimensional cones in X£. For
acone g € X we shall put jo|=an|Z|.

0.1.1. THEOREM. The category of toral bundles on a variety X = X(X) is equivalent
to the category of vector spaces E with a family of decreasing Z-filtrations E®(i)
(e €|X|, i€ Z) which satisfy the following compatibility condition:

(C) For any o € X the filtrations E“(i), « € |o|, consist of coordinate subspaces
of some basis of the space E .

EQUIVALENT FORMULATION. The subspaces E"(i), o € |o|, i € Z, generate a
distributive lattice.

In this theorem, and henceforth, the filtrations are assumed to be full: E"(i) =0,
i>»0,and E"())=E, i< 0.
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The equivalence of categories is established by assigning to a bundle & the fiber
E = &(x,) over a fixed point x, of the open orbit. The filtrations on E arise in the
following way. For each orbit O , a € |Z|, of codimension one we choose a point
x, € O, and put

E°(x)={e€E=&(x)|3 lim x '(1)te);1€T}, xeT.
Xog—X,

It turns out that the spaces E“(x) depend only on the number / = (¥, a) and
determine a family of filtrations E”(i) which satisfy the compatibility condition of
Theorem 0.1.1.

A major part of this paper is of a linguistic character; its aim is to translate geo-
metric notions related to bundles, cohomology groups, and characteristic classes into
the language of filtrations. In preparing this paper we were helped by the hope that a
new ecological niche would appear in which the geometry of bundles could exist and
which would serve as a source of deep examples.

‘0.2. A short summary of the results. In §1 we give an account of basic facts about
the construction of toral varieties and bundles. Note Theorem 1.2.3, which says that
an equivariant bundle & is torally indecomposable if and only if it is indecomposable
in the usual sense; if indecomposable toral bundles & and ¥ are isomorphic as
ordinary bundles, then & is torally isomorphic to .# ® y for some character y € T .

In §2 a modified version of the above mentioned theorem which is suitable for
singular varieties (Theorem 2.2.1) is proved. This theorem is applied to describe
bundles on varieties of dimension < 2, and bundles of rank < 2 on arbitrary
varieties.

In §3 for an equivariant bundle & on a complete nonsingular toral variety X,
dim X = n, a canonical resolution

1

is constructed, which consists of splittable bundles (Theorem 3.1.1). It is applied to
compute the total Chern class of the bundle (Theorem 3.2.1):

codim ¢

(=1
=[] det (1 + 3 aXalé’(xa)) , (0.1)

() a€|o|

where x, €0_, X = 5(1 is the closure of the orbit of codimension 1, and the vector
a€lg| C Tf is considered as an element of the Lie algebra .22.T, = Tf ® C of the
stabilizer T, of the point x, € O, .

In §4 the cohomology groups of toral bundles & are computed in terms of the
filtrations E*, o € |Z|. We will denote by H? (X, &) . the isotypical component of

the cohomology group which corresponds to the character y € T . It can be computed
with the help of some complex C*(&, x) constructed from the spaces

=N E"®), E(W=E(x,a), acl3
a€|o|
(Theorem 4.1.1). The result for the projective space takes the simplest form:

H"™(P", &), =E(x)n - nE"" (1)

nY 0/ T E B 00 E,

k>p k>p



EQUIVARIANT BUNDLES ON TORAL VARIETIES 339

where the E*, a =0, ..., n, are the filtrations which determine the bundle & , and
O<p<n.
In the general case we have the formulas

) H(X, &), = Nagiz E“ ()5
2y H'(X, é’) —E/ZQG|Z|

3) 2, (-1 dmH (X, &), = %, (-1 dim E7(x) .
The last formula for the Euler characteristic has a useful interpretation in the form
of a trace formula (Theorem 4.2.1):

ST Tt HY (X , &) ZTr(ﬂé’ x,) /H (1-x""),

14 XEA"

“(x), n=dimX, X complete;

where A € X runs over cones of maximal dimension # = dim X , x,€X T is the
fixed point corresponding to A, and A™ is the basis of the group of characters T

dual to the basis |A| of the lattice T°.
As an application of the trace formula, in §5 the intersection index of cycles is

calculated (Theorem 5.1.1):
= > HaZ~HaA/ (0.2)

ADa , T a€|g| a€lr| a€|A|

where X = 50, dim X+ dim X, = dim X, and aA, a € |A|, denotes elements
of the dual basis A*. The right-hand side of this formula is viewed as a rational
function on 7°® C which is in fact constant. Therefore formulas of type (0.2) may
serve as a source of various algebraic identities including many classical ones.

A combination of (0.1) and (0.2) leads to explicit formulas for Chern numbers
(Theorem 5.2.1). In the same section we construct canonical bases of the additive
groups of the Chow ring CH(X) and the Grothendieck ring K(X) (Theorem 5.3.1).

The final section, §6, is devoted to the analysis of the compatibility condition of
Theorem 0.1.1. We call the family of filtrations E*(i), a« € A, i € Z, of the space
E splittable if the subspaces E“(I) generate a distributive lattice. Splittable families
of filtrations can be represented in the form of a direct sum of filtered spaces of
dimension one. It is convenient to write the splittability condition of filtrations in
the language of parabolic subgroups P“ = {g € GL(E)|g(E“(i)) = E®(i)}:

{E"|a € A4} splittable < [ P contains a maximal torus (0.3)
a€A

Formula (0.3) together with Theorem 0.1.1 shows that the study of toral bundles
with fiber E on nonsingular varieties X = X(X) is essentially equivalent to describ-
ing simplicial maps of the fan X to the complex (F), the vertices of which are
parabolic subgroups P C GL(E), and the simplices form families P ¢ GL(E),
a € A, which contain a common maximal torus. The complex Z(E) plays the role
of a classifying space for toral bundles.

We prove for 4 (E) the following analog of Helly’s theorem concerning convex
sets (Theorem 6.1.2): for a family of parabolic subgroups P" C GL(m), to have
a common maximal torus it is necessary and sufficient that any m + 1 subgroups
of this family contain a common maximal torus. Asd a corollary we get that toral
bundles on P" of rank r < n split. A more subtle criterion for splittability is proved
in Proposition 6.3.2.
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For a family of Borel subgroups B® C GL(m) more can be proved (Theorem
6.2.1): the intersection [ B® contains a maximal torus if any triple of subgroups
contains a common maximal torus. This condition can also be expressed in the
language of permutations Mg € S,, of subgroups B* and B’ : Rop T, T
Ya, B,7.

In the same section the restrictions of toral bundles to the closures of orbits X_ C
X (Theorem 6.3.1) are studied, and the following classification result is proved. We
call a filtration E°(i), i € Z, short if it contains at most one nontrivial subspace
E®(i) #0, E. It turns out (Theorem 6.4.1) that a toral bundle & on P" defined by
a family of short filtrations decomposes into a direct sum of line bundles and twisted
bundles of p-forms Q° ® O(f). This result leads to restrictions on the ranks of the
cohomology groups of an arbitrary toral bundle on P”:

3 (”) dimH(P", &), <1k &,

p p '
from which it follows, for example, that H?(P", &) = 0 for toral bundles & of
rank less than (7).

0.3. Acknowledgements. I am grateful to A. Khovanskii for discussions which were
helpful in elucidating the geometric meaning of filtrations in Theorem 0.1.1, and also
to the participants of A. N. Tyurin’s seminar and to A. N. Rudakov for stimulating
interest in this work.

0.4. Permanent notation. X = X(X) is a toral variety defined by a fan X together
with the action of a torus 7'; T = Hom(T, G,,) is the character lattice; 7° =
Hom(T', Z) is its dual lattice of one-dimensional subtori; Tg =T7°®R; and |Z| is
the set of primitive vectors of the lattice 70 , which generate one-dimensional cones
in £, If 0 €X, then |g|=0n|Z]|.

Captial greek letters A, I € X will denote cones of maximal dimension n = dim X
of the fan X. O, is the orbit corresponding to the cone ¢ € X, dimo = codim O, ;
T, C T is the stabilizer of the point x, € O ;and X = 60- In particular, X, or
x, is the fixed point corresponding to the maximal cone A€ X.

In the paper the decreasing Z-filtrations E°(i), i € Z, parametrized by vectors
a € |Z] will often appear. In this case we put

E*(X)=E°((x,a)) and E°(x)= () E"(x), o€ZX, xeT.
a€la|

Bl Myla = 1

§1. General facts about toral varieties and bundles

1.1. Let X be a toral variety. This means that X is normal, an action of an
algebraic torus 7T is defined on it, and X contains an open orbit on which this
action is free.

For example the projective space P(}') is a toral variety with respect to the action
of the maximal torus T C PGL(V).

We will recall some facts about the construction of toral varieties (see [1]-[3]). Let
X =111, O, be an orbit decomposition (the number of orbits is always finite). We
shall identify the open orbit O, with the torus 7" and we shall consider characters

x € T as rational functions on X . Then for each orbit O, a subgroup of characters
¢ c T regular on O, is defined and also a cone dual to it

o ={aeTRlx,a)20,v, ea}.
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The set of cones o C Tg is called the fan associated to X and is denoted by X =
Z(X). There is a one-to-one correspondence between cones ¢ € £ and orbits O C
X ; moreover, ¢ C 1< O, D 0, and dimO, = codimo .

A variety X = X(X) is uniquely determined by its fan X. In fact, X is con-
structed from affine pieces U = Speck[&] by identifying U NU, with U, Here

ont *
6 ={xeT|{x,a) >0, Va € }. A fan can be an arbitrary finite collection of
convex cones in the space Tg which satisfy the following conditions:

i) The cones in X are generated by a finite number of vectors in the lattice 70
and do not contain straight lines.

il) The faces of a cone contained in a fan are also contained in the fan.

iii) Any two cones in X intersect along a common face.

All the geometric properties of the variety X = X(Z) can be expressed in terms
of the fan X. For example:

X is nonsingular < every cone o € X is generated by part of the basis of the
lattice 7° ; in particular, a fan of a nonsingular variety is simplicial.

X is complete < the union of the cones g € ¥ coincides with the whole space
70

1.1.1. ExampLE. We shall consider the projective space P". Let (Xg: X0 veix,)
be homogeneous coordinates on which the action of the maximal torus T C
PGL(n + 1) is diagonal. We shall identify the torus 7 with the orbit of the point
(1:1:...:1). Then the ratios x;/x; = x,; can be viewed as characters of the torus
T . For a given j these form a basis of the semigroup of characters (“fj which are

regular at the fixed point p ; Wwith coordinates x; = J, ;- The fan X(P") consists of
dual cones o, J= 0, ..., n, and their faces. Each cone o is generated by the

basis (o, oy, ..., dj, ..., a,) of the lattice TO, where the o, are defined by the
conditions (a, , Xij) =0,, for k # j. Moreover, ay+a, 4+ +a, =0.

1.2. Let p: & — X be a vector bundle over a toral variety X . We shall say that
& is an equivariant or toral bundle if an action, linear on the fibers, of the torus
T: & is given, making the foilowing diagram commute for all 1 € T':

& L g
pl pl (1.0)
X 4 x

For example, all the canonical bundles over X are toral {they depend on X
functorially and therefore diagram (1.0) is defined for an arbitrary morphism
X — X). As another example consider rigid bundles &, i.e. bundles for which

FIGURE |
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Ext (&, &) = H' (X, &« &) = 0. This follows from the following characterization.
of toral bundles in the moduli space of all bundles.

1.2.1. PROPOSITION. A bundle & on a complete toral variety X can be endowed
with a toral structure if and only if & ~ t*& , Yt € T (i.e. & is a fixed point in the
moduli space for the action of the torus T).

ProoOF. Let the bundle & satisfy the assumption of the proposition. Then for
each ¢t € T there exists an automorphism g,: & — & of the variety & which maps
fibers to fibers, is linear on the fibers, and induces translations by ¢ on the base.
We denote the group of such automorphisms by G. The bundle & is consequently
endowed with an equivariant G-structure. Moreover, there is a short exact sequence

l A, &—-G-T-—1, (1.1)

where Aut, & is the group of automorphisms of the bundle & (it is finite dimen-
sional since X is complete). Let S ¢ G be a maximal torus. Since for surjective
homomorphisms of linear groups maximal tori map to maximal tori, (1.1) induces
an exact sequence

1 -8, ->8S—->T-1.

By construction, the bundle & is endowed with an equivariant S-structure. More-
over, S, acts trivially on the base X and therefore we have a decomposition of the

bundle & into isotypical components & = ~ & . Every character y of the
XES, X

diagonalizable group S, C S can be prolonged to a character % of the torus S.
Then the group S, acts trivially on the S-bundle P X gx ® 7' which, consequently,
admits a toral structure (and is isomorphic to & as an ordinary bundle).

1.2.2. CorOLLARY. Rigid bundles on a complete toral variety can be endowed with
a toral structure.

Indeed, a rigid bundle & cannot be included in a continuous family, and therefore
'€~ & forall teT.

One would like to extend this corollary to noncomplete varieties. In the affine
case the results of Gubeladze {20] concerning the freeness of projective modules over
rings generated by monomials would easily follow.

A toral structure on a bundle & is, generally speaking, not uniquely defined. The
following theorem and its corollary allow us to examine this arbitrariness.

1.2.3. THEOREM. Let & and F be equivariant bundles on a complete toral variety
X . Then:

1) If & is torally indecomposable then it is indecomposable in the usual sense.

ii) If & is indecomposable and is a direct summand of F as an ordinary bundle,
then € ® y is a toral direct summand of the bundle F for some character y € T .

1.2.4. CorROLLARY. Ifindecomposable toral bundles & and % are isomorphic as
ordinary bundles, then & is torally isomorphic to & ® x for some character x .

PROOF OF THE THEOREM. i) The indecomposability of the bundle & is equivalent
to the absence of nontrivial idempotents in the algebra End & . This means that the
semisimple rank of the algebra End & equals one. In the case of a toral bundle we
have a grading of this algebra

End& = (H(End &), ,

xeT
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where ( ) 4 is an isotypical component corresponding to the character x € T. The
toral indecomposability implies the absence of idempotents in the component of the
neutral element (End&), = End,;& . The result we want now follows from the
following fact.

1.2.5. PROPOSITION. Let A = @, A, be a finite-dimensional Z"-graded algebra
over a field k. Then the semisimple rank of the algebra A equals the semisimple
rank of the algebra A,.

Proor. It suffices to analyze the case of Z-graded algebras.

STEP 1. Reduction to the case of a semisimple algebra.

The radical R of the algebra 4 coincides with the kernel of the trace form Tr, xy
and therefore is a homogeneous ideal. It is enough to prove the theorem for the
semisimple algebra 4/R.

STEP 2. If A is semisimple, so is A, .

Since A, and 4 ; are orthogonal with respect to the trace form for i+ j # 0, the
trace form induces a nondegenerate pairing between 4, and A_,. In particular, its
restriction to A, is nondegenerate.

STEP 3. Reduction to the case dim A, = 1.

Let C, C 4, be a maximal commutative semisimple subalgebra in 4, and C =
@, C; its centralizer in 4. It suffices to prove the theorem for the algebra C, the
center of which coincides with C,. Moreover, using idempotents from C;, one can
decompose C into a sum of graded algebras with one-dimensional center, i.e. to a
sum of matrix algebras with a grading in which the center has degree zero (here the
field k is assumed to be algebraically closed).

StEP 4. The full matrix algebra A = M, (k) does not admit a grading with A, =k
for n>1.

Indeed, N =@, , 4, is a nilpotent subalgebra of 4 of dimension }(dimA-1) =
(n2 —1)/2. But every nilpotent subalgebra of M, (k) is conjugate to a subalgebra of
triangular matrices, which have dimension n(n — 1)/2. Consequently n =1,

Proposition 1.2.5 together with the first assertion of Theorem 1.2.3. are proved.
We now prove the second assertion of the theorem. As in case i) the action of the
torus on Hom(& , %) induces gradings

Hom(¢ , #) = (DHom (£, ¥ ® 1) (1.2)
X

Hom(¥ , &) = (DHom (¥ © x, &) (1.3)
X

Let & be a direct summand of % ,with ¢: & - F, v:.% - & ,and pop =
1. . We shall decompose ¢ = EBX ¢, and y = ®x v, corresponding to (1.2) and
(1.3). Then the identity map decomposes into 1, = pog: & — 65137 @x— &,
where the sum is taken over the characters y for which ¢, #0. Thus & is a
toral component of the bundle 69157 ® x . Our assertion which says that & is a

component of some summand ¥ ® y follows now from the Remak-Schmidt theorem
for toral bundles:

1.2.6. ProrosITION. Indecomposable components & of the toral bundle F =
@, &, onavariety X are uniquely determined up to an isomorphism and up to order.

ProoF. The proof follows from the finite dimensionality of the algebra of toral
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endomorphisms End, % in which, by well-known structure theorems, all decompo-
sitions of unity into orthogonal sums of minimal idempotents are conjugate.

§2. Modauli of toral bundles

2.1. First we shall describe the construction of toral bundles over affine varieties
X (o) = Speck[d], where & is a semigroup of characters dual to the rational cone
o C f'g (see §1.1). All affine toral varieties take this form. Each of them contains a
unique closed orbit O, C X. We denote by T the stabilizer of an arbitrary point
x,€0,.

2.1.1. PROPOSITION. i) All toral bundles on an affine variety X = X (o) take the
Jorm & = E x X, where E is a linear representation space of the torus T .

i1) Two toral bundles & = E x X and F = F x X are isomorphic if and only if
the restrictions of the representations are isomorphic: E |T, ~F |T,, .

1ii) Define decreasing Z-filtrations on the space E
E'()= @ E,, ac€]d],

(x,a)>i

where E CE s the isotypical component of the character x € T . Then the space of
toral homomorphisms Hom (&, %), & =Ex X, % =F x X, is canonically iso-
morphic to the space of the linear operators ¢: E — F , compatible with the filtrations:
e(E“(i)) c F°(i), Ya € |o|, i€ Z.

Note that every representation 7 : E of a subgroup 7, C T can be extended to a
representation of the torus 7. This follews from the complete reducibility of E and
the surjectivity of the character map T — T . The restriction E|,. , as oposed to

the whole representation 7': E, has a simple geometrical meaning: (E|T ~&(x,).
Proor. i) Consider the canonical projection

p:I(X,&)—-&(x,),

which maps a section s to its value s(x,).

STEP 1. There exists a T-invariant subspace E C T'(X, &) on which p induces
an isomorphism p: E ~&(x_).

Indeed, let E c I'(X, &) be a maximal 7-module on which p is injective. If
p(E) # &(x,), then there exists an eigenvector y € I'(X, &), ty = x(t)y, t€ T,
for which p(y) ¢ p(E). Then p is injective on E + (y). This contradicts the
maximality of E. Consequently p|. is surjective.

Step 2. Let 5, € E, i €1, be a basis of eigenvectors of the torus T . Then the
sections s; are linearly independent at every point x € X .

Indeed, if the sections s5; were not independent at x € X , then they would not be
independent at every point of the orbit O, and also at every point of the closure 5x ,
due to the semicontinuity of rank. But the closure of every orbit contains a closed
orbit on which sections are independent because of Step 1. From Step 2 we get that
& ~ E x X, which proves i).

iti) It follows from i) that toral bundles on affine varieties decompose into a sum
of line bundles. Therefore, without loss of generality we can assume that dim £ =
dmF=1.

A bundle morphism f: E x X — F x X is a family of linear maps ¢, : £ — F,
x € X . The equivariance condition means that ¢, (te) =tp (e),ie. x (t)p, (€)=
xp(t)e (e).
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Now fix a point x, in an open orbit, and let ¢ = ¢ . Then the formula
0

flextxy) = (x5 xp(D)p(e) x tx,) (2.1)

determines a rational equivariant map f: E x X — F x X . It is regular everywhere
provided either ¢ = 0 or the character xgl X > considered as a rational function, is
regular everywhere on X = Speck[é]; here 6 = {y|(x, @) > 0, Va € g}. The latter
condition means that

(Xp>a) 2 {Xg, a), Vo € ||
In both cases the map ¢: E — F respects the filtrations E® and F“.

Conversely, if ¢: E — F, ¢ # 0, is compatible with the filtrations £* and F“,
then the character x,}l Xp extends to X, and (2.1) determines a bundle morphism
ftExX—-FxX.

ii) If the bundles & and .# are isomorphic then E |T” =&(x,) ~F(x,) =

F|. . Conversely, if E|,. ~ F|,. then the filtered spaces (E; E“, a € |o|) and
T T, T,

(F; F*, a € |o]) are isomorphic. Consequently, by iii), the bundles & and % are
isomorphic.

2.1.2. REMARK. In the case of the complex number field we can give the filtrations
E°(i), a € |a|, the following geometric interpretation. We fix a point x, € X of
the open orbit, and put E = &(x,). Let O,, o € |o|, be an orbit of codimension

1, and take an x_ € O . For each character x € T we define subspaces
E%y) = {e cE|3 lim x '(n)(te); t e T}.
[)(0—*)((x

Here we consider te as an element of the fiber &(1x;).

It follows from Proposition 2.1.1. that the spaces E“(x) depend only on the
number i = (x, a) and determine Z-filtrations E*(i) = E*(x), i = {x, a).

2.2. We now describe the bundles on an arbitrary toral variety X = X(X). We
denote by |X| the set of primitive vectors of the lattice YA"O, which generate one-
dimensional cones in X. Then an arbitrary cone o € X is generated by the set
lo| =oN|Z| = {e,, ..., a,}. In this case we write 0 = (o, ..., a,). As usual,
T, is the stabilizer of the point x, € O, .

g

2.2.1. THEOREM. The category of toral bundles over the variety X = X(¥) is
equivalent to the category of vector spaces E with a family of decreasing Z-filtrations
E“(i), a € |X|, which satisfy the following compatibility condition:

C) For any o € X there exists a fa-grading E= ®x o E ) for which

E'= Y EYNy), Vaelol.

(x,a)2i

In this theorem and in what follows the filtrations are assumed to be full: E“(i) =
0,i>0,and E°({)=F, i1 <0.

The equivalence of categories is established by assigning to a bundle & its fiber
E = &(x,) at a fixed point x, of the open orbit. The filtrations on E arise in
the following way (see §2.1.2). For each orbit O , o € |Z|, of codimension one we
choose a point x, € O, and put

E%(x) = {e €E|3 lim x '(0)te); t e T}.
IXO—->X"
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The spaces E“(y) depend only on the number i = (¥, o) and determine a compat-.
ible family E®(i) of filtrations.

2.2.2. REMARK. If the variety X is nonsingular, then every cone ¢ € X is gener-
ated by a basis of the lattice Tf . In this case, the compatibility condition C) depends
only on the combinatorial structure of the fan X, and is equivalent to the statement
that one of the following equivalent assertions is satisfied for all ¢ € X:

i) The filtrations E“(i), a € |g|, are composed of coordinate subspaces of some
basis of the space E.

i) The subspaces E“(i), a € |g|, i € Z, generate a distributive lattice.

iii) For arbitrary faces p, 1 C ¢ and numbers i €Z, a € |g|,

(Z Elin| N EGy=Y [EPGy N EG)
B=1p] aclt] Bl agl

The equivalence of conditions i) and ii) is well known. That they are equivalent
to iii) follows from results of Johnson ([4], Chapter II1, §7, Exercise 9).

2.2.3. COROLLARY. A toral bundle on a nonsingular variety splits if and only if the
filtrations E®(i), a € |Z|, generate a distributive lattice.

The proof consists in constructing compatible filtrations from the bundle and,
conversely, in reconstructing the bundle from the filtrations. Since these constructions
are all canonical, they are functorial.

1. CONSTRUCTION OF THE FILTRATIONS. Each cone o € X determines an affine
toral variety U, = Speck[é] and an equivariant open embedding U, O X. They
form an affine covering X =J, U, . Let O, C U, be the unique closed orbitin U_,
let x, € O,, and let T be the stabilizer of the point x_ .

According to Proposition 2.1.1, for an arbitrary toral bundle & we have

g|u ~&(x,)x U,

where the toral structure on & (x,) x U, is determined by some extension of the
action of the stabilizer T in the fiber & (x,) to a representation of the torus

¢, T — Aut&(x,). (2.2)

The bundle & is uniquely determined by its restrictions &|,, and its transition func-
tions fa|r5 U,NU, — Hom(&(x,), &(x,)), which satisfy the usual cocycle relations
folT fr| p f oo =1 and falr fr]a =1, and ther equivariance condition

Lo (12) = 0, (0 £ (0)9.(0)
This shows that for given representations ¢_, o € X, it suffices to define the
cocycle folr at an arbitrary point x,, of the open orbit. Moreover, the isomorphisms
fa|z(xo)3 &(x,) — &(x,) allow one to identify all the spaces &(x,) with the fiber
E = &(x,). In other words, one can assume that all the representations ¢, act on
the same space E = &(x,), and f:m(xo) = 1. In this case fau(’xo) = q)a(t)(pt(t)—l ,
and the map (pa(t)(or(t)'l can be extended from the torus 7', which we identify with
the orbit TXx,, to the affine neighborhood

: (2.3)

U NnU =U,_ =SpecklyeT|{x,a)>0,Vaecanrl.
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2.2.4. ASSerTION. Consider, for each « € |o|, the following filtration of the space
E:

E*G)= Y EYy), (2.4)

(x,0)>i

where E[O]( x) is an isotypical component corresponding to the character x of the
representation ¢ (2.2). In order for the function fan(txo) = (pa(t)(or(t)—l to extend

from the open orbit to U_N U, it is necessary and sufficient that E**(i) C E**°(i)
Jorall a€lont| and i€ L.

Indeed, let e;, i € I', be a diagonalizing basis of the representation ¢ _; ¢ _(t)e, =
x(e;; x; € T;andlet f,, j € J, be a diagonalizing basis of the representation

0. 0. (0f;= !//j(t)f., v, € T. Let fi= 2,4, . Then
—1 -1
0,0, 1= a0y e
i

In order for the character )(il/lj_) toextend to U, NU, = U

aont?
sufficient that )(iz//j_1 €(gNT),ie (x,a)> (v, a) forall a €|ont|. In this way
the extendibility of fa[r to U,NU, means that for q;; # 0 we have (y,, a) > (¥;, @)
for all a € |6 nt|. In other words,

it is necessary and

E%)c Y E'Nn.,  Vaeloni,
(X a)2{y,a)

or, equivalently, E*"*(i) c E*°(i), forall a€|ont| and i €Z.

2.2.5. COROLLARY. For a system of representations ¢, o € X (2.2), associated
to a toral bundle & the filtrations

E®(i):= E™°(i), aelol, (2.5)

do not depend on the choice of the cone o containing o and satisfy the compatibility
condition of Theorem 2.2.1.

Indeed, in this case both functions fU,T and fﬂg have to be regularon U _NU,,
and therefore E*'?(i) = E“' (i) for all a € |6 N t|. The compatibility condition
is satisfied since the filtrations E“(i) = E*'°(i), a € ||, correspond to the grading
E=& E ["]( x) associated to the isotypical decomposition of the representation ¢ _,
or its restriction to 7.

II. THE CONSTRUCTION OF THE BUNDLES. We shall show that an arbitrary system
of compatible filtrations E®(i), o € |Z|, of the space E canonically determines
a bundle & with fiber E = &(x,). Indeed, let the filtrations E°(i), a € |o|,
correspond to the grading

E=@PE" 0, (2.6)
X

which determines a representation of the torus 7, : E with isotypical decomposition
(2.6). We shall extend it to a representation ¢_ of the torus 7 and, in order not to
complicate our notation, we shall assume that (2.6) is the isotypical decomposition of

¢, . Then by Assertion 2.2.4 the function Sy (txg) = ¢a(t)(pr(t)_l can be extended
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from the torus T to U, NU, . The cocycle falr determines the required toral bundle
& over X.

It remains to check that the bundle & does not depend on the choice of grad-
ings EY Let E = GBX E["](x), o € X, be other gradings which induce the same
filtrations E”(i), and let § , be the representations of the torus 7  constructed
from them. Since the filtrations corresponding to the gradings E [l and E!) coin-
cide, by Assertion 2.2.4 the functions a, = (ba(p;l and a;l = ¢U¢;x are regular

on U, . Consequently, the cocyle fzrl‘r =90, 'is cohomologous to the cocycle
f;J'|T = ¢a¢r_1 = aa((0¢1¢r—l)ar_l .

2.2.6 REMARK. It can be seen from the proof that the gradings E = @X E[“]( x)
in the compatibility condition have an obvious geometric interpretation. Namely, if
one identifies the grading E (1 with the representation of the torus 7, for which it
is an isotypical decomposition, then

EF ~ g (x). (2.7)

Note also that the representations in the fibers &(x,) cannot be arbitrary. They

are related to each other by
Ex ), ~&(x,), TC 0. (2.8)

Formally, this follows from (2.7) and Corollary 2.2.5. Here is a more direct geometric
explanation: the character of the representation of the torus T, in the fiber £(x,),
because of continuity, does not depend on the choice of the point x_ in the closure
of the orbit O,. If 1 Co then x, €0, C O, .

In the case of a complete variety X , (2.8) shows that all representations 7_: &(x,)
can be constructed from representations of the torus 7 in the fixed fibers &(x,).

The compatibility conditions (2.8) do not guarantee the existence of a bundle &
with the given representations in the fibers. Finding necessary and sufficient condi-
tions for this is an interesting problem closely related to the question of which values
of Chern classes of toral bundles determined by representations £’(x_) (see Theorem
3.2.1) are possible.

When describing the moduli of bundles it is sensible to fix the representations
T : &(x,). We say that bundles & and & have the same spectrum if the represen-

tations of the tori T in the fibers &(x,) and &(x,) are isomorphic. If the variety
X is complete, then it suffices to check this condition for the representations of the
torus T in the fixed fibers &(x,) and &(x,).

The following description of the moduli of toral bundles with a given spectrum
will be useful for us.

2.2.7. PROPOSITION. Let & be an equivariant bundle on a nonsingular toral variety
X = X(Z) with fiber E = & (x,) defined by a system of filtrations E*, a € |Z|. Set
P’ ={g e GL(E)|gE" = E",Ya €|o|}, geX.

Then equivariant bundles on X with fiber E over the point x, which all have the
same spectrum as & are parametrized by collections of elements S_ € GL(E) /P°
such that S, =S, (mod P°™).

Here we consider bundles with a fixed fiber E = &(x,). If one is interested in

bundles up to isomorphism, then one needs to factor out the action of the group
GL(E): S, — gS, .
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PROOF. Let E®, o € |Z|, be a system of filtrations which determines the bundle

& . Then the fact that the spectra of the bundles & and & coincide means that for
an arbitrary ¢ € X there exists an automorphism S, € GL(E) such that E* = S_E*
for all a € |o|. The elements of S are determined uniquely modulo P° and
S E* = E*=S,E®, Va€|ont|. Therefore S, 'S, € P*™".

Conversely, every such collection of elements S determines a compatible system
of filtrations E* = SUE“, and hence a bundle & with the same spectrum as & .

2.3. EXAMPLES. 1. Line bundles. In this case the filtrations E® are determined
by numbers n_ for which E“(n,) = E and E%(n_ + 1) = 0, and the entire bundle
is determined by the function f:|X| — Z, a — n_, and denoted &(f). For
a nonsingular variety the compatibility condition is automatically satisfied and the
function f can be arbitrary. In the general case one needs that f extends over each
cone o € X to a linear function, integral-valued on o N 7° (cf. [11-[3D).

2. Bundles of rank two. For simplicity we assume that the variety X = X(X)
is nonsingular. For a rank two toral bundle & we denote by X(&€) C X the
subcomplex consisting of the cones ¢ € X for which all the filtrations E®(i),
a € |o|, contain a one-dimensional subspace. We identify this subspace with the
point p, € P(E) = P'. The compatibility condition in Theorem 2.2.1 implies that
the correspondence f: « — p_ determines a simplicial map of the fan X(&) to a

one-dimensional complex in P! (i.e. for all ¢ € X(&) the image f(|o|) consists
of no more than two points). The bundle & splits if and only if the whole image
S(|Z(&)}) contains no more than two points. In particular, for a nonsplittable rank
two bundle over X to exist it is necessary and sufficient that one can find three ver-
tices a, B, y € |X| which do not belong to the same cone. An analogous statement
holds for bundles of arbitrary rank (see 6.1.4).

3. Bundles on the line P'. In this case a bundle & is determined by a pair of
filtrations E* and E? . It is well known that two filtrations are always generated by
the same bigrading. Consequently, any toral bundle on P! splits (toral version of
Grothendieck’s theorem).

4. Smooth toral surfaces. The distinguishing feature of this case consists of the fact
that the compatibility condition is automatically satisfied (see the previous example).
Therefore toral bundles can be described by an arbitrary collection of filtrations E* |
a € |Z|. One can view such filtrations as representations of quivers consisting of
N = #|Z| chains which meet at one point (in Figure 2 the quiver for the plane
P’ is shown). The complete classification of the representations of such quivers is
a very difficult problem. However, interesting information on their construction is
contained in Kac’s theorem [5], which we now recall.

FIGURE 2
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Let " be a connected oriented graph with no cycles, with vertex set IT which are
called simple roots. We introduce on the free abelian group Z" the inner product

(a,B) =0, ;= $(byy+b5), a,pell,

where baﬂ is the number of arrows o« — f. For a simple root a € I1 we define
a fundamental reflection r_: zm - ZH, r,(A) = A= 2(4, a)a, and call the group
generated by them the Weyl group W (I').

W-images of simple roots are called real roots ARC(F). Imaginary roots Alm(l")
are defined as the W-images of elements of the set M U —M , where M consists of
vectors y € Z" with connected support for which (y, a) <0, VaeIl.

The root A € A(T') = AR () UA™(I) is called positive if all of its coordinates are
nonnegative. The set of positive roots will be denoted by A (I) = Aie U Aim )

A representation of the graph I' over a field & is a collection of vector spaces E“,
a €11, over k together with morphisms ¢__ g E® — E* for every arrow a — f.
We call the vector 4 =X _(dim E%)a the dimension of the representation.

THEOREM (Kac [5]). Assume that the ground field is algebraically closed. Then:

1) There exists an irreducible representation of a quiver I of dimension J. € " s
unique if and only if A€ A _(T').

ii) An irreducible representation of dimension A is unique if and only if A € AEC(F) .

i) If A e Alf'(l“) , then the maximal number of parameters on which an irreducible
representation of dimension A can depend is equal to 1 — (A, A) > 0.

For (semi-) definite forms (a, f) this theorem is due to Gabriel [6] and Nazarova
[7]. For example, it makes it possible to describe explicitly all irreducible bundles
over P’ determined by three filtrations E“, E* ,and E’, the number of nonzero
terms of which equals a, b, and ¢, and satisfies the inequality al+b v >0
Hfa'+b '+ >1 , then the dimensions of the terms of the filtrations E*, E*f ,
and E’ coincide with the coordinates of the positive roots of one of the systems A,
D,or E. If a '+b7' +¢ ! = 1, then the dimensions are equal to the coordinates
of the affine roots of the system E.

For the graph I' described above, consisting of N chains which meet in a com-
mon vertex «, not all irreducible representations of dimension A can be realized
by filtrations. For this it is necessary and sufficient that the support of the root A4
contains the vertex «.

5. As a last example we give for reference a description of the tangent and cotangent
bundles. They are defined by filtrations of the spaces .7 = ok and Q=T ®k
given by the formulas

g, i<0, Q, i<Q,

T’(i):{ (@), i=1, Q“(i):{ kera = {w|(w, a) =0}, i=0,
0, i>1. 0, i>0.
§3. The canonical resolution and characteristic classes

3.1. Let & be an equivariant bundle on a complete nonsingular toral variety X =
X(X) of dimension n, and E”, o € |Z|, the corresponding system of compatible
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filtrations of the space E = &(x;). At this point we shall construct a canonical
resolution of the bundle & which consists of splittable bundles

€ 0—&—FnF = F, =0, (3.1)

The resolution %, depends on the function f: |X| — Z which bounds the filtra-
tions E“; E®(i) = 0 for i > f(a). Geometrically, this condition means that the
bundle &€ ® @(f) is generated at the generic point by 7-invariant global sections.

Consider an exact sequence associated to the chain complex of the fan X with
coefficients in E:

Cf:O—+E—> @ a®Eﬁ» @ oQFE

codim =0 codimo=1
—m P c@ELIQE-0. (3.2)
codimo=n—1

We assume that all the cones o € X are oriented and that d(g) equals the sum of
the faces of codimension 1 with the induced orientation. We shall define filtrations
( )", a€|Z|, on the terms in the resolution (3.2) by putting

o®E*(i), ifac€]dl,
(J®E)a(i)={a®E, ifadla], i< fla), (3.3)
0, if a¢|al,i> fla).
These filtrations satisfy the compatibility condition in Theorem 2.2.1 and are com-
patible with the differentials of the complex C - Consequently, by Theorem 2.2.1,

C . determines a complex of equivariant bundles gf with first term & .

3.1.1. THEOREM. %f is a resolution of the bundle & consisting of splittable bun-
dles.

PrOOF. Let X = |J; U; be an invariant affine covering and U; = Spec[d]. We
need to verify the exactness of the complexes of global sections I'(Uj, f‘gf) . Consider

their isotypical components Cﬁ( x) =T, %f) i

Cr0: 0= E* () — Fy(x) = F () = -+~ — F(x) — 0, (3.4)

where F, is the kth term of the resolution (3.2) and F,f(x) = ﬂaew F((x,a) =

(U; , %) X (see §4). The complex Cﬁ( x) depends only on the filtrations with indices

a € |d]. Since these filtrations are compatible on E, the filtered space (E; E”, a €
|0]) can be decomposed into a sum of one-dimensional filtered spaces. This allows
one to assume that dim £ = 1 when checking the exactness of the complex (3.4).
We put 7= (a € |6||E”(x) =0). Then

Fo=NFon= @ (®F

a€|d| oNt=0;codim o=k

and the complex (3.4) can be interpreted as an augmented complex of homology
groups of the simplicial scheme {o € Zjo Nt = 0}. Consequently it is acyclic.

The splittability of the bundles %, is equivalent to the splittability of the filtrations
(3.3) and follows immediately from the compatibility condition of Theorem 2.2.1.
We shall note for reference the explicit formula.
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Let the filtrations E®, a € |J|, be generated by the grading E = EBx €7, E¥l(y).

in Theorem 2.2.1. We define functions jf : |Z] — Z by the formulas

[ fl@).  agll,
f;‘“)‘{u,ax aeld|, (33)

and denote the one-dimensional filtered space associated to the line bundle &( ff )

by O( ff ) (see Example 2.3.1). Then there is an isomorphism of filtered spaces
s®E=@PE () ®0).
X

In other words, the terms of the canonical resolution (3.1) take the form

i~ @ Elwess). (3.6)

XE’T\J ;codim d=k

3.2. We apply the canonical resolution (3.1) to calculate the characteristic classes
of toral bundles.

Denote the closure of the orbit O; in X by X, = 55. The variety X; is non-
singular and can be represented in the form of a complete intersection of divisors
X5 = Xa, -"Xak , 0 ={a,, ..., o). We shall reserve the notation X, for the class
of the variety X; in the Chow ring CH(X) or in the cohomology ring H (X, 2Z).

Let & be a toral bundle over X, T; C T the stabilizerr of an arbitrary point

Xx; € O, and m(y, & (x4)) the multiplicity of the character x € TJ in the fiber
& (x;) . This multiplicity can be calculated by considering the multigradings E [‘5]( x)

from the compatibility condition in Theorem 2.2.1:
. s
m(x, &(x;)) = dim E*)(x). (3.7)

Recall that if T Cd then &(x )~ &(x,)|; (see §2.2.6). Therefore, in the case of a

complete variety the entire information about the representations & (x,) is contained
in the fixed fibers of &(x,).

3.2.1. THEOREM. The total Chern class of a toral bundle & over a complete non-
singular variety X = X(X) equals
codim &,

(=1
(& =1111 (1+ Z(x,a)Xa)

0€L v T, a&ld|

miy . & (x5))

(_l)codimd
=[[det| 1+ > aX,|&(x,) :
JEX a€ld|

where in the last formula, true over the complex number field, we consider the vector
a €ld| C T; ® R as an element of the Lie algebra 27T, = Tf ® C acting on the
fiber & (xy).

Proor. From formula (3.6) for terms of the canonical resolution (3.1) and from
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the multiplicativity property of characteristic classes we get

(= 1)0m gim EPL(x)
& =111l (1 + 3 jf(a)Xa) : (3.8)

JE€L yeT, a€lE|

where f:|Z| — Z is an arbitrary function which bounds the filtrations E® deter-
mining the bundle &, E“(i) = 0 for i > f(a), and the functions ff: |Z| — Z are
given by (3.5). Formally, in (3.8), the total Chern class is written as a polynomial in
fla), a €|X|, and for sufficiently large f(«) (such that E“(i) =0 for i > f(a)) it
should be the constant function. This implies that the right-hand side of (3.8) does
not depend at all on the choice of f. By putting f =0 and using (3.7) we get the
theorem.

3.2.2. CorOLLARY. Characteristic classes of a toral variety & depend only on the
spectrum of the representation of the torus at the fixed fibers &(x), x € X T

3.2.3. EXAMPLE. In the case of the tangent bundle .7, the spectrum of a repre-
sentation at a fixed point 7 (x,) consists of characters which belong to the basis A"
of the lattice 7 dual to |A|. In this case Theorem 2.2. 1 gives

codnmé . ( 1c0d|m6

=TI ITa+ )" = [Ta+x)= ~[[a+x,)

dEL a€|d| a€|X| a€|X|

D (59a(—1)°°dim‘s =1 is the Euler characteristic).
Since the divisors X, and X, do notintersectif (a, f) ¢ X and X; = = [locis) X.
from the previous formula we get
> Xy

dimd=k

3.2.4. REMARK. For practical purposes it is convenient to write the formula for
the Chern class in the form
=[] 2 &

cEX
where

(_l)dlmd*dlmf
=J[det|[1+ > aXx, |&(x
Co a€lt]

It follows from the definition that P, = 1 (mod degdimo). This allows one to
shorten calculations when computing the first Chern class. For example

g =, [[ P.&) =k, H det(1 +aX |&(x,))

a€lX] a€|Z|
= Y (am(x, Ex )X, =Y idimETG) - X,
a€lZ|; xeT, fha

where El(i) = E*(i)/E*(i + 1).
§4. Cohomology groups and the trace formula

4.1. In this section we shall calculate the cohomology groups of equivariant bun-
dles on a nonsingular toral variety X = X(X). Let the bundle & be determined by
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the filtrations E*, a € ||, of the space E. For each cone ¢ € X and character
x €T we put

E°(x)= ) E*((x. ) E(X)=E/ Y E*((x,a)) (4.1)

a€la| a€lo|

and consider the complex

C'(&.x0):0-ES P EnS @ En—— @ E(0)—0 (42)
dim =1 dim g=2 dimo=n
with the differential d(a;) = 3. ;. gimcegimo+1(@s)c> 95 € E (x), where ( ):

E_ (x) — E_(x) is the canonical projection. We assume all the cones from the fan X
are oriented and in the formula for the differential the orientations of ¢ and 7 are
compatible.

The torus 7' acts canonically on the cohomology groups H* (X , &) of equivariant
bundles. We denote the isotypical component corresponding to the character y by

H'(X,&),.

4.1.1. THEOREM. Cohomology groups of the complex C™(& , x) are canonically
isomorphic to the x-component of cohomology groups of the bundle & :

H(C'(&, ) =HX, &),

ProoFr. We shall calculate the cohomology groups of the bundle & using the open
cover
Y X=UU : U; = Speck[d], 6 € %.
Since all the intersections U; Nn---N U, 5 = =U 5,n--ns, are acyclic, the cohomology
groups H(X, & ) coincide w1th the cohomology groups of the complex

0~HF(U,,,%’ = [Irwsnu g)"—),sH TU;NU,NU,, &), - (4.3)
50 ,0,7

with standard differentials. One can view (4.3) as a cohomology complex for the
nerve £ ={(d,, ..., d,)|6, € X} of the cover # with a system of coefficients

E'(X): (6)5 . 8) =~ T NN , &), = B (y) (4.4)

(see {8], 1.3.3). Thus H(X, é")x =HEZ, & (x)).

On the other hand the complex C*(& , x) can be considered as a complex of alter-
nating cochains of the simplicial scheme ¥ with a system of coefficients & (x): é —
E,(x) . Therefore the theorem reduces to proving the equality

HEZ, & () =HE, (),
which follows from the following result of Leray ([8], Chapter 11, 5.2.4).

Let 9 = {M,} be a family of subcomplexes of the simplicial complex K = |, M,
and & be the coefficient system on K . Consider the coefficient system #7(Z) on
the nerve of the covering M defined by (M, ..., M,) » H'(M,n---NM, , &), and
let H? (9, #9(&)) be the cohomology groups of this system. Then there is a spectral
sequence with second term H” (M, #9(&)) which converges to H /(K , &).

In our situation the complex X" can be considered as the nerve of the covering
of the fan T by cones J € £ on which the coeflicient system & (x) is acyclic in all
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dimensions save zero, and # O(Z (x)) = &"(x). This follows from the compatibility
condition of the filtrations E*, o € ||, which allows one to reduce to the case
dim E = 1. Here we consider X as a simplicial scheme with the set of vertices |X|
whose simplices form subsets |o|, o € Z.

The Leray spectral sequence degenerates and gives the necessary isomorphism

HEZ & (x)~HE,&(x). .
4.1.2. REMARK. In some cases the dual complex for the dual Serre bundle &~ ® Q"
is more convenient. The filtration on the space E* for the dual bundle &~ is given
by the formula E™*(i) = (E/E®(1 —i))". For the Serre dual bundle £* ® Q" we get
(E* @ Q")*(i) = (E/E®(-=i))". Finally, the “homology” complex of the bundle &,
dualto C*(&*®Q", "), takes the form
s s
CE, ) 0—E— @ E)— @ Ee—-— @ E(x)—0 45
dimd=1 dim =2 dim é=n

The differential is given by the usual formula

0= {(a,...,qp), O, ={ay, ..., G}, ..., qp),

where (a's) ; 1s an image of the element a’ e E‘s(x) in the space E‘s"(x).
From Serre duality the cohomology groups of the bundle & can be expressed in
terms of the cohomology groups of the complex C, (&, x):

H'(X, &), =H, ,(C,(x. %)) (4.6)
This equality is satisfied for complete varieties.

4.1.3(.) COROLLARY. The following equalities hold.
) (X g) ﬂaElZl EG(X) .
i) H'(X, é’ =E/ Euem (x);n=dim X, X complete.

iii) Z(—m dimH'(X, &), =Y (-1)"™’ dim E,(x)
i deX
_ Z(—I)COdimédimEé(X).
sex

In order to prove i) and the first equality in iii) it suffices to use the complex
C*(&, x), and for ii) and the second equality in iii) the complex CA&, x).
4.2. Formula iii) for the Euler characteristic has another useful interpretation.

4.2.1. THEOREM (the trace formula). Let & be an equivariant bundle on a com-
plete nonsingular toral variety X = X(X). Then, forall t T,

S (=)' Tr(t|H' (X, £)) ZTr N&x))/ [T -2, (4.7)
! xea”
where A is taken over cones of maximal dimension n = dim X inthe fan X, x, € x’

is the fixed point corresponding to A, and A" is the basis of the character group T
dual to |A|.

ProoF. Let > »Ma(X) - x be the formal character of a representation of the torus
T in the fixed fiber &(x,). The multiplicities m,(x) are related to the filtrations
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E® by the following formula (see §2.2.6):
dmEs(x)= Y. my(w),
{w,d)<{x,d)

where A is an arbitrary cone of maximal dimension containing 6 and (¥, d) <
(x, d) is an abbreviation for (v, a) < (x, a), Va €d].

Substituting this value into the formula for the Euler characteristic 4.1.3.iii), we
get

Tr(dH (X, €)) = 3 (1) dim E; (1) - 1

x,d

= Y )"mwir= Y )™ mw)we (48

(w,0)<{x.d) (6,6)>0

dim é

(in the last equality we hae substituted 6 = xt//_l) .
If J is a proper face of the cone A, then the polynomial Hze A (1= x‘l) anni-
hilates the Laurent series Zw) 8)>0 @ . Therefore, multiplying both sides of (4.8) by

P= HAerA _l),weget
P-Te(tlH' (X, &)= P- Y ()" "my(p)w 3 0

Ay (6,A)>0
m
_p Z AW v —
ay year(l=277)
which is equivalent to the statement of the theorem.

4.2.2. CorOLLARY. Under the assumptions of the theorem the Poincaré polynomial
of the variety X is given by
) (4.9)

P.(s) = Zs dimH*(X,C) = Y11 (
A xea”

Formally the rlght-hand side of (4.9) is a rational function on the torus, which is

actually constant! It is interesting to compare (4.9) to the more customary

Py(s) = Z =95 -1y
k=0

ProoF. It is known that the cohomology ring H* (X, C) is generated by the al-
gebraic cycles X;. Therefore, the Hodge structure in the cohomology groups is
diagonal:

0, P#4q,
w, e ={
X,0), pr=gq.
We apply Theorem 4.2.1 to the bundle Q? (see Example 2.3.5):
5 o,(x ' lx €A
A erA*(l _X—l) ’

where g, is the elementary symmetric function. We get

-1 ()20 020

A yeA”

Tr(t|H (X, Q%)) = (-1)? dim H(X, C) =
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In the last equation we have used Poincaré duality P(s) = s"P(s—') .

4.2.3. ExampLE. Formula (4.9) leads to a sequence of exotic identities related to
toral varieties. Consider the simplest case of projective space P” (Example 1.1.1).
For P" the Poincaré polynomial is well known:

P(s)=1+s+" h Z]’[( _ )

i=0Jj,j#i

In the case when x; = q_i for n — oo leads to Cauchy’s identity

() -ty

i=1 (I_Q)l_q) ( CI)

known for s = 0 as Euler’s identity.
4.2.4. REMARK. Formula (4.7) in Theorem 4.2.1 can also be written in the form

Te(|H (X, £)) = Z ot T‘("‘Sjpfl"}(

where X7 is the set of fixed points of the torus T and .7 (x) is the tangent space
at the point x. In this form the theorem still makes sense, and remains valid for a
wide class of varieties on which a torus acts with isolated fixed points [9].

The trace formula (4.7) allows us to express a virtual representation of the torus
in the cohomology groups H™ (X, &) by its representation in fixed fibers & (x;).
Conversely, it is not difficult to express the representations & (x,) by cohomology
groups.

4.2.5. PROPOSITION. Let & be an equivariant bundle on a complete nonsingular
toral variety X . Then, in the representation ring of the torus,

E(xy) =Y ()" H" (X, £(-9)), (4.10)

dCA
where &(-6) =& ®@’(—Za€l‘s| X,).

ProoF. Denote the class of the point x, in K, (X) by [x,]. Then Z(x,) =
H*(X, & ®[x,]). On the other hand, [X ]=1-&(—a), and so

0= [T X0 = [ (1 - 0(=a) = Y (-1)"™°@(-9).

a€lA| a€lA) SCA

The trace formula can be understood as a version of the simpler formula (4.10).

4.3. One can obtain explicit formuias for the cohomology groups of equivarient
bundles over projective spaces.

From the description of the fan X(P") (Example 1.1.1) and Theorem 2.2.1 it
follows that toral bundles over P” are parametrized by collections of filtrations E*,
a=0,...,n,any n of which are splittable (i.e. satisfy conditions i)-iii) of 2.2.2).
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4.3.1 THEOREM. Let & be a toral bundle over P" determined by a family of
Sfiltrations E", =0,...,n. Then

‘", &), ﬂEu) H'(P", &), =E/Y E°(x);

H'®", &), = E W+ +E (1) (4.11)
k>p
+ESCOVE )+ +EP 7 o+ N EX ().
k>p

where E®(x) is determined by (4.1).
Proor. Consider the exact sequence of complexes in which C(yx) = C (&, x):

N e—o

~

(1):0—-0 — E/E°x) —» @EEN+E' () - @ E/E"0+El0)+E ()~
p#0 B, 7#0 .

!
(X):0—~E —@ E/E*(x) — @ﬂE/E"(xHE”(x) - ? EJE*(0)+ EP (1) + E"(x) —
o a, a,p,?
! { l {
"X):0—E > @ E/E0) — @ E/E°(+Ef(n— @ E/E‘()+EF()+E () —
a#0 a, f#0 a, f,r#0

Q\i— Oy —

Q

According to Theorem 4.1.1, H™(C(x)) = H*(P", &), .

The complex C”(x) is acyclic in all dimensions save zero and n — 1, since the
filtrations E°, a # 0, split due to the compatibility condition of Theorem 2.2.1.

Finally, the complex C’(x) can be considered as the standard complex of Theorem
4.1.1 associated to a bundle with fiber £ /EO( x) over P"~' and grading increased
by one. By induction one can assume that the cohomology groups of the complex
C'(x) are given by the formulas of our theorem. Then from the exact cohomology
sequence

~~H“$U»HMmewmwwaﬂwu»ew
0 0
we obtain the necessary formulas for Hk(C(x)) = Hk(P" , Z)X .

4.3.2 REMARK. If we use the homology complex C, (&, x) from §4.1.2 instead
of the cohomology complex C*(&, x), then by a similar computation we can prove
that

—k k— '
", &), =E(n - nE (00> E'(x)
i>k
o j
/S B maE .
i>k

Note also that the dependence of these formulas on the ordering of the filtrations

is only illusory. For example, it is well known that the ratios
E"n(£ + EY)

=H'(P', &)
E°NE! +E°nE
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are canonically isomorphic for an arbitrary permutation «, f, 7y of the indices

1,2, 3. Nevertheless, one can write down a symmetric formula for the double

cohomology groups:

(E* + E®Yn(E* + E"Yn(E" + E®)
E°NEF+ EPNE +E'nE*

For similar relations for (J)H’(P", &), see §6.4.3.

(P g)GBH(P &)~

4.3.3. CoroLLARY (Horrock’s criterion). A toral bundle & over P" splits if and
only if HY(P",&(k))=0, keZ, O0<p<n.

Indeed, according to condition iii) of §2.2.2 all the cohomology groups
HP(P", &(k)) are equal to zero if and only if the filtrations £%, o = 0,..., n,

generate a distributive lattice. From this it follows that the bundle & splits (Corol-
lary 2.2.3).

4.3.4. CorROLLARY. For an arbitrary character yx,

Y dimH'(P", &), <1k&,

with equality only in the case E*(x) = E*(x), Yo, B. Moreover, H' (P", &), =
0<i<n,and & has a subbundle of rank r = dim H°(P", &),

Proor. The inequality follows from the fact that every subsequent term in (4.11)
lies higher than the previous one:

E)+ +E )+ NE @S> NE W+ +E 7 (0+E'(x).  (412)
i>p i>p
Equality in (4.12) can happen for all p only if all the spaces E' (x) ,i=0,...,n,
coincide. Then the subspace E =E'(y) C E with the induced filtrations defines a
subbundle of rank r = dimE = dim, E'(x) = dim H°(P", g)x‘
The inequality in Corollary 4.3.4 can be significantly strengthened (see Corollary
6.4.3).
4.3.5. ExampLE. The cohomology groups of general bundles over P’.
Consider a bundle & of rank over P? defined by three filtrations E*, E?, and
which are in general position. We shall denote the sum of dimensions of the
spaces E*(x), E?(x), and E’(x) by d(£, x). Then by Theorem 4.3.1 we have

E7

dimHO(Pz,g)X:dimE”(x)mEﬂ(x)ﬂE’( y=d(&, ) —-2r, d(&, x)>2r.
+E(x)
(X)NE"(x)

i HYP. #) — di E"(0n(E (x
dimH (P, )x dlmE"()mE”()+

2r>d(&, x)
dimHZ(Pz,é‘”)x:dimE/E”(x)+Eﬂ(x)+E’(x)=r—d(é”,x), r>de, x).

)

=d(&,x)—r,
£ (&, x)=r
2r

The remaining cohomology groups vanish.

In particular the representations of a torus on the cohomology groups H"(P2 , &Y,
i=0,1,2,are pa1rw1se disjoint, and each character with d(&, x) # r, 2r appears
in some space H' (P ).
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§5. Intersection indices and the Chow ring

5.1. An as application of the technique developed above we shall obtain explicit
formulas for the intersection index of cycles and for the Chern numbers of toral
bundles.

Let X = X(Z) be a complete nonsingular toral variety and Z =}, . ~mX;,
an invariant cycle on X of codimension 4. We shall associate to Z a collection of
polynomial functions Z,(h), A€ =™ of degree d on the space Tlg :

Z,(m =Y m; [[ta". k), heTy, (5.1)

sCA a€gld|

where o, a € |A], are elements of the basis A of the character lattice 7 dual to

the basis |A| of the lattice 7°.

Note that the polynomials Z, (%), considered as functions on the cones A, are
compatible on common faces and patch together to give a single continuous function
Z(h) on Ty.

5.1.1. THEOREM. Let Z' i = l,...,m, be invariant cycles on X and
Yo;codim Z' = dim X . Then their intersection index equals

ZHZA(h / M n. (5.2)

xEA”

where the summation is taken over simplices A of maximal dimension n = dim X,
A* is a basis of the character lattice T dual to |A|, and the polynomials Z,(h) are
defined by (5.1).

In the theorem the intersection index is written in the form of a rational function
on 7, 1(1) which is actually constant (see 4.2.2).

ProoOF. Since both sides of (5.2) are multilinear, it suffices to prove it for the
closures of orbits X; = 55 Now X; is a normal intersection of divisors X
I1 acls) Xa - Therefore, it suffices to consider the case of codimension one orbits. Let

J,,ac€ |2} , denote the ideal of functions which vanish on X . It is isomorphic to
the invertible sheaf & (—X ). Consequently, we have the resolution

0-0,/J, —O, —F(-X,) 0.

In order to find the intersection index we should, by Serre [10], tensor the resolutions
O, — &(—X,) — 0 together and take the Euler characteristic:

_ |1 l
xox)= 8 e (e(-$x ).
Ic{1,..,n} icl
In order to calculate the Euler characteristic we use the trace formula (§4.2.1):

o i) —x
Ky K)=im S0 ] e /H1

c{1,...n} A i€l a,€lAl xeA*
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where, for an element a € |A| we let a, = a,(f), ¢t € T, denote the corresponding

element of the dual basis A: of the character lattice 7. If in the last formula we
pass to the limit along /4 € 72, then we get

Koo x)= 8 ein/ T

Aj{a s enlY } i AEA®
This equality coincides, in the case we are considering, with the conclusion of the
theorem.
5.2. We shall apply the formula for the intersection index to calculate the Chern
numbers of toral bundies.
We consider the graded equivariant bundle & = & & --- @ &, . We shall call the
following polynomials its kth Chern class

W&.2)= Y (&) &)z

ky+- ok, =k

For conciseness, we denote the product [], det(1 + #z,|Z(x)), x € X', he Tg C
ZeT , by det(l+hz|&(x)). We shall prove the following formula for the top Chern
class.

5.2.1. THEOREM. Let & be a graded equivariant bundle on a complete nonsingular
toral variety X = X(Z) of dimension n. Then

&, ) =, 30 ST . (5.3)
x€EA”

A
where K,( ) is the component of total degree n with respect to z .

For the proof we use the graded version of the formula for the total Chern class
(§3.2.1):

_ 1y¢odimd

(=1
&, z)= Hc f =H2det (1+zi Z aX |&(x,)
i sex a€ld|

__1ycodimd

(=1
=[] det (1 +zy. aXalé’(xl;)) (5.4)
s€x a€ld|
(the last term is just an abbreviation for the preceeding one).

The top Chern class can be derived from (5.4) using the formula for multiplying
cycles (5.2). In this formula we need to replace every X by (o}, h) if a €|A| and
by zero if o ¢ [A[, divide by J[, ., (X, A}, and sum over all cones in A of maximal

dimension:
(_ 1 )COdlm P

z):K”ZHdet (l+z > a(aZ,h)|g(x5)) /H (x, h).

A J€X a€léNal XEAT
(5.5)
If one fixes T = J6 N A in the product, then the power of the term
det(1+ 23 afay, h)|&(x,)) will be equal to
i 0, ift#A
-1 codim & _ { P )
Z( ) 1, ift=A (5.6)

dNA=T
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This and the equality 2 = Eae| Al afay, h) show that the numerator in (5.5) is
det(1 + zh|&(x,)). This proves the theorem.

5.2.2. CoRrOLLARY. Let P(c|,...,c,) be a weighted homogeneous polynomial
of degree n = dim X of the characteristic classes c; = c(&), dege, = i, of an
equivariant bundle & . Then

Plc,, ... c)—ZP(ClA,..., HA)/H (x, h), (5.7)

xea*

where the c;, = ¢, () are the coefficients of the characteristic polynomial

det(1l + zhl& (x,)) Zcm i, hef"gc_%gT.

The proof reduces to applying the theorem to a graded bundle all components of
which are isomorphic to & .

5.2.3. ReMaRrk. Formulas similar to (5.7) can also be obtained from the Bott
residue formulas ([11], Chapter 3, §4).

5.2.4. ExaMPLE. Since toral varieties are rational, their Todd genus equals one:
Td(¢,, ..., c,) = x(@y) = 1. For a toral surface X this gives C12 +¢, = 12, from
which, applying (5.7), we obtain

Z +y)+xy 12@Z< —)_12 3N,

i=1

where (x;, y,) are the coordinates of an arbitrary vector / € Tlg in the ith basis
of the fan Z(X) and N is the number of bases. For three-dimensional varieties it
follows from the relation c,c, = 24 that

X. ) . z. Z. X
Z(—’+L+&+-—’+—’+—i):24—3N.
TNV Xy X g

5.3. To conclude this section we consider the construction of the Chow ring
CH(X) and the Grothendieck ring K(X) of a toral variety X. We would like
to construct a “canonical” basis of the additive groups of these rings. Along with all
formulas of this subsection it will depend on a choice of an element 2 € YA"I(: which
is in general position with respect to the fan X = £(X); this means that all the coor-
dinates of the vector 4 in an arbitrary basis |A|, A € X, are nonzero. We shall call
such an element h a polarization vector. We shall let A(h) C A denote the face of the
cone A spanned by vectors of the basis |A| for which the corresponding coordinates
of the vector s are negative. We shall call cones of the form A(4) together with
cycles X Alh) and divisors DA( ny = e A X, corresponding to them distinguished
(with respect to the polarization 4).

5.3.1. THEOREM. Let X be a smooth projective toral variety. Then for an arbitrary
polarization h € T,g the following conditions are satisfied.

i) The distinguished cycles form a basis of the additive group of the Chow ring
CH(X).

ii) The invertible sheaves & (—0) = @(—Dy) corresponding to distinguished divisors
Dy, 6 € X, form a basis of the group K(X).
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5.3.2. CorROLLARY. The rank of the group CHd(X )? equals the number of bases
|Al, A€ X, in which the polarization vector has exactly d negative coordinates.

It is interesting to compare this corollary with the formula for the Poincaré poly-
nomial (4.2.2). The theorem is consistent with the general philosophy of this section:
in order to obtain explicit formulas for the intersection index, Chern numbers, etc.,
it is necessary to fix a polarization or, equivalently, an invariant vector field on X .

PROOF OF THE THEOREM. 1) We first introduce some useful definitions and nota-
tion. Let X, =3 f(a)X, be an ample divisor on X . By the Demazure criterion

[1], [3], this is equivalent to saying that the convex polyhedron I' = {x € fR[(x ,a) <
f(a)} generates a fan X, i.e. themap 6 — I'; = {x € I'l{x, a) = f(a), Ya € |d]}
defines a one-to-one correspondence between the cones ¢ € £ and the faces I'y C T';
dimd = codimT ;. Corresponding to the polarization vector 4 there is a linear form

H on the space T, r Which takes different values on an arbitrary pair of adjacent ver-
tices of I'. We call H the height function. Each face I'; has a unique vertex v; € I';
of maximal height. Define the height of a face H(I';) to be H(v;). Amongst the
faces with a given maximal vertex v there is a largest one I'; . It corresponds to the
distinguished simplex J and will also be called the distinguished vertex.

STEP 1. It suffices to prove that distinguished cycles generate the group CH(X).

Indeed, it is well known that tk CH(X) = | " | (cf. §4.2.2). This coincides with
the number of distinguished cycles.

StEP 2. The faces Ty C ' of a fixed dimension d which have minimal height are
distinguished.

Indeed, let I', O Iy be a distinguished face with the maximal vertex v;. If
I', # 'y then I', has a face of dimension d which does not contain the maximal
vertex vs. It has a smaller height than I';, which is impossible by assumption.
Consequently, the face T'; = I"_ is distinguished.

StEP 3. For any face I', C T and vertex v € I', the cycles X; which correspond
to the faces I'y C I, containing v can be expressed linearly, in the Chow ring, by the
cycles X ) corresponding to the faces T » C I'. not containing v .

Dually, the basis cone A D 7 corresponds to the vertex v €T’ .- We need to prove

that the cycles X,, 1 C § C A, are linear combinations of the cycles X , TCP ZA.

Consider the case d = (1, a), a € |Z|. Choose a character y € T, for which
(x,a)=1 and (x, B) =0 for « # f € |A|. In the Chow ring we have the relation
Z,/eizl(x, 7)X, = 0 (see [1]). By multiplying this by X, and using the relation
XX =X (a.r) = X; we obtain the required representation of the cycle X;. The
general case reduces to this if in the argument one replaces the element t by an
arbitrary face 7' > 1 of codimension 1 in §.

STEP 4. Any cycle is a linear combination of distinguished cycles.

We fix the dimension of the cycles X; and argue by induction on the height
H(I';) . Step 2 provides the initial step of the induction.

If the face I'y is distinguished, then there is nothing to prove. For the opposite
case let I', O I'; be a distinguished face and v; a general maximal vertex of the
faces I'; and I',. By Step 3, X; can be expressed in the Chow ring by cycles
X ) corresponding to faces I’ , C [, which do not contain v;. These faces have
a smaller height. Therefore, by the induction hypothesis, the cycles X , are linear
combinations of distinguished cycles.

Assertion 1) of the theorem is now proved. In order to prove the second assertion
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it is sufficient to express the classes of the distinguished cycles X; in K(X) by the
distinguished invertible sheaves @(—J) [18]. It is easy to do this by induction on
dimJ using the formulas

X=X, = [I(1-F(=a) = Y (-1 @(-0),

a€|d| ac|d| acd
o(-o)y=[[1-%x)= (-)"""x..
o€|o} Co

5.3.3. REMARK. Another proof of this theorem with the Chow ring replaced by
homology groups can be obtained by using Atiyah’s arguments in [19] (cf. [15] and
[161). To a polarization vector 4 one associates a Hamiltonian vector field on X
whose zeros coincide with the fixed points x, € X of the torus. The Hamitonian
function of this field is an exact Morse function, and the index of the critical point
x, equals twice the number of negative coordinates of the vector 4 in the basis |A].
Morse theory, in this situation, allows one to find the Betti numbers and to construct
a basis of the homology groups. The proof presented in the main text makes use of
a combinatorial version of these ideas.

§6. Structure results

6.1. In this section we shall prove several general results on construction of toral
bundles based on their description in terms of filtrations given in §2. The central role
in this description is played by the compatibility condition of Theorem 2.2.1. We
shall deal with nonsingular varieties and therefore shall adopt the following definition
(see §2.2.2, i)-iii)).

6.1.1. DEerFINITION. We shall call the family of subspaces £ Cc E, a € A, split-
table if it generates a distributive lattice. A family of filtrations E®(i), a € 4, is
splittable if the family of subspaces E“(i), a € A, i € Z, is splittable.

Splitable systems can be represented in the form of a direct sum of systems of
rank one (=dimE).

It is convenient to write the splittability condition of the filtrations E“(i) in terms
of the parabolic subgroups P“ = {g € GL(E)|gE"(i) = E“(i)}:

{E"|a € A4} is splittable « (7] P“ contains a maximal torus. (6.1)
a€A

Relation (6.1) together with Theorem 2.2.1 show that the study of toral bundles
with fiber E on a nonsingular variety X = X(X) is essentially equivalent to describ-
ing simplicial maps from the fan X to the complex Z(E) whose vertices are the
parabolic subgroups P ¢ GL(E) and whose simplices form families P* C GL(E),
o € A, containing a common maximal torus. In this way the complex (E) plays
the role of a classifying space for toral bundles. Its study is the principal aim of this
section.

We note the formal analogy between #(E) and the Brauer-Tits complex in which
the incidence relation between parabolic subgroups is defined by the presence of a
general Borel subgroup.

We start from the following analog for “#(FE) of Helly’s theorem about convex
sets.

6.1.2. THEOREM. A family of subspaces E", o € A, of anm m-dimensional space
E is splittable if and only if each (m + 1)-element subfamily is splittable.
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AN EQUIVALENT FORMULATION. For a family of parabolic subgroups P* c GL(m)
to have a common maximal torus it is necessary and sufficient that any m + 1 sub-
groups of this family contain a maximal torus.

6.1.3. COROLLARY. Let & be an equivariant bundle on an open T-invariant subset
Y of a smooth toral variety X , and let k& < codim(X\Y). Then & extends to a
toral bundle on X .

The corollary follows from the fact that under our assumptions the fan Z(Y)
contains an (m+ 1)-dimensional skeleton of the fan X(X), m = rk& . Therefore the
filtrations E®, a € |Z(Y)| = |Z(X)|, which define the bundle & will be compatible
on X(X) and so determine an extension of & over X .

The proof of the theorem is based on the following criterion of Johnson distribu-
tivity (cf. §2.2.2, i)-iii)):

(E%|a € A) is splittable VB, C C 4 (Z E”) NE =Y (E‘9 N Ey) :

peB yeEC BEB yeC
(6.2)

We need to check that if the equality on the right-hand side of (6.2) is satisfied
for |B| +|C| < m + 1, then it is satisfied forall B, C C 4.

We argue by induction on m =dim E .

Step 1. Forall BC 4 and a€ 4

S E | nE =S EMnE". (6.3)
peB BEB

Indeed, the inclusion O is obvious. Conversely, since dim E = m , there exists a
! .
subset B' ¢ B, |B'| < m, for which 2 pep’ EFf = 2 s E? . Then

B a B a B a B a
(ZE )ﬂE _(ZE)QE @)ZE NE*CY E°NnE"
BeB peB’ peB’ BEB

STEP 2. For any eigensubspace E® C E the family EP NE®, B € A, is splittable
in E*.

Indeed, for |B|+ |C| < m by the assumption of the theorem we have

B It b o B 7 4] B 7 a
(ZE ﬂE) () E'NE & (ZE ) () E'NE (;)ZE () E'nE". (6.4)
BEB yeC BEB yeC peB reC
Since dim E“ < dim E = m, the inductive hypothesis implies that the splittability
of the family E® NE®, B € A, follows from (6.4).

STEP 3. The equality on the right-hand side of the Johnson criterion (6.2) is satisfied
forany B, CC A.

Indeed, let E” C E, a € C, be an eigenspace in E (if there is no such a, (6.2)
is obviously satisfied). Then

(Z Eﬁ) NE = (Z E") nE"( E

BEB yeC peB yeC

(=2}

(

S EnE | NENE =Y EFNE.
-3) peB yeC

peB yeC
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For the last equality we used the splittability of the family Efn E®, Be A (Step
2). The theorem is proved.

6.1.4. COorROLLARY. The following conditions on a nonsingular toral variety X =
X(X) are equivalent:

i) All toral bundles of rank m over X split.

ii) Any m + 1 vectors in |X| generate a cone in X.

PrOOF. ii) = i). Let E”, a € |Z|, be a family of filtrations of the space E defin-
ing a bundle & of rank m . Then, by the compatibility condition of Theorem 2.2.1,
any m + 1 filtrations of this family are splittable. Consequently, by Theorem 6.1.2,
the whole family E“, o € |Z|, is splittable. This is equivalent to the splittability of
the bundle & (Corollary 2.2.3).

i} = ii). Assume that the vectors o« € 4 C |Z|, |4| = m + 1, do not generate a
cone in ¥. Consider a family of filtrations E“, o € |Z|, such that

1. E°()=0,0r E,if a ¢ A4, and

2. E*(i) =0, L,,or E,if a € 4, where the L, C E, a € A, are one-
dimensional subspaces in general position in the space F .

According to Theorem 2.2.1 the filtrations E“, o € |Z|, determine a nonsplittable
bundle of rank m .

6.1.5. COROLLARY. Let X be a nonsingular toral variety of dimension n. Then:
i) All equivariant bundles of rank n on X are splittable if and only if X is affine.
ii) All equivariant bundles of rank n—1 split if and only if X =P" or X is affine.

The proof follows immediately from 6.1.4.

6.2. In the case where for each « € A the subspaces E“(i), i € Z, form a
full flag, Theorem 6.1.2 can be considerably strengthened. Since the order is of no
importance in this context, we shall assume that codimE*(i) =i, i =0,...,m.
Recall that the configuration of a pair of full flags E* and E £ can be characterized
by the permutation m.p € S, » where the index j = T ﬁ(i) is determined from the

condition that E%(i — 1) c E®(j — 1)+ E®(i) and E°(i— 1) ¢ E*(j) + E*(J).

6.2.1. THEOREM. Let E“, a € A, be a family of full flags on an m-dimensional
space E . Then the following conditions are equivalent:

i) The family E", o € A, is splittable.

ii) The permutations x,, of flags E® and E? form a cocycle: gy e = 1
Va, B,7e A.

iii) This cocycle is principal. Moip = sa_lsﬁ ,5, €8, a€4.

6.2.2. COROLLARY. A necessary and sufficient condition for a family of full flags
E®, o€ A, to be splittable is that any triple of flags in this family is splittable.

AN EQUIVALENT FORMULATION. A family of Borel subgroups B* C GL(E), a € A4,
contains a common maximal torus if and only if an intersection of any three subgroups
of this family contains a maximal torus.

PROOF. i) = iii). The splittability of the family of full flags E“, o € 4, means
that they are generaed by different orderings of the same basis (e, ..., ¢, ), ie.
E“(i) = (e;ls,(j) > 1), s, €S, . In this case the permutation of the flags E“ and
E* is Mg = s{j‘sﬂ.
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iii) < ii). Obviously, iii) = ii). For the proof of the reverse implication one just
has to fix y and put s, = Ty - Then Totp = Taly Mg = s;lsﬂ .

iitf) = 1). Unfortunately no simple proof of this implication is known to the
author. First we shall check it for a family of three flags, and then we shall reduce
everything to this case, independently proving Corollary 6.2.2.

Step 1. Let BY, B? , B’ ¢ GL(E) be three Borel subgroups containing a common
maximal torus. Then

B*nB’B = (B*nB*)B " nB). (6.5)

It suffices to prove that B*NB?B” ¢ (B°nB”)(B“NB"), since the reverse inclusion
is obvious.

Let B® be the group of lower triangular matrices X = (x,,) with x =0 for
p<q.

Let B? be the group matrices Y = (ypq) with Ypg = 0 for i, <i,.

5 . - . . ) .
Let B’ be the group of matrices Z = (qu) with z = 0 for Jy <,

Here (i;,...,{,) and (j,, ..., j,) are premutations of the indices 1, ..., m.

Consider a matrix X € BN B’B’. Then X € B® and YX € B’ for some
Y € B? , or, on the level of matrix elements,

D VpXg =0 forj, <. (6.6)
q

We shall assume in (6.6) that [ 2>, since y =0 in the other cases. Then (6.6)
is equivalent to the fact that in the matrix

Xy = o)<, 5,
the pth row is a combination of the remaining rows.

We claim that the pth row of this matrix is, in fact, a combination of rows with
indices k < p. This implies that YX = Z € B’ for some Y € B*n B® . This leads
us to the desired result: X =Y~ 'Z € (B*n B*)(B*n B).

We prove the claim by induction on the number of rows of the matrix X L, (=1,).
Consider the kth row for k > p. Then i, < ip , and so the matrix X, has fewer
rows than the matrix X ", and does not contain its pth row.

We consider two cases.

1) Ji <J,. Then X, has more columns than X, . By the induction hypothesis
the kth row of X, is a combination of the preceding rows. Therefore, this is true
for the kth row of X i In this way we can exclude from the decomposition of the
pth row all the rows whose indices satisfy 1) and write it down in the form of a
linear combination of rows with index less than p and rows whose indices satisfy
the inequality

2) jix > J,> k> p. This inequality means that the diagonal element x,, # 0
of the kth row belongs to the matrix X ,- An arbitrary nontrivial combination of
such rows contains a nonzero element in a column of index k > p. Therefore, they
cannot be included in our decomposition of the pth row of X i

Step 2. If the triple of maximal flags E”, a = 1, 2, 3, satisfies condition iii),
then it is splittable.

Indeed, it follows from iii) that there exists a triple of splittable flags F", a =
1, 2, 3, which are in the same configuration as the corresponding E“. Let B” be
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the stabilizer of F®. Then for any permutation «, #, y of the indices 1, 2, 3 we
have
Ef=sF’, E'-SF', S eGLE)/B'nB, s, = S, (mod B')
(see Proposition 2.2.5). From this we get
-1 . -1 -1 a Bpr @ B a v
S, Sp=1(S, S,)(S, S;)€B NB"B el (B"NB") B NnB).

Since the elements S, and S, are determined modulo B“N B’ and B*N B, we

can assume that Sy"lSﬂ =1, 1e. Sﬂ = Sy. Then SQ_ISV = Sa_lS,j e B nB" and
again, without loss of generality, one can put S, =S, =S, =S. Hence the triple
E®*=SF%, a=1, 2,3, is adjoint to the splittable triple F*, and, consequently, is
itself splittable.

STEP 3. The family of flags E“, a € 4, of the space E is splittable if and only
if any triple of flags E*, E?  E” | a, B, v e A, is splittable.

We argue by induction on |A|. Let |4] = n+ | and suppose any subfamily of
n flags is splittable. Then, by Theorem 2.2.1, the family of filtrations E*, a € 4,
determines an equivariant bundle on P". We need to prove that this bundle splits
(see Corollary 2.2.3). We use Horrocks’ theorem ([12], Chapter 1, 2.3.2) on the
splittability of the bundle & on P” when its restriction to some subspace Pf cp” ,
k > 2, is splittable. Consider a coordinate hyperplane P"~' C P". The stabilizer

of a general point x € PZ_I is a one-dimensional torus 7, C 7. The fullness
of the flag E” is equivalent to the simplicity of the spectrum of the representation
of the torus 7, in the fiber &(x), x € P"~'. Therefore the restriction & P!
decomposes into one-dimensional isotypical components. From Horrocks’ theorem
it follows that the bundle & also splits, which is equivalent to the splittability of the
family of filtrations E”, a € 4.

a

6.2.3. COROLLARY. Let Y C X be an open T-invariant subset of a smooth toral
variety X, codim(X\Y) > 3, and & an equivariant bundle with simple spectrum on
Y (this means that the representation of the stabilizer of the point T, in the fiber & (y)
has a simple spectrum if dim T, > 0). Then & extends to an equivariant bundle on
X.

The proof is word for word the same as the arguments in §6.1.3.

It follows from Theorem 6.2.1 that the splittability of the family of full flags E“,
o € A, is determined by their configuration. However, in the general case this does
not happen. For example, three subspaces of codimension 1 which are in general
position in a three-dimensional space E form a splittable system, and three different
subspaces containing a common straight line are not splittable although they have the
same configuration of pairs. Nevertheless, the following local version of Theorem
6.2.1 is true.

6.2.4. THEOREM. Let & = (E”, a € A) be a splittable system of filtrations of
the space E and & = €(&) the set of systems F = (F",a € A) with the same
configurations as & . Then the systems which are conjugate to & form an open
subset in €.

This theorem means that the simplices of the complex Z(E) are rigid: a small
deformation of the simplex (P, a € A) which maps every face (P", P’y toa
congruent one (15“, P? ) is a translation by some element g € GL(E).
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PrOOF. We argue by induction on the number of elements of 4. Let |[4|=n+1,
and assume that for all proper subfamilies of the family & = (E”, a € A) the
theorem holds. Then there exists a neighborhood 4 > & consisting of systems
F = (F“, a € A) any proper subsystem (F“, a € A\B) of which is conjugate to
the family (E®, a € 4\B).

We shall interpret families of filtrations .%¥ €  as bundles on P". Since the
bundle & is splittable, we have H 1(P", Erad &) =0,1i.e. & isrigid. Consequently,
it cannot arise in a nonconstant family. Therefore, all bundles . € 4, C ¢ in some
neighborhood i, > & are isomorphic to & . This means that the corresponding
filtrations . = (F", o € A) are conjugate to &(E”, a € A). This implies that the
orbit GL(E)& = GL(E)Y, is openin €.

6.2.5. REMARK. Forany group G, let Z(G) denote the simplicial complex whose
vertices are the parabolic subgroups P C G and whose simplices form families of
subgroups containing a common maximal torus. Then simplicial maps of a nonsingu-
lar fan T in .2(G) can be interpreted in the language of toral bundles on X (X) with
structure group G . From this point of view it is interesting to generalize statements
of type 6.1.3 or 6.2.1 to arbitrary semisimple groups.

6.3. In this subsection we prove a general fact about constructing restrictions of
toral bundles to closures of orbits.

Let X = X(X) be a nonsingular toral variety. Then the closure of an orbit X =

50 is also a smooth toral variety with respect to the action of the torus 7% = T/ T,
where 7 is the stabilizer of the point X, € O . Its fan £ = X(X,) consists of

images of cones 7 D ¢ in Tlg /Ra , where R is the subspace spanned by . We
shall identify the set of generators of one-dimensional cones |X | with their inverse
images a € |Z]; (a,0)€ZX.

Consider an equivariant bundle &€ on X defined by a family of filtrations E“,
a € |Z|. The restriction &|X_ has a canonical T-structure but has no canonical
toral structure with respect to the action of the torus 7° = T//T_ . It can be defined
by choosing a splitting n: T — T_ of the inclusion : 7, — T, n-1 =1, and
identifying 7 with kern. Let & denote the restriction &|X_ with the given toral
structure. R

Define on the group of characters 7 the partial ordering

x<ye.a)<{y,a), Vacelgl, (6.7)
and put
E¥x) = E°(z) / SSE°(w),  xeT, (6.8)
w>x

The space EU s canonically identified with the isotypical component of the
character x of the fiber £ (x,) via the map

L0 E° ()~ E(x,),.  e— lim y '(n(te), €T,

1Xg—X,

(see Remark 2.1.2 and the comment after Theorem 2.2.1). From its definition it is
obvious that f?(x) annihilates all the subspaces E°(w), v > x, and induces an
isomorphism 17 (x): EUl(y) — &(x,), . In this way the fiber &(x,) is identified
with the graded space E!” = D, EU ).
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In the following theorem Vx Cc E ["]( x) will denote the projection of a subspace
V C E onto the factor E(y):

= (V+ZE”(u/))nE /ZE

w>x >

6.3.1. THEOREM. The restriction &|X, = &_ is determined by the collection of
filtrations of the graded space EU! = €B E[“](x , (6.8), induced by the filtrations
E®, {a,0) € X, of the space E translated by n, , = X, fzo(a)): E[”}’"(i) =
EBXE (i+n, ),

Here the map 7% 7° - Tf is constructed from the splitting n: 7 — 7 of the
canonical embedding 1: 7, — T .

ProOF. We use the identification & (x) =~ E!"1 described above and put vy e T

E(x,) (W) ={e€&(x,)3 _lim v (1)}
o~ {o.w)

= (projections of the space E"(y) to &(x,);,,) = E*(¥;,,)-

Then by decomposing the character v = ¢’ + 1788 w’ € keri, w, =#i(y)elmn,

we have
@ g(-xq)a(l//) = @ Ea((‘//s a))i(y,)

(v a)=i (W, =i
= EB E°(i+ (Riy, o)),
(¥’ . a)=
a, . .0
_@E (x, ), = D E(+{(x. & (),
x€T, x€T,

As an application of the results of this section we shall prove the following fact.

6.3.2. PROPOSITION. Let & be a toral bundle on P" . Assume that for some point
x € P" the representation of the stabilizer T, in the fiber &(x) satisfies one of the
Sfollowing conditions:

i) the dimensions of isotypical components are smaller than codim T

ii) the number of isotypical components is at most dim T, .

Then the bundle & splits.

Proor. i) Consider the restriction of the bundle & to the closure of the orbit
O, =P", m=codimT,. By the previous theorem &|P” decomposes into a sum
of bundles whose dimensions equal the multiplicities of the irreducible characters
of the representation 7, : & (x). By the assumption these multiplicities are smaller
than m and therefore the restriction &|P" splits (Corollary 6.1.4 or 6.1.5).
Horrocks’ theorem ([12], Chapter 1, 2.3.2), this implies that the bundle & itself
splits if m > 2. The case m = 1 is possible only for the zero bundle.

ii)Let xeO,, T, =T, ,and o € Z(P"). If the number of components of the
representation 7, : &(x) is at most dim 7 = dimg, then for two different faces
7 C d C o the representations T,: &(x) and Ty: &(x) will have the same number
of isotypical components. Then isotypical decomposition of these representations
coincide. In the language of filtrations this means that the spaces E* (), peldl,
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can be expressed by sums of intersections of the spaces E“(j), a € |1|. Since any
proper subfamily of the family of filtrations E“, a € |[Z(P")|, is splittable, it follows
that the whole family E”, « € |Z|, and the bundle & are splittable.

6.3.3. ExaMprLE. It follows from the proposition that toral bundles of rank < n
over P" split (see also §6.1.5). Consider a bundle & of rank »n determined by a
family of filtrations E“, a € 0, ..., n. The proposition implies that if it does not
split then one of the spaces E*(j) = E*(i)/E*(i+1) should have dimension > n—1.
It follows from this that nontrivial spaces of filtrations E“(i) have dimension 1 or
n — 1 and form a configuration of »n + 1 straight lines or n» + 1 hypersurfaces in
general position which pass through the origin. With a suitable numbering of the
members of the filtration the tangent and cotangent bundles of P" correspond to
these configurations. These configurations also play a central role in the classification
theorem of the following section.

6.4. Let E”, o € A, be a family of subspaces of a vector space E. We say that
this family is indecomposable if it cannot be represented in the form F = E, @ E,,
E" = Ef ®E;, with dimE, > 0. Any system of subspaces decomposes into a direct
sum of indecomposable systems which are uniquely determined up to isomorphism
and order.

Indecomposable systems containing no more than four subspaces were described
by Gel'fand and Ponomarev [13]. In the general case the classification of indecom-
posable systems is a complex problem.

In this subsection we describe all indecomposable families of subspaces any proper
subfamily of which splits. As an example of such a family there is the configuration of
n+1 hypersurfaces in general position in an n-dimensional space which pass through

the origin. We shall denote this configuration by QL =(E;E",a€0,...,n),and
we shall set Qﬁ = (AkE AFEY a=0,..., n). The configuration Qﬁ is associated
to the bundle of k-forms on P".

6.4.1. THEOREM. An indecomposable family of subspaces E* C E, a €0, ..., n,
all proper subfamilies of which are splittable, either has rank one (= dimE) or is
isomorphic to one of the systems Q’; ,k=0,...,n.

6.4.2. CoMMENT. Here is a typical situation in which the configurations in The-
orem 6.4.1 arise. Consider a toral bundle & over P" determined by a family of
filtrations E“(i), « € {0, ..., n}. Then by Theorem 2.2.1, for any set of indices
i, € Z, the family of subspaces E“(i ), a € {0, ..., n}, satisfies the conditions of

Theorem 6.4.1. In particular, for any character y € T these conditions are satisfied
for the family of subspaces

E(x)=(E"(x),a=0,...,n).

By Theorem 6.4.1 it decomposes into the sum

E(y) = (@ m@ﬁ) oF, (6.9)
k

where F is a sum of rank 1 systems not including QS =(L;L,..., L) or QZ =
(L;0,...,0), dimL = 1. The multiplicities m, can be expressed in terms of the

x-components of the cohomology groups Hk(P", &Y, .
X

m, =dimH*(P", &) | (6.10)
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which, as we know from §4.1.3, is completely determined by the configuration E(y).
Furthermore, the splittable component F does not contribute to the cohomology
groups, and therefore (6.10) follows from the classical equality dim H”(P", Q%) =
J_ .
pq

From (6.9) and (6.10) we get

6.4.3. COROLLARY. For a toral bundle & over P" and any character x,

3 (Z) dim H*(P", &), < 1k &.
k

In particular, if tk& < (') then H*(P", £),=0.

There is one more method for picking out the components in the decomposition
(6.9):

mQy=Q, @ H'P", &), = ) ZE”()()/ S O NEW,
|[/|=k+1 €l |J[=n—k+1acJ
which also gives a symmetrical formula for calculating cohomology groups (cf. §§4.3.1
and 4.3.2). The proof reduces to checking this relation for splittable bundles and for
Q.

PROOF OF THE THEOREM. It will be convenient for us to convert to the language
of bundles. We call a filtration E“(i) of the space E short if it contains no more
than one subspace different from 0 and E. Let & be a toral bundle over P” defined
by a family of short filtrations E”, a = 0, ..., n. We say that the bundle & is
standard if it decomposes into a direct sum of line bundles and twisted bundles of
p-forms & ®@(f). We need to prove that every bundle defined by short filtrations
is standard.

6.4.5. ASSERTION. A toral bundle & over P" determined by short filtrations ad-
mits a decompositon & = &° & &', where &° is standard and Ext'(¥ ,&") =
H' P, &' ©F*)=0 0<p<n,fori>0 it followsthat H""'(P", &  ®F)=0
Sfor any splittable bundle F .

We shall prove the theorem from this proposition.
STEP 1. i). For any bundle & over P" there exists an exact sequence of bundles

0% - F & 50,

in which % is splittable and Extl(ﬁr', &'y =0 for any splittable bundle F"' .

ii) The bundle &’ is uniquely determined by & up to splittable components.

iii) If & is standard, so is &' .

PRrOOF. i) Let s5,: @ — &(m;) generate the module P, HO(P" , £(m)) over the
ring ,, HO(P" , @(m)). Then the corresponding sequence 0 — & — D, 0(-m,)
— & — 0 has the necessary properties.

ii) Suppose we have two exact sequences

0 - & - F - & - 0
1 1l | (6.11)
0 - & - F - & = 0

The condition Ext' (¥, &") = 0 = Ext'(¥', &) implies the existence of the
vertical morphisms making diagram (6.11) commute. Then standard arguments from
Schanuel’s lemma show that &' 0.5 ~&" & .7 .
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iii) One can restrict to the case & = Q”, 0 < p < n. Then there is an exact
sequence ([12], Chapter 1, §1)

00— - (Zi})@’(—p—l)—»QpﬁO,

from which it follows that &’ = Q**'.
Consider now the canonical resolution (3.1) of the bundle &

0-& -F —-F - -—F =0 (6.12)
and split it into short exact sequences
0-& % —-&

1 — 0. (6.13)
It follows from the definition of the canonical resolution that, along with & , all
the bundles .7 and &, are also determined by short filtrations.
STEP 2. All the bundles &, i >0, are standard.
The proof proceeds by inverse induction on i. Suppose that the bundle &

i+1
standard. We write the sequence (6.13) in the form

0~&'08 ~5 &, ~0, (6.14)

1s

where & = Zio @ g[l is the decomposition in Proposition 6.4.5.

From the canonical resolution (6.12) and the acyclicity of splittable bundles
H'(P",F)=0, 0<p<n,for i>0 it follows that H" '(P, &, @ F) = 0

i+1
for any splittable bundle % . Therefore, from part i1) of Step 1 applied to the se-
quence dual to (6.14) it follows that the bundle &, is uniquely determined by &
up to splittable components. Therefore, one can replace the resolution (6.14) by a

direct sum of resolutions

Moreover, &, differs from gjgl @éﬂl by a splittable component. Since &, is

standard by the induction hypothesis, gli , 1s also standard. Then, from (iii) of Step
1, éﬁl is also standard; consequently the sum é’io ® é”,.l = &, is standard.

STEP 3. The bundle & is standard.

Indeed, according to Proposition 6.4.5 one can assume that Extl(<7 ,&)=0 for
any splittable bundle .% . Consider the start of the canonical resolution (6.12)

The bundle & here is splittable by Step 2. Therefore, from Step 1 it follows that &
is standard.

PRrROOF OF PROPOSITION 6.4.5. This requires a quite different technique, for which
the language of filtrations is more suited. In this language the acyclicity of the bundles
£eF (¥ splittable) in dimension one or codimension one is equivalent to verifying
the conditions

E'+NE = N (E* +E (6.15)
B#a B B#a
or
EnYEf = Y E°nE’, (6.16)

B B BFa
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where we let E’, y = 0, ..., n, denote an arbitrary term of the filtration E’(i)
defining the bundle & (see §4.3.1).
Now let E“, a =0, ..., n, be a family of subspaces of which any proper sub-

family is splittable. Put

H=YE'nE’, H'=HNE"
a?h

STEP 1. The system (E; E®) decomposes into the direct sum
(E;E)~(H; H)omQ' 'aF,

where F is a splittable system of subspaces.

This is precisely the decomposition of the system (E; E”) by using the top cube
of Gel'fand and Ponomarev B*(2) [13]. Note that under our assumptions on the
spaces E*, the higher cubes B*(m), m > 2, do not give any new components.

We shall show that the system (H; H") is acyclic in codimension 1.

STEP 2.

H =Y EnE" (6.17)
B:B#y
Indeed,
H=EnY E'nE’= Y Enef +E'n Y E‘nE’
a#p BBy a#f o, B#y

We shall check that the second summand of this sum is contained in the first one. It
is obvious that, forall 6 =0, ..., n,

> E'NnE? > E?,
a#f o, By B#y.6

since amongst pairs of indices « # B one differs from & . As the system E“, a # 4,
is splittable, we get

E'n Y E"mE”cEymZE"’z > E'nE* c ZEynEﬂ,

a#fia, B#y B#v.9 BiB#v.6 BiB#y
which proves (6.17).
STEP 3.
H'nY H =H"= Y H'nH. (6.18)
B#a B B#e

The first of these equalities follows from the fact that
ﬂ B 7 (Y
B#a B#v
The second can be obtained by using the formula
H'nH =EnE’nY_ E'nE’=E"nE’,
7#6
from which we get
v s _ @ B _ x
> H'nH = ] E'nE" = H"
B B# B BFn
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Formula (6.18) means that the bundle /# defined by the system of subspaces
H* cH, a=0,...,n, is acyclic in codimension 1 (see (6.16)). Together with
Step 1 this proves the proposition dual to 6.4.5. Proposition 6.4.5 itself is obtained
by passing to the dual bundles.
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