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Abstract

To a noncompact orientable surface with no closed boundary, we associate the sum of Fukaya cat-
egories of (Liouville sectors associated to) its symmetric powers. We construct sectorial covers with
the combinatorics of the bar resolution to show this association extends to an open 2d topological field
theory – without naming a Lagrangian, let alone a holomorphic disk. In particular, we recover results of
Rouquier and Manion on extending Heegaard-Floer theory down to an interval.

1 Introduction

The ‘Heegaard-Floer’ homology of Oszvath and Szabo, now a fundamental theoretical and computational
tool in low dimensional topology, is by definition constructed from the Floer homology of certain Lagrangians
in symmetric products of surfaces [41, 40]. The theory was motivated by four dimensional gauge theory –
and indeed, provides four dimensional invariants [42] – but is also luxuriously computable [47, 37]. Such
computations have allowed at least the simplest ‘hat’ variant to be extended down to categories associated
to two dimensional punctured surfaces [30], which in turn have been shown to have some gluing properties
along one dimensional intervals [17, 16, 34].

Here we give a purely geometric argument that the categories associated to surfaces form a 2d open
topological field theory. This result relies on no past or present holomorphic disk computations, is fully
coherent, and independent of coefficients. The following category organizes our discussion:

Definition 1.1. Let O be the topological category of oriented, possibly disconnected, finite type, noncom-
pact surfaces-with-boundary, all of whose boundary components are noncompact (i.e. R rather than S1).
Morphisms are proper inclusions for which the preimage of a nonempty boundary component is a union of
nonempty boundary components. We give this category the symmetric monoidal structure of disjoint union.

Up to contractible choices, we could equivalently define the objects of O to be compact surfaces, of which
each connected component has boundary, and each boundary component contains a possibly zero number
of “space-like” intervals, the remaining boundary being “time-like”. The morphisms are inclusions carrying
time-like boundary to time-like boundary, and each space-like boundary either to the interior, or onto a
space-like boundary.

Observe that I = T ∗[−1, 1] is an algebra object in O: all structure maps are given by ‘putting intervals
next to each other’, or in other words, taking cotangent bundle of the structure maps of the 1-dimensional
little disks operad. Given any object Σ ∈ O, a choice of boundary of Σ gives it structures of left and right
I-module (depending on which end of T ∗[−1, 1] we consider gluing to it). Similarly,

∐
n T

∗[−1, 1] carries an
algebra structure, for which surfaces with n chosen and ordered boundary components serve as modules.

We will be interested in symmetric monoidal functors F : (O,⊔) → (C, ⋆); such functors necessarily
respect the algebra and module structures above. Recall that given an algebra object A of (C, ⋆), and left
and right A-modules L,R ∈ C, we write L ⊗A R for the co-equalizer of the two actions of A on L ⋆ R; we
say C admits tensor products if such co-equalizers always exist.

Definition 1.2. By a gluing configuration, we mean a cover Σ = ΣL∪ΣR where the inclusions ΣL,ΣR → Σ
are maps in O, and the overlap is a union of strips, i.e. A := ΣL ∩ΣR ≃

∐
T ∗[−1, 1]. If (C, ⋆) admits tensor

products, we say F : (O,⊔)→ (C, ⋆) satisfies gluing if, given any gluing configuration,

F(ΣL)⊗F(A) F(ΣR)→ F(Σ) (1)

is an isomorphism.
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Such a functor, satisfying gluing, gives an open 2d TFT valued in the ‘Morita category’ internal to (C, ⋆),
which sends the interval to F(I).1 (We recall that the Morita category has objects given by algebras in
C, morphisms given by bimodules, and composition given by tensor of bimodules over algebras.) We note
also that while the above formulation does not directly express cutting along a non-separating strip, we may
achieve the same effect by cutting along two parallel such strips.

Example 1.3. Homology gives a functor (O,⊔)→ (Z−mod,⊕), which satisfies gluing by the Mayer-Vietoris
theorem. Because the maps in O are proper, the same is true for Borel-Moore homology.

The Borel-Moore version has a known categorification. Let us write Sect2n for the category of Liouville
sectors. The objects of this category were introduced in [20, 22]: they are noncompact exact symplectic
manifolds-with-boundary, satisfying certain conditions (we recall these below in Section 4.2).

Example 1.4. The ‘covariant functoriality’ of [20], specialized to the case of surfaces, asserts that (choosing
any from the contractible space of Liouville sector structure on Σ,2 and) taking partially wrapped Fukaya
category gives a functor Fuk : (O,⊔) → (Cat,⊕), where Cat is any appropriate category of stable linear
categories.3 The ‘sectorial descent’ of [22], again specialized, asserts that the above Fuk satisfies gluing.

One can view the present article as providing an ‘exponentiated’ version of Example 1.4.

We will write Sect2n for what the casual reader can imagine is the topological category whose objects
are Liouville sectors, and whose morphisms are proper inclusions satisfying certain conditions, as described
in [20, 22]. More precisely, we will take the following simplicial variant: objects are Liouville sectors, 1-

morphismsW0 →W1 are symplectic fibrations of sectors π : W̃ → T ∗[0, 1] with an identification π−1(1) = W1

and sectorial embedding W0 → π−1(0), and similarly for higher simplices. Such a setup was described in
[28]. As noted there, the functoriality, invariance, and Künneth results established in [20, 22] imply that
taking partially wrapped Fukaya category factors through such Sect2n.

We recall also that the product of sectors can canonically (up to contractible choices) be given the
structure of a sector; we regard this as a product Sect2n× Sect2m → Sect2n+2m. We will consider the category
SectN :=

∏
n Sect2n; an object is a sequence of (a priori unrelated) Liouville sectors, one of each dimension

X = (X0, X1, . . .). Cartesian product induces a symmetric monoidal structure (X×Y )n =
∐

a+b=n Xa×Yb.
The set-theoretic symmetric power of a surface with boundary is not even a manifold with boundary, let

alone a Liouville sector. Nevertheless, we show:

Theorem 1.5. To each W ∈ Sect2, we may associate a symmetric power Sym(n)(W ) ∈ Sect2n, agreeing
with the set-theoretic symmetric power for surfaces without boundary. This assignment extends to a functor
Sym : (O,⊔)→ (SectN,×) given on objects by Σ 7→

∏
n Sym

(n)(Σ). The resulting sectors are Weinstein.

Consider now a gluing configuration Σ = ΣL ∪A ΣR. Observe that there is a diagram in O:

· · ·ΣL ⊔A ⊔A ⊔ ΣR
→→→ ΣL ⊔A ⊔ ΣR

→→ ΣL ⊔ ΣR. (2)

The maps are the action maps for the algebra object A on itself and on the left and right modules ΣL and
ΣR. We will refer to this as the bar diagram for the gluing configuration, and indicate it as Bar(ΣL|A|ΣR).
Given a cover of a topological space, U =

⋃
Ui, we will refer to the diagram formed by inclusions of overlaps

as the Čech diagram for the cover, and denote it Čech(
⋃

Ui).

Theorem 1.6. Given a gluing configuration Σ = ΣL∪AΣR, there is a (choice of Liouville form and) sectorial

cover Sym(n)(Σ) =
⋃

nL+nR=n UnL,nR
, and a (homotopy coherent) morphism of diagrams in Sect2n:

Čech(
⋃

UnL,nR
)→ Sym(n)(Bar(ΣL|A|ΣR));

moreover, each map (of sectors) between corresponding terms in the Bar and Čech diagrams is deformation
equivalent to an isomorphism.

1There are however additional structures. For instance, the inclusion ∅ → Σ induces pointing of all structures, as Johnson-
Freyd requires for a ‘Heisenberg-picture’ TFT [24].

2Or in other words, inverting the equivalence of topological categories Sect2 → O.
3We work throughout in the modern context of (∞, 1)-categories, for which the foundational works are [33, 31].
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The basic idea behind Theorems 1.5 and 1.6 is the following: (1) sectorial covers for cotangent bundles
can be obtained by lifting covers of the base, (2) the identification C = T ∗R gives a map Symn C→ Symn R
which is a cotangent bundle away from the diagonal, which (3) as we will see, locally near each strata of
the diagonal, is a product of a cotangent bundle and other factors, so (4) as long as our covers are ‘locally
pulled back from the base of the cotangent bundle factor’, they will be sectorial, and (5) there is a cover of
Symn R with the desired combinatorics.

Remark 1.7. Xinle Dai has previously constructed a sectorial decomposition the second symmetric power
of a surface [13]. The methods are different, and, as pointed out to us by Denis Auroux, the resulting cover is
different from (the n = 2 case) of ours: both are three element covers, but ours contains a triple intersection,
corresponding to ΣL ⊔A ⊔A ⊔ ΣR, and Dai’s does not.

We now extract algebraic consequences. Let k be a ring (other coefficients for which the Fukaya categories
of symmetric powers can be defined would also work). We write StNk for the category of N-graded stable
presentable k-linear categories, i.e. objects are of the form C =

⊕
n Cn, and ⊗ for the graded version of the

Lurie tensor, i.e. (C ⊗D)n =
⊕

a+b=n Ca ⊗Db.
4 Our objects will always have C0 = k−mod. It follows from

the ‘Künneth’ considerations in [22] that taking Fukaya category induces a symmetric monoidal functor

Fuk : (SectN,×)→ (StNk ,⊗).

(We regard Fukaya categories, which originate as A∞ categories, as elements of Stk by passing to the (dg)
category of modules and then taking the nerve. We prefer to work in the dg or stable setting to avoid
confusion around the tensor product of A∞ categories.)

Theorem 1.8. Fuk ◦ Sym : (O,⊔)→ (StNk ,⊗) satisfies gluing.

Proof. Consider a gluing configuration. Then (the n’th piece of) Fuk(Sym(ΣL))⊗Fuk(Sym(A))Fuk(Sym(ΣR))

is computed by the colimit of the bar diagram Fuk(Sym(n)(Bar(ΣL|A|ΣR))). Theorem 1.6 identifies this bar
diagram of Fukaya categories with the Cech diagram of Fukaya categories for a sectorial cover, which, by
sectorial descent [22], agrees with the Fukaya category of the total space Sym(n)(Σ).

Remark 1.9. The same argument with sectorial descent replaced with Mayer-Vietoris shows that

H∗ Sym : (O,⊔) → (k −mod,⊗)
Σ 7→

⊕
n

H∗(Sym
(n)(Σ))

satisfies gluing. Because maps in Sect are proper embeddings, we may also take Borel-Moore homology. Send-
ing a Lagrangian to its fundamental class gives a natural transformation K(Fuk(Sym(Σ)))→ HBM

∗ Sym(Σ),
which is injective by [27].

Remark 1.10. Theorem 1.8 as stated holds with coefficients in 2-periodic Z-modules, since for this we
need no additional structures on the Sym(Σ) in order to define Fukaya categories. For another desired
coefficient symmetric monoidal category C over which the Fukaya category can be defined and satisfies
sectorial descent, e.g. (not-periodized) Z-modules,5 Theorem 1.8 holds as stated, with the same proof, if
one understands Fuk(Sym(Σ)) to be a family of categories over the space of C-Maslov data6 for

∏
Symn(Σ).

Alternatively, we could formulate the result in terms of a functor from the category OC given by pulling back
the space of C -Maslov data along Sym : O → SectN.

Remark 1.11. It is clear from the proof that Fuk may be replaced by any functor which satisfies sectorial
descent. Microsheaves offer one such category [49, 39], defined over any stable compactly generated symmetric
monoidal category, e.g. spectra; and equivalent to the Fukaya category when the latter is defined [21].

4Apparently sometimes called ‘Day convolution for the monoidal structure of addition on the natural numbers’.
5The arguments in [22] are ‘geometric’, and hence expected to be valid over any coefficients over which the Fukaya category

can be defined. (So, someday, spectra.)
6C-Maslov data on a symplectic manifold X is a null-homotopy of a certain tautological map X → B2Pic(C); it is the

expected data needed to define the Fukaya category over C. See discussions in e.g. [32, 39, 21, 12, 7].
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We turn to questions of calculation. Various models for Fuk(Sym(Σ)) and related categories have been
obtained in previous works [30, 8, 17, 16, 34, 18, 15]. We will not attempt to rederive all of these here, but
will explain how to recover the main result of Rouquier and Manion [34, Thm. 1.3.1], which asserts that
(1) if Σ is a surface with chosen interval boundary, Fuk(Sym(Σ)) is a representation of a categorification of
gl(1|1)+ and (2) there is a certain explicit monoidal structure ⊗⃝ on such representations, such that if Σ is
obtained by gluing some Σ′,Σ′′ to an open pair of pants, then

Fuk(Sym(Σ)) = Fuk(Sym(Σ′)) ⊗⃝ Fuk(Sym(Σ′′)). (3)

Let us explain what this assertion looks like from our point of view. Recall we write I = T ∗[−1, 1] ∈ O. Let
us write T for the open pair of pants, i.e., the disk with three stops; it is an I − (I

∐
I) bimodule. Given

any functor F satisfying gluing, the different ways of decomposing the disks with n boundaries into pairs of
pants give the associativity conditions showing that F(T ) defines a lax coalgebra structure for F(I), and in
particular an (E1) monoidal structure ⋆T on the category of F(I)-modules.

Since Theorem 1.8 promises that Fuk ◦Sym satisfies gluing, we immediately recover (3) with the cate-
gorified gl(1|1)+ and ⊗⃝ replaced by Fuk(Sym(I)) and ⋆T .

For a precise comparison, we use (for the first time in this article) actual knowledge of Fuk(Sym(I)):

Fuk(Sym0(I)) = Fuk(•) = k −mod

Fuk(Sym1(I)) = Fuk(I) = k −mod

Fuk(Sym≥2(I)) = 0.

That is, Fuk Sym(I) is a monoidal category generated by a free degree one category, with monoidal square
zero.7 Graded modules for this monoidal category are, tautologically, sequences of stable k-linear categories
· · · → C−1 → C0 → C1 → · · · , where the composition of consecutive maps is zero. Such ‘categorical
complexes’ were recently studied by Christ, Dyckerhoff, and Walde [9].

A first appealing feature of this correspondence: as the Fukaya categories of all nonzero symmetric
powers of a half disk vanish, one can easily check Fuk Sym(D) ⊗Fuk Sym(I) · : Fuk Sym(I) −mod → Stk is a
‘semi-cohomology’: it sends a complex (C, d) as above to the graded category (C/Image(d)). Going further,
the operation ⋆T must correspond to some monoidal structure which takes two categorical complexes and
returns a single one. In fact [9] provides just such an operation: totalization of the tensor product bicomplex,
which is given by a much more reasonably sized pushout, and can be checked to be the translation to stable
categories of the ⊗⃝ of Rouquier and Manion (see Remark 5.8 below). We show, by algebra:

Theorem 1.12. (5.5) The identification of Fuk(Sym(I))-modules with categorical complexes carries the
monoidal structure ⋆T to the coproduct totalization of [9].

We also give a totalization for a (singly graded) categorical complex carrying two commuting degree one
differentials, and prove it matches the gluing of two ends of the pair of pants to a not-necessarily-disconnected
surface with two marked boundaries, or more generally, to an arbitrary Fuk(Sym(I))⊗Fuk(Sym(I))-module.

Any surface can be assembled by attaching strips to pairs of pants and capping by a half disk. And so:

Corollary 1.13. For any Σ ∈ O, the category Fuk(Sym(Σ)) is the semicohomology of an iterated totalization
of a tensor power of Fuk(Sym(I)).

We conclude with a remark about future directions. The various symplectic approaches to Khovanov
homology and its relatives [48, 35, 36, 1, 2, 4, 3, 6, 5, 29] involve spaces which admit natural maps to
symmetric powers of surfaces. In an ongoing joint project with Aganagic and LePage, we will apply a
generalization of the methods developed here to construct similar sectorial decompositions for such spaces,
and construct Rouquier’s monoidal structure ([46]) for general g+, by the analogue of the ⋆T above, and
establish their expected properties. In another direction, we expect similar ‘exponentiated sectorial descent’
theorems can be proven in the ‘higher dimensional Heegaard-Floer’ theory [11], as would be compatible with
the calculation [23] and of presumptive representation theoretic relevance visavis [51].

7The categorified gl(1|1)+ of [26, 34] is by design the monoidal category whose modules carry an endomorphism with a
null-homotopy of its square. If we take its modules in the world of stable categories (where we work) – where a morphism being
zero is a property, not a structure – then said module category is equivalent to that of our Fuk Sym(I).
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Notation. For any set M , we write Symn M for the space of unordered tuples, possibly with multiplicity,
z = (z1, · · · , zn) ∈ Symn(M). We write |z| = n for the number of points. For z1 ∈ Symn1(M) and
z2 ∈ Symn2(M), we write z1 + z2 ∈ Symn1+n2(M) for the union-with-multiplicity.

For a partition λ ⊢ n, with λ = (λ1, λ2, . . . , λk), we write Symλ(M) ⊂ Symn(M) for the locus consisting
points with multiplicities λ1, . . . , λk. This is a stratification:

Symn(M) =
∐
λ⊢n

Symλ(M).

We write λ ≤ µ when λ is obtained by combining some of the parts of µ; so (1, 1, . . . , 1) is the largest
partition and (n) the smallest. We have:

Sym≤µ(M) :=
⋃
λ≤µ

Symλ(M) = Symµ(M) (4)

2 Clustering rules

One fundamental technical tool of the present article is a system of coordinates on symmetric products
which allow us to separate dependence on the normal and tangential directions to the big diagonal. Were
the diagonal smooth (it is not), it would suffice to fix a metric and choose a tubular neighborhood. Let us
elaborate on the basic challenge. Given a point on the big diagonal, z =

∑
nizi with ni > 1, we might

consider a class of nearby configurations z =
∑

zi, with |zi| = ni and zi centered at zi. It is natural to view
variation of the zi as tangential to the diagonal, and internal variation constituents of zi (constrainted to
remain centered at zi) as normal to the diagonal. Of course, each z admits many expressions of the form
z =

∑
zi. In this section we will describe a certain class of such decompositions (clusterings), in order to

define a class of functions on symmetric powers, which depend only on the center of masses of clusterings.
We proceed with the construction. Let M be a smooth Riemannian manifold with distance function

dist : M ×M → R. Recall that a subset U ⊂ M is said to geodesically convex if any two points in U
can be connected by a unique geodesic, and the distance square function dist(−, x)2 restricts to any length-
parametrized geodesic is a convex function. The radius of convexity at a point p is the radius of the largest
geodesically convex open ball around p; we write rconv for the infimum over M of the convexity radii. We
refer to [44, Ch 5.4] for properties of the convexity radius. We will assume that rconv > 0, which will hold
for our examples of interest because Liouville manifolds have bounded geometry.

Definition 2.1. Let z = (z1, · · · , zk) ∈ Symk M , if dist(zi, zj) < rconv, we say z is pre-confined.

Lemma 2.2. Let z = (z1, · · · , zn) ∈ Symn(M) be pre-confined. Let g : M → R be the continuous function
given by g(z) =

∑n
i=1 dist(zi, z)

2. Fix ρ such that maxi,j(dist(zi, zj)) < ρ < rconv. Let U = ∩iBρ(zi), then g
has a unique minimum in U .

Proof. Each ball Bρ(zi) is strongly geodesically convex, hence their intersection U is geodesically convex as
well: if x, y ∈ U , then for each i the unique minimizing geodesic from x to y lies in Bρ(zi), hence it lies in
U . The functions d(z, zi)

2 is smooth and strictly (geodesic) convex, hence their sum g(z) is strictly convex.
Thus g(z) can have at most one minimum.

Since U is compact and g is continuous, g attains its minimum at some point p ∈ U . We claim that
p ∈ U . Suppose instead that p ∈ ∂U . Then for some j we have d(p, zj) = ρ, so p ∈ ∂Bρ(zj). Let ν be

the inward unit normal to ∂Bρ(zj) at p. Since every zi lies in the closed ball Bρ(zj), moving p inward will
decrease g contradicting p being the minimum.
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Definition 2.3. For pre-confined z ∈ Symn M , the center of mass of z is the minimum point produced in
Lemma 2.2; we denote it c(z). We write r(z) := maxi dist(zi, c(z)).

When V is a normed vector space, rconv =∞, every z ∈ Symn M is pre-confined, and the center of mass
is the weighted average of the {zi}.

Definition 2.4. A clustering rule is two sequences of positive real numbers,

0 < r1 < r2 < · · · < rN ≪ rconv, 0 = d1 < d2 < · · · < dN ≪ rconv

such that
rk > dk + rk−1, dk > 6rk−1.

Lemma 2.5. For all a, b ≥ 1, we have

ra+b > da+b +max(ra, rb), da+b > 3(ra + rb)

Lemma 2.6. Clustering rules exist.

Proof. We may choose d2 > 0, ϵ > 0, and set r1 = d2/(6(1 + ϵ)). Then, for k = 2, 3, · · · , we set

rk = (1 + ϵ)(dk + rk−1), dk+1 = (1 + ϵ)6rk.

Definition 2.7. Fix a clustering rule. We say z is confined if it is pre-confined and r(z) < r|z|. We say
z1, z2 are separated if they are pre-confined and dist(c(z1), c(z2)) > d|z1|+|z2|. We say z =

∑
zi is a cluster

decomposition if each zi is confined and each pair zi, zj are separated. We say the type of the decomposition
is the partition |z| =

∑
|zi|.

Lemma 2.8. Suppose z1, z2 are confined, but not separated. Then z1 + z2 is confined.

Proof. We compute:

r(z1 + z2) = max
z∈z1+z2

dist(z, c(z1 + z2)) = max
i=1,2

max
z∈zi

dist(z, c(z1 + z2))

< max
i=1,2

max
z∈zi

dist(z, c(zi)) + dist(c(zi), c(z1 + z2))

< max(r|z1|, r|z2|) + d|z1|+|z2|

< r|z1+z2|

Corollary 2.9. Every z ∈ Symn(M) admits a cluster decomposition.

Proof. If z =
∑

nizi, begin with the decomposition z =
∑

zi where zi = nizi. Iteratively merge pairs zi, zj
which are confined but not separated; at each stage, by Lemma 2.8, we maintain a decomposition into pieces
which are confined. By finiteness of |z| the procedure terminates (possibly at z = z if z itself is confined).

Let z1, z2 be two sets of points in M . We define their separation as

sep(z1, z2) := min
z∈z1,w∈z2

dist(z, w).

Lemma 2.10. For any cluster decomposition z =
∑

zi, we have

sep(zi, zj) > 2(r|zi| + r|zj |)
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Proof. For any z ∈ zi, w ∈ zj , we have

dist(z, w) > dist(c(zi), c(zj))− dist(z, c(zi))− dist(w, c(zj))

> d|zi|+|zj | − r|zi| − r|zj |

> 2r|zi| + 2r|zj |.

In particular, the disks around the centers of clusters which witness the confinement are disjoint. Even
more particularly: if z =

∑
nizi is the sum with multiplicities, then if zi appears in some cluster in a cluster

decomposition, said cluster in fact contains nizi. Because of this, if x,y are clusters in possibly different
cluster decompositions of some given z, it makes unambiguous sense to write x ∩ y, x \ y,y \ x.

Lemma 2.11. Suppose x and y are clusters in possibly different cluster decompositions of z. Then either
x,y are disjoint, or one contains the other.

Proof. The assertion is equivalent to asking that not all three of x \ y,y \ x,x ∩ y are all nonempty.
Suppose x \ y and x ∩ y are both nonempty. We have:

2r|x| > 2r(x) > sep(x \ y,x ∩ y) ≥ sep(x \ y,y) > 2r|y|,

where we have used Lemma 2.10 for the final inequality.
Similarly, if y \ x and x ∩ y are both nonempty, then 2r|y| > 2r|x|. Thus if all three are nonempty, we

arrive at a contradiction.

Corollary 2.12. Any two cluster decompositions of a given z have a common coarsening.

Proof. Suppose given cluster decompositions z =
∑

xi =
∑

yj . Let wk be the maximal elements for
containment amongst the xi,yj . By Lemma 2.11, in fact z =

∑
wk. Since the wk were among the xi,yj ,

they are confined; in case they are not separated, we may iteratively apply Lemma 2.8 to eventually obtain
the desired coarsening.

Proposition 2.13. Any two cluster decompositions of a given z have a common refinement. In particular,
there is a finest cluster decomposition.

Proof. Suppose given cluster decompositions z =
∑

xi =
∑

yj . The claim is that z =
∑

xi ∩yj is a cluster
decomposition. The result is obvious if one of the xi and yj decomposition is a refinement of the other; so
suppose otherwise.

By Lemma 2.11, each xi ∩ yj is either xi or yj or empty, hence in particular satisfies confinement. We
check the separation constraint for the xi ∩ yj . Of course it holds already for pairs of clusters from x or y.
The remaining possibility is that there is say x1 ⊊ y1′ and x2 ⊋ y2′ . We compute:

dist(c(x1), c(y2′)) > dist(c(x1), c(x2))− dist(c(x2), c(y2′)) > d|x1+x2| − r|x2| > d|x1+x2| − r|x1|+|x2|−1.

Then using d|x1+x2| > 3r|x1|+|x2|−1 and r|x1|+|x2|−1 > d|x1|+|x2|−1, we have

dist(c(x1), c(y2′))| > 2d|x1|+|x2|−1 ≥ 2d|x1|+|y2′ | > d|x1|+|y2′ |.

Lemma 2.14. Suppose z1 and z2 are each confined, and (z1, z2) is separated. Then for any confined z′1 ⊂ z1
and z′2 ⊂ z2, the pair (z′1, z

′
2) is separated.

Proof. Suppose not. Then:

d|z′
1|+|z′

2| > dist(c(z′1), c(z
′
2)) ≥ dist(c(z1), c(z2))−dist(c(z1), c(z′1))−dist(c(z2), c(z′2)) > d|z1|+|z2|−r|z1|−r|z2|

This is a contradiction (recall dk > 6rk−1 > 6dk−1).
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Corollary 2.15. If z =
∑

zi is a cluster decomposition, and zi =
∑

zi,α are cluster decompositions, then
z =

∑
zi,α is a cluster decomposition.

More generally:

Corollary 2.16. Let f : M → N be a contraction, i.e. dist(f(z1), f(z2)) ≤ dist(z1, z2) for any z1, z2 ∈ M .
Let f : Symn M → Symn N be the natural extension. Suppose given z ∈ Symn M and a (not necessarily
cluster) decomposition z =

∑
i zi. If f(z) =

∑
i f(zi) is a cluster decomposition, and zi =

∑
α zi,α are

cluster decompositions, then z =
∑

i,α zi,α is a cluster decomposition.

For any partition τ , we write Clusτ (M) ⊂ Symn(M) for the (open) subset of elements admitting a type
τ decomposition. We write Clus≤τ (M) = ∪σ≤τ Clus

τ (M).

Proposition 2.17. For any partition τ , Symτ (M) ⊂ Clus≤τ (M).

Proof. Given any z ∈ SymV , we initialize a candidate cluster decomposition, where only coincidental points
form a cluster. This initial candidate satisfies confinement constraints, but possibly not the separation
constraint. We will iteratively merge clusters if they are not separated, i.e. dist(c(z1), c(z2)) < d|z1|+|z2|;
per Lemma 2.8, the result consists again of a decomposition into candidate clusters which are all confined.
Eventually we arrive at a cluster decomposition of a type obtained by merging parts of τ , i.e. of a type
≤ τ .

Corollary 2.18. Sym≤τ (M) ⊂ Clus≤τ (M).

Lemma 2.19. If (ri, di) is a set of clustering rules, then there exists another set of clustering rules (r′i, d
′
i),

such that r′i > ri and d′i < di for all i.

Proof. For any fixed k, if we fix all parameters (ri, di) except rk, there are finitely many open constraints
for rk, e.g.,

rk > dk + rk−1, rk+1 > dk+1 + rk, dk+1 > 6rk.

Similarly, if we fix all other parameters except dk, there are only finitely many open constraints for dk. Thus,
we can initialize r′i = ri, d

′
i = di, then adjust them iteratively one by one for i = 1, 2, · · · , such that r′i > ri

and d′i < di for all i.

Definition 2.20. Fix a clustering rule. A function f : Symn(M)→ X is a center of mass function if there
exist functions fτ : Symτ (M)→ X such that for any cluster decomposition z = z1 + . . .+ zk of type τ , we
have

f(z) = fτ (|z1|c(z1) + . . .+ |zk|c(zk))

Note the definition is local on Symn(M), so makes sense for functions defined only on some open subset,
and indeed such functions form a sheaf. One obvious nonconstant such global function is the total center of
mass. We will construct some useful center of mass functions in Lemma 4.10 below.

Remark 2.21. Continuous functions on Symn C which pull back to holomorphic functions on Cn are already
holomorphic on Symn C (fundamental theorem of symmetric functions), but continuous functions on Symn C
which pull back to smooth functions on Cn need not be smooth. However, a continuous function on Symn C
which is a center of mass function and which pulls back to a smooth function on Cn is already smooth on
Symn C.

3 Kähler potentials

In this section we construct Kähler potentials on symmetric products of surfaces which are well adapted to
studying gluing configurations.

The smoothing of Kähler potential on Symn Σ for smooth affine Σ was considered by Perutz [43, Section
7], based on smoothing and patching technique of Richberg [45] and Varouchas [50]. Here we use the
same tools but exert more control of the smoothing over strip-like regions T ∗[−2, 2] ⊂ Σ, in order to prove
sectoriality later.
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3.1 Recollections on smoothing plurisubharmonic functions

Recall that a smooth function f is said to be (strictly) subharmonic if ∆f ≥ 0 (resp. ∆f > 0).8 A function
on a complex manifold, ϕ : X → R, is said to be (strictly) plurisubharmonic for any holomorphic map
from a 1-complex-dimensional disk, i : D → X, the pullback i∗ϕ is (strictly) subharmonic. Note that if
π : X → Y is any finite map of complex manifolds and ϕ is strictly plurisubharmonic on X, then π∗ϕ is
strictly plurisubharmonic on Y (we will later apply this to Cn → Symn C).

In case ϕ is smooth, subharmonicity is equivalent to asking that the complex Hessian ωϕ := i∂∂̄ϕ is posi-
tive semidefinite, and strict plurisubharmonicity to positive definiteness. A smooth strictly plurisubharmonic
function is referred to as a Kähler potential. A discussion of plurisubharmonic functions in the context of
symplectic geometry can be found in [10]. If we define dc = (∂ − ∂̄)/(2i), then ddc = i∂∂̄, and we get

λ = dcϕ, ω = dλ = ddcϕ = i∂∂̄ϕ.

Definition 3.1. Let ϕ be a continuous strictly plurisubharmonic function on X. We say (φt)t∈(0,t0) is a
smoothing of ϕ, if for each t ∈ (0, t0), φt is smooth strictly plurisubharmonic on X and ∥φn,t−ϕn∥C0(X) < t.

A theorem of Richberg asserts the existences of psh smoothings of continuous psh functions [45]:

Theorem 3.2 ([45], [14, Thm 5.21]). Let u ∈ Psh(X) be a continuous function which is strictly plurisub-
harmonic on an open subset Ω ⊂ X, with Hu ≥ γ for some continuous positive Hermitian form γ on Ω. For
any continuous function λ ∈ C0(Ω) with λ > 0, there exists a plurisubharmonic function ũ ∈ C0(X)∩C∞(Ω)
such that u ≤ ũ ≤ u + λ on Ω, and ũ = u on X \ Ω. Moreover, ũ is strictly plurisubharmonic on Ω and
satisfies Hũ ≥ (1 − λ)γ. In particular, ũ can be chosen strictly plurisubharmonic on X if u has the same
property.

The regularized max function is useful for patching:

Lemma 3.3. [14, Lemma 5.18] Let θ ∈ C∞(R,R) be a nonnegative function with support in [−1, 1] such
that

∫
R θ(h) dh = 1 and

∫
R h θ(h) dh = 0. For arbitrary η = (η1, . . . , ηp) ∈ (0,+∞)p, the function

Mη(t1, . . . , tp) =

∫
Rp

max{t1 + h1, . . . , tp + hp}
∏

1≤j≤p

θ(hj/ηj) dh1 · · · dhp (5)

possesses the following properties:

1. Mη(t1, . . . , tp) is non decreasing in all variables, smooth and convex on Rp;

2. max{t1, . . . , tp} ≤Mη(t1, . . . , tp) ≤ max{t1 + η1, . . . , tp + ηp};

3. Mη(t1, . . . , tp) = M(η1,...,η̂j ,...,ηp)(t1, . . . , t̂j , . . . , tp) if tj + ηj ≤ maxk ̸=j{tk − ηk};

4. Mη(t1 + a, . . . , tp + a) = Mη(t1, . . . , tp) + a, ∀a ∈ R;

5. if u1, . . . , up are plurisubharmonic and satisfy H(uj)z(ξ) ≥ γz(ξ) where z 7→ γz is a continuous hermi-
tian form on TX , then u = Mη(u1, . . . , up) is plurisubharmonic and satisfies Huz(ξ) ≥ γz(ξ).

If η1 = · · · = ηp = δ, we will write Mδ.

The following is a variant of a lemma of Varouchas [50], which allows to patch together two locally defined
smoothings:

Lemma 3.4. Let X be a complex manifold, ϕ a continuous strictly plurisubharmonic function on X. Let
X = V ∪W be an open cover, W ′ = X\V̄ and V ′ = X\W̄ . Let φV

t and φW
t be smoothing family of ϕ|V

and ϕ|W . Then there exists a smoothing family φt on X, for small enough t, such that φt = φV
t on V ′ and

φt = φW
t on W ′.

8Many texts allow also upper semi-continuous f , where Laplacian is understood in a distributional sense, ie,
∫
∆f · g ≥ 0

for all compactly supported non-negative test functions g. Here we will only need continuous psh functions.
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Proof. Let 1 = ηV +ηW be a smooth partition of unity, so that ηV |V ′ = 1 and ηW |W ′ = 1. For small enough
s, and t(s) small enough depending on s, such that t(s) < s/4, and sηV + φV

t(s) and sηW + φW
t(s) are still

strictly plurisubharmonic on V and W , respectively. We consider, for small enough s,

φt(s)(z) =


φV
t(s) z ∈ V̄ ′

Ms/4(sη
V + φV

t , sη
W + φW

t ) z ∈ V ∩W

φW
t(s) z ∈ W̄ ′

Near ∂V , we have

|(sηV + φV
t )− (sηW + φW

t )| = |(−s+ φV
t )− φW

t | > s− |φV
t − φW

t | > s− 2t > s/2,

hence Ms/4(sη
V +φV

t , sη
W +φW

t ) = φW
t (Lemma 3.3, (3)), hence φt(s)(z) smoothly transit to φW

t . Similarly
near ∂W , φt(s)(z) smoothly transit to φV

t . This shows φt(s)(z) is globally defined and psh (Lemma 3.3,
(5)).

3.2 Factorizable Kähler potentials on symmetric powers

Fix a real quadratic form ϕ : C = R2 → R with positive trace.
Then ϕ is a strictly plurisubharmonic function. Likewise the function ϕn : Cn → R given by (z1, . . . , zn) 7→∑
ϕ(zi) is strictly plurisubharmonic. Evidently ϕn descends to a continuous (not smooth) strictly plurisub-

harmonic function on Symn C, which we also denote ϕn.
We have the following translation equivariance:

Lemma 3.5. ϕn(z) = ϕn(z− c(z)) + |z| · ϕ(c(z)).

Proof. By the relation between quadratic and bilinear forms:

ϕ(zi)− ϕ(zi − c(z))− ϕ(c(z)) = ⟨zi − c(z), c(z)⟩ϕ

Summing over i kills the RHS and gives the result.

That is, ϕn is the sum of functions on the factors under the splitting

Symn C→ C× Symn
0 C, z 7→ (c(z), z− c(z)).

Here, Symn
0 (C) ⊂ Symn(C) is the locus of points with center of mass at the origin.

Finally, we argue that ϕn can be smoothed preserving strict plurisubharmonicity and also certain relevant
structural properties:

Proposition 3.6. Fix a clustering rule. Then there exist positive numbers ϵ1 > ϵ2 > · · · , and family of
smooth strictly plurisubharmonic functions φn,t on Symn C, t ∈ (0, ϵn), such that

1. φ1,t = ϕ, and (φn,t)t∈(0,ϵn) is a smoothing of ϕn.

2. For z ∈ Symn C and a cluster decomposition z = z1 + . . .+ zm, and t ∈ (0, ϵn), we have

φn,t(z) =

m∑
i=1

φ|zi|,t(zi). (6)

3.
φn,t(z) = φn,t(z− c(z)) + |z| · ϕ(c(z))

Proof. We will inductively construct φn,t. The case for n = 1 is done, we may set ϵ1 = 1 for concreteness.
Assume the cases for n < n0 are done, and we are considering n = n0. For any z with nontrivial cluster
decomposition, i.e. z ∈ Clus>(n)(C) :=

⋃
τ>(n) Clus

τ (C), the expression of Condition (2) is independent of
the choice of nontrivial cluster decomposition by Proposition 2.13 and the inductive hypothesis for Condition
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(2). Thus we use this formula to define φn,t on all z with nontrivial cluster decomposition. Since the space
of elements admitting a cluster decomposition of a given type is open, we may check smoothness of the LHS
of (6) via the RHS, which is, by induction, smooth for t > 0.

It remains to define φn,t on the locus Clus(n)(C) \ Clus>(n)(C) of elements with no nontrivial cluster

decomposition. By Condition 3, we only need to define it on Clus(n)(C)0\Clus>(n)(C)0.

V = Clus(n)(C)0\Clus>(n)(C)0, W = Clus
>(n)
{r′i,d′

i}
(C)0

where Clusτ{r′i,d′
i}(C)0 is defined using a more relaxed clustering rules r′i > ri, d

′
i < di (see Lemma 2.19 for

its existence). If z ∈ W and z decomposes (using the more relaxed rule) as z =
∑

i zi, we set φW
n,t(z) =∑

i φ|zi|,t(zi). We also use Richberg theorem 3.2 to have a family of smoothing φV
n,t on V . Then we may apply

Varouchas Lemma 3.4 to patch the two together and get φn,t on Clus(n)(C)0, such that on Clus>(n)(C)0 it
agrees with existing φn,t.

We now extend to all of Symn(C)0 by enforcing condition (3). It remains to check this extension continues
to satisfy conditions (1) and (2). Condition (1) follows from Lemma 3.5.

For condition (2), we must check that the expression (6) inductively ensures condition (3) on
⋃

τ>(n) Clus
τ (C).

Suppose given a cluster decomposition z = z1 + · · ·+ zm. Then:

φn,t(z)− φn,t(z− c(z))
(2)
=

∑
φ|zi|,t(zi)− φ|zi|,t(zi − c(z))

(3)
=

∑
φ|zi|,t(zi − c(zi)) + |zi|ϕ(c(zi))− φ|zi|,t(zi − c(zi))− |zi|ϕ(c(zi)− c(z))

=
∑
|zi|(ϕ(c(zi))− ϕ(c(zi)− c(z)))

=
∑
|zi|(⟨c(zi)− c(z), c(z)⟩+ ϕ(c(z))

= |z|ϕ(c(z))

This completes the proof.

We will now axiomatize relevant properties of φ. Let Re : Symn C→ Symn R be the coordinate-wise real
part. We note:

Lemma 3.7. Fix a clustering rule, which we use both for R and C. Then Re−1(Clusτ (R)) ⊂ Clus≥τ (C).

Proof. Apply Corollary 2.16 to the contraction Re.

Recall that for any ordered partition τ⃗ = (τ1, . . . , τℓ) of n, there is a natural embedding Symτ⃗ (R) ↪→ Rℓ

taking
∑

τizi (with z1 < z2 < · · · < zℓ) to (z1, z2, . . . , zℓ).
Consider the diagonal embedding

iτ⃗ : Rℓ → Rn

(z1, . . . , zℓ) 7→ (z1, . . . z1︸ ︷︷ ︸
τ1

, . . . , zℓ, . . . , zℓ︸ ︷︷ ︸
τℓ

)

We give Rℓ a metric by pulling back the standard metric on Rn (which gives
∑ℓ

i=1 τi(dzi)
2), and use this to

identify TRℓ ∼= T ∗Rℓ.
Re−1(Symτ⃗ (R)) ↪→ Cℓ ∼= TRℓ ∼= T ∗Rℓ (7)

We fix a clustering rule and take the preimages of the identification (11):

Re−1 Clusτ⃗ (R) ∼−→ (Clusτ⃗ (R) ∩ Symτ⃗ (R))×
(
Re−1(Clus(τ1)(R)0)× · · · × Re−1(Clus(τℓ)(R)0)

)
= Re−1(Clusτ⃗ (R) ∩ Symτ⃗ (R))×

(
(Re−1 Clus(τ1)(R))0 × · · · × (Re−1 Clus(τℓ)(R))0

)
(8)

(In the first line, the second factor consists of configurations whose center of mass has real part zero; in the
line, the same terms are now asked to center of mass zero, and the imaginary part of the center of mass is
now moved into the first factor.)
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Definition 3.8. We say a strictly plurisubharmonic function φ : Symn C→ R is cm standard if φ|Re−1 Clusτ⃗ (R)
is a sum φcm + φint of functions on the two factors of the product on the RHS of (8), and moreover

φcm(z1, . . . , zℓ) =

ℓ∑
i=1

τiIm(zi)
2.

We say a 1-form on λ on Symn C is cm standard if, for any partition τ , the restriction λ|Re−1 Clusτ⃗ (R) is a
sum λcm + λint of 1-forms pulled back from the factors, and moreover λcm is pulled back from the standard
cotangent form via (7). It is evident that if φ is a cm-standard strictly plurisubharmonic function, then dcφ
is a cm standard 1-form.

Assuming φint is controlled at infinity, it follows from the required form of φcm that such φ is proper,
hence determines a Stein structure.

Corollary 3.9. The φn,t of Proposition 3.6 is a cm-standard plurisubharmonic function on Symn C.

Proof. By definition of cm-standard psh function, we need to show for any ordered partition τ⃗ ,

φ|Re−1(Clusτ⃗ )(R)(z) = φcm,τ (z) + φint,τ (z).

Since Re−1(Clusτ⃗ ) ⊂ ∪σ≥τ Clus
σ(C), we may assume z is contained in some refinement σ of the (unordered)

partition τ . Assume z =
∑l

i=1 zi =
∑

i,j zi,j , where Re(z) =
∑

i Re(zi) is the ordered partition of τ , and

the zi,j is the σ refinement. By Proposition 3.6 (2) and (3), with ϕ(z) = Im(z)2, we know

φ|Clusσ(C) =
∑
i,j

|zi,j ||Im(c(zi,j))|2 +
∑
i,j

φ|zi,j |,t(zi,j − c(zi,j))

For each i, the sum over j can be simplified using Lemma 3.5,∑
j

|zi,j ||Im(c(zi,j))|2 = |zi||Im(c(zi))|2 +
∑
j

|zi,j ||Im(c(zi,j)− c(zi))|2.

We then get

φ|Clusσ(C) =
∑
i

|zi||Im(c(zi))|2 +
∑
i

φint,τ (zi,j − c(zi)).

The first sum is φcm,τ , and the remainder depends only on position relative to cluster centers.

Proposition 3.10. Let Σ be a Riemann surface with Kähler potential ϕ. Assume the Riemannian metric
gϕ has a lower bound of convexity radius rconv. Fix N > 0, and fix a clustering rule ri, di for i = 1, · · · , N ,
such that rN , dN ≪ rconv. Let I = T ∗[−2, 2] ∼= Re−1([−2, 2]), with Kähler potential ϕI(z) = Im(z)2. Assume
there is a closed embedding ιA : A := I⊔nI ↪→ Σ that preserves Kähler potential.

Then, there exists ϵ1 > ϵ2 > · · · > ϵN , and smooth Kähler potential φn,t on Symn(Σ), for 0 < n ≤ N
and t ∈ (0, ϵn), such that

1. φ1,t = ϕ, and supz |φn,t(z)− ϕn(z)| < t for all t ∈ (0, ϵn).

2. If z admits a cluster decomposition z = z1 + · · ·+ zm, then

φ|z|,t(z) =

m∑
i=1

φ|zi|,t(zi).

3. If z ∈ Symn(T ∗[−2+ rn, 2− rn]), where T ∗[−2, 2] is one component of A, then φn,t(z) agrees with the
Kähler potential in Prop 3.6
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Proof. We construct φn,t by induction. Assume for n < n0, we have φn,t constructed that satisfies the above

conditions. The case n = 1 is given. For n = n0, we only need to construct φn,t on Clus(n)(Σ), that is

compatible with Clus>(n)(Σ) and Clus(n)(A). Let

W = Clus
>(n)
{r′i,d′

i}
(Σ) ∪ Clus(n)(Int(A)), V = Clus(n)(Σ)\((Clus>(n)(Σ) ∪ Symn(ιA(A′

n))

where r′i, d
′
i is a slight relaxed clustering rule Lemma 2.19 , and A′

n = (T ∗[−2+ rn, 2− rn])
nI ⊂ A is a slight

shrinking of A. We choose φV
n,t using Richberg’s Theorem (3.2), and φW

n,t(z) is either determined apply cluster

decomposition of z using the relaxed clustering rule, or by construction in Prop 3.6 for z ∈ Clus(n)(Int(A)).
Then, we may apply Varouchas’s Lemma (3.4) to patch the two parts.

We again axiomatize the relevant properties of the above construction. Let Σ = ΣL ∪A ΣR be a gluing
configuration. We fix an identification A =

∐
α T ∗[−2, 2]. We will consider the projection π : Σ → [−2, 2]

which sends ΣL 7→ −2, ΣR 7→ 2, and sends A → [−2, 2] as the projection of the cotangent bundles to the
base.

For any (b, c) ⊂ [a, d] ⊂ (−2, 2), with |b− a| > 2rn and |d− c| > 2rn, we have an embedding

Ωl,k,r := Syml(ΣL \ T ∗[a, d])× Symk(
∐
α

T ∗(b, c))× Symr(ΣR \ T ∗[a, d]) ↪→ Syml+k+r(Σ) (9)

Note that these sets, as a, b, c, d vary, and l, k, r varies with n = l + k + r, cover Symn Σ.

Definition 3.11. We say that a plurisubharmonic function ϕ : Symn Σ → R is adapted to the gluing
configuration if, on every open of the form (9), it is the sum of pullbacks of plurisubharmonic functions,
and the factors on the T ∗(b, c) are functions constructed in Proposition 3.6 from some fixed original ϕ :
T ∗(b, c)→ R.

We say a 1-form λ on Symn Σ is adapted to the gluing configuration Σ = ΣL ∪A ΣR if, on every open of
the form (9), λ splits as a direct sum, and the factors on the T ∗(b, c) are cm-standard forms. Evidently dc

of an adapted plurisubharmonic function is an adapted form.

Lemma 3.12. If the A :
∐

T ∗[−2, 2] → Σ of Proposition 3.10 arises from a gluing configuration, then the
plurisubharmonic functions φn,t are adapted to the gluing configuration.

Proof. We have ΣL \ T ∗[a, d] ⊔ T ∗(b, c) ⊔ ΣR \ T ∗[a, d] ⊂ Σ, with boundary gaps with |b − a| > 2rn and
|d− c| > 2rn, hence points from different parts cannot belong to the same cluster. Then the factorizability
condition of φn,t for cluster decomposition (Prop 3.10, condition 2) gives the desired product structure of
φn,t.

4 Sectorial covers for symmetric products

In this section we construct sectorial covers of symmetric products, by pulling back certain covers of Symn R.
We then prove Theorems 1.5 and 1.6.

4.1 Box decomposition of SymnR
Fix b > 0. We write

Bk(x) = [x− kb, x+ kb] ⊂ R

For z ∈ Symn R, we take
Bz = B|z|(c(z)).

We say z is well contained in a box Bz if for any consecutive subset of points z′ ⊂ z we have Bz′ ⊂ Bz.

Lemma 4.1. If z is well contained in Bz, then for any decomposition z = z1 + z2 + · · · + zm, there exists
some overlap Bzi

∩Bzj
.
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Proof. Otherwise, we have ⊔iBzi ⊊ Bz, which implies a contradiction:

|z| = len(Bz) >
∑
i

len(Bzi
) =

∑
i

|zi| = |z|.

Lemma 4.2. For any z ∈ Symk R, there is a unique decomposition z = z1 + · · · + zm, such that each z is
well-contained in Bz, and the Bzi

are disjoint and ordered Bz1
< Bz2

< · · · < Bzm
.

Proof. For existence, we begin with the decomposition into one-point parts, z = z1 + . . .+ zk. Each fits into
its own box, but the boxes may overlap. If two boxes overlap, we merge the corresponding summands. It is
easy to check that the new collection of points are well-contained in its box. We repeat the process until no
pair of boxes overlap anymore.

For uniqueness, if there are two such decompositions of z =
∑m

i=1 zi =
∑l

j=1 z
′
j , then (up to exchange z′•

with z•) there exists zi =
∑l

j=1 zi ∩ z′j with more than one non-empty summand. We have Bzi∩z′
j
⊂ Bz′

j

for all j by ’well-contained’ definition, and hence Bzi∩z′
j
are all disjoint for all j. However, this forms a

non-trivial splitting of zi, which contradicts zi is well-contained in Bzi
by Lemma 4.1.

We now discuss an open cover of Symn R, which we view as associated to the cover of R by UL = (−∞, 1)
and UR = (−1,∞).

Definition 4.3. Fix a = (a0, · · · , an) with

−1 ≤ a0 < a1 < · · · < an ≤ 1

such that ai+1 − ai > 2b. For any partition n = i+ (n− i), 0 ≤ i ≤ n, we say z ∈ Symn R is in Ua
i,n−i if ai

is in the complement of the union of boxes for the box decomposition of z, and the total number of points
to the left of ai is i. In terms of boundary defining equations, we set

ρak,n−k(x) = max({x[k−i,k] + (i+ 1)b− ak}ki=0, {ak − x[k+1,k+1+i] + (i+ 1)b}n−k
i=0 ),

then
Ua
k,n−k = {ρak,n−k < 0}.

To have a smoothed version, we set

ρa,δk,n−k := Mδ({x[k−i,k] + (i+ 1)b− ak}ki=0, {ak − x[k+1,k+1+i] + (i+ 1)b}n−k
i=0 )

and set
Ua,δ
k,n−k := {ρa,δk,n−k < 0}

Lemma 4.4. The collection Ua
n,0, U

a
n−1,1, · · · , Ua

0,n forms an open cover of Symn R. Similarly the smoothed

version {Ua,δ
k,n−k}.

Proof. Openness is immediate because the boxes are closed. We now argue that these opens cover.
Let z ∈ Symn R, with box decomposition z = z1 + · · ·+ zm. Let B = ∪Bzi

and

g(x) =

∫ x

−∞

1

2b
1B(t)dt.

Let f(x) be a smooth monotone increasing function, such that f(ai) = i, 0 < f ′(x) < 1/2b (this is
possible since the gap of ai’s is bigger than 2b), and f ′(x) = 1 for |x| ≫ 1.

Let x1 < · · · < xN denote the x-coordinate of the graph intersections of f(x) and g(x). We label the
intersections by +,−, 0:

• 0 for g′(xi) not defined, i.e. xi ∈ ∂B

• + for g′(xi) = 1/2b > f ′(xi), i.e xi ∈ int(B)
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• − for g′(xi) = 0 < f ′(xi), i.e. xi /∈ B

Since for |x| ≫ 1, f ′(x) = 1 > 0 = g′(x), there will be exactly one more − labelled point than +, in particular
there is at least one − labelled point. For any intersection point x with − label, we have g′(x) = 0 and
g(x) = i ∈ {0, · · · , n}, hence f(x) = i, thus x = ai. This shows g(ai) = i, i.e. z ∈ Ua

i,n−i.

When (as will usually be the case) the precise choice of a does not matter, we may omit it and simply
write Ui,j .

Definition 4.5. For any ordered partition n = nL+m1+ . . .+mk+nR we say z ∈ Symn R is in Ua
nL,(mi)i,nR

if ai is in the complement of the union of boxes for the box decomposition of z, and the total number of
points to the left of anL

is nL, and to the left of anL+m1+...+mk
is nL +m1 + . . .+mk. Or equivalently,

Ua
nL,(mi)i,nR

:= Ua
nL,m1+···+nR

∩ Ua
nL+m1,m2+···+nR

∩ · · · ∩ Ua
nL+···+mk,nR

.

Lemma 4.6. We have Ua
n′
L,(m′

i)i,n
′
R
⊂ Ua

nL,(mi)i,nR
if and only if the ordered partition n = n′

L + · · ·+ n′
R is

a refinement of the ordered partition n = nL + · · ·+ nR

Proof. Immediate from the definition.

Lemma 4.7. All intersections of the Ua
i,j are of the form Ua

nL,(mi)i,nR
.

Proof. Consider some collection Unj
L,nj

R
where nj

L+nj
R = n, are distinct decompositions of n for j = 0, . . . , k.

(So k ≤ n.) We order so that n0
L < · · · < nk

L. The point is just that we can re-express the nj in terms

of appropriately chosen mi. For j = 1, · · · , k, let mj = nj
L − nj−1

L , and let nL = n0
L, nR = nk

R. Then by
definition

Ua
n0
L,n0

R
∩ · · · ∩ Ua

nk
L,nk

R
= Ua

nL,(mi)i,nR
.

Lemma 4.8. Given n = nL + m1 + . . . + mk + nR, and fixed a, we let aL := (a0, . . . , anL
), am1 :=

(anL
, . . . , anL+m1), ami := (anL+...+mi−1 , . . . , anL+...+mi), and anR

:= (anL+m1+···+mk
, . . . , an). Then

Ua
nL,(mi)i,nR

= UaL
nL,0 × · · · × U

ami
0,mi,0

× · · · × UaR
0,nR

Proof. Immediate from the definition.

In the remainder of the subsection, we establish a crucial property of the Ui,j : their boundaries are
defined by center of mass functions. To show this we will have to compare cluster and box decompositions.

First note any element z ∈ Symn(R) has a canonical decomposition z =
∑

τizi where z1 < z2 < . . . ∈ R
and τi are the multiplicities. We regard τ⃗ := (τ1, . . . , τl) as an ordered partition (and write [τ⃗ ] for the
corresponding unordered partition), and write Symτ⃗ (R) ⊂ Symn(R) for the locus of such points. Evidently

Symτ (R) =
∐
[τ⃗ ]=τ

Symτ⃗ (R)

and we have a canonical identification Symτ⃗ (R) ∼= Rℓ(τ⃗), where ℓ(τ⃗) is the number of parts of the partition.

We similarly write Clusτ⃗ (R) for the locus of points which admit an ordered cluster decomposition z =
z1 + . . . + zl, where |zi| = τi and, if i < j, then c(z)i < c(zj), or equivalently, all points in zi are less than
all in zj . Note there is a not-disjoint-union

Clusτ (R) =
⋃

[τ⃗ ]=τ

Clusτ⃗ (R) (10)

We write Symn(R)0 for the subset of configurations with center of mass at zero, and similarly for U ⊂
Symn(R) we write U0 := U ∩ Symn(R)0.
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Lemma 4.9. For τ⃗ = (τ1, . . . , τℓ), there is a diffeomorphism

Clusτ⃗ (R) ∼−→ (Clusτ⃗ (R) ∩ Symτ⃗ (R))× Clus(τ1)(R)0 × · · · × Clus(τℓ)(R)0 (11)

z1 + · · ·+ zℓ 7→ ((|z1| · c(z1), . . . , |zℓ| · c(zℓ)), z1 − c(z1), . . . , zℓ − c(zℓ))

We will denote the composition of this map with the projection to the first factor by cτ⃗ .

Proof. The formula evidently defines an injective map to Symτ⃗ (R) × Symτ1(R)0 × · × Symτℓ(R)0. The

condition that the first factor lie in Clusτ⃗ (R) is tautologically equivalent to the separation condition on the

original decomposition z1 + . . .+ zk, and the condition that the remaining factors land in the Clus(τk)(R) is
the confinement condition.

Evidently cτ⃗ is the restriction of cτ , so a function f : Symn R → X is a center of mass function iff
f |Clusτ⃗ (R) factors through cτ⃗ .

Proposition 4.10. Fix a = (−1 ≤ a0 < · · · < an ≤ 1). Fix a clustering rule, and assume that b ≫ ri for
i ≤ n, and fix δ ≪ b.

1. ρak,n−k is a cm function near ∂Ua
k,n−k.

2. ρa,δk,n−k is a cm function near ∂Ua,δ
k,n−k.

Proof. Ua
k,n−k’s boundary consists of two types of generic behavior, either a size i+1 box hits the boundary

point ak from the left, which is given by x[k−i,k] + (i+ 1)b = ak; or a size i+ 1 box hits the boundary point
ak from the right, which is given by ak = x[k+1,k+1+i]− (i+1)b. In either case, the conditions are expressed
using box centers, and box centers are cm functions. Since b ≫ rn, the kinks of ρak,n−k is well inside the

cluster opens Clusτ⃗ (R), hence the smoothing ρa,δk,n−k will remain a cm function.

Proposition 4.11. The boundaries of Ua,δ
k,n−k of different k meet transversely.

Proof. Fix 0 ≤ k1 < · · · < kr ≤ n. Consider the continuous map

Π :=

r∏
i=1

ρaki,n−ki
: Symn R→ Rr.

For i = 0, · · · , r, set mi = ki+1 − ki. Then we have

Π−1((−∞, 0]r) =

r⋂
i=1

Ua
ki,n−ki

= Ua
m0,m1,··· ,mr

.

And in particular, we have

Π−1(0) =

r⋂
i=1

∂Ua
ki,n−ki

⊂ Ua
m0,··· ,mr

.

We can describe the points in Π−1(0) explicitly.
First, note that z ∈ ∂Ua

k,n−k if and only if

1. z = z0 + z1, where z0 ∈ Symk(−∞, ak) and z1 ∈ Symn−k(ak,∞)

2. Boxes covering z0 (as points in R) should be contained in (−∞, ak]; boxes covering z1 (as points in R)
should be contained in [ak,+∞).

3. ak is covered by either boxes covering z0 or boxes covering z1.

Let I0, · · · , Ir denote the connected components (from left to right) of R\{ak1 , · · · , akr}. Then z ∈
Symn R belong to Π−1(0), if and only if the following conditions are met

1. z = z0 + · · ·+ zr, where zi = z ∩ Ii, |zi| = mi.

16



2. boxes covering zi should be contained in Ii

3. each aki
should covered by some boxes’ boundaries in either zi−1 or zi.

Since aki+1−aki > (ki+1−ki)·2b = |zi+1|·2b, there is no box in interval Ii+1 that touches both endpoints.
If we write z = (x1 ≤ x2 · · · ≤ xn), and suppose the boxes that touch aki

contains points xsi , xsi+1, · · · , xti .
That means the boundary defining function for Ua

ki,n−ki
in a small neighborhood of z only involves coordi-

nates xsi , xsi+1, · · · , xti , which is different from the boundary defining function for Ua
kj ,n−kj

, if j ̸= i. This

shows the r exterior conormal cones of dρaki,n−ki
|z are linearly independent.

Now we can consider the smoothed defining functions ρsmi := ρa,δki,n−ki
, where δ ≪ b. By similar argument

above, if z ∈ ∩ri=1∂U
a,δ
ki,n−ki

, then the xs coordinates ρsmi locally uses will be different from those used by
ρsmj , for i ̸= j. This shows their differentials dρsmi are linearly independent.

4.2 Recollections on Liouville structures

Given an exact symplectic manifold (X,ω = dλ), the Liouville vector field Z is characterized by ω(Z, ·) = λ.
Then X is said to be Liouville if there is a compact submanifold-with-boundary X ⊂ X such that Z is
outwardly transverse to ∂X and the flow of Z identifies X \X with a half-cylinder on ∂X. In this case λ|∂X
is a contact form, and the corresponding contact manifold is canonically independent of the choice of X; we
correspondingly denote it ∂∞X and term it the ideal contact boundary of X. The submanifold X is termed
a Liouville domain with completion X.

We now recall from [20, 22] the definitions and some properties of Liouville sectors.

Definition 4.12. [20] Let (X,λ) be a Liouville manifold. A closed codimension one smooth submanifold
H ⊂ X is a sectorial hypersurface if there is a function I : H → R such that (1) ZI = I in the complement
of a compact set and (2) dI is nonvanishing on the characteristic foliation of H.

Note that if H = {ρ = 0} with dρ|H non-vanishing, then (2) above is equivalent to asking the Poisson
bracket {ρ, I} to be nowhere zero.

Definition 4.13. [22, Def. 12.2] A union of cleanly intersecting sectorial hypersurfacesHi with characteristic
foliations ξi is sectorial if (the functions Ii admit extensions to neighborhoods of the Hi so that) the ξi are
symplectically orthogonal over the intersections of theHi, the Ii are in involution ({Ii, Ij} = 0), and dIi|ξj = 0
when i ̸= j.

A model and motivating example is that if M =
⋃

Ui is a cover of a smooth manifold by open sets with
smooth transverse boundaries, with boundary-defining-functions ρi, then the T ∗Ui give a sectorial cover
of T ∗M , with witness functions given e.g. by choosing a metric and taking Ii to be the function on the
cotangent bundle given by evaluation of a covector at ∇ρi.

4.3 Sectorial covers

Lemma 4.14. Let λ be a cm-standard Liouville form on Symn C, and let ρ : Symn R → R be a smooth
center of mass function, with regular value t. Then Re−1(ρ−1(t)) is a sectorial hypersurface.

Proof. By hypothesis, ρ|Clusτ⃗ (R) is pulled back from a function ρτ⃗ on Symτ⃗ (R) ⊂ Rℓ(τ). We write ∇ρτ⃗
for the gradient with respect to the metric on Rℓ(τ) pulled back by diagonal embedding, and define I :
T ∗ Symτ⃗ (R)→ R by I(x, p) = p(∇ρτ⃗ ), and define I on Re−1(Clusτ⃗ (R)) by pulling back under (8). We claim
that the resulting functions agree on overlaps and hence define a function I : Symn C → R. Indeed, if we
lift ρ to ρ̃ : Rn → R, and use Euclidean metric on Rn, we may define Ĩ = p · ∇ρ̃ on T ∗Rn ∼= Cn. It is easy

to check that Ĩ : Cn → R descend to I.
It remains to check that I is linear at infinity, and {I, ρ} is nowhere vanishing along {ρ = 0}. These we

may check in charts, where we have λ = λcm ⊕ λint, hence also ω = ωcm ⊕ ωint and Liouville vector field
given by Zcm ⊕ Zint. Thus the verifications descend to the corresponding assertions on T ∗Rℓ(τ)

The following generalization of Lemma 4.14 has a similar proof:
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Lemma 4.15. If ρ1, . . . , ρr are center of mass functions and (ρ1, . . . , ρr) : Symn R → Rr is regular over
(t1, . . . , tr) ∈ Rr, then the hypersurfaces Re−1ρ−1

i (ti) form a sectorial collection.

Proof. By shifting ρi we may assume all ti = 0. Let ρ̃i : Rn → R be the lift of ρi, then Π := (ρ̃1, · · · , ρ̃r) :
Rn → Rr is Sn-invariant with 0 a regular value. Let ∂ti be coordinate vector fields on Rr. We claim near
Π−1(0), we can lift ∂ti to vector fields Xi such that [Xi, Xj ] = 0. Let F = Π−1(0). Consider the orthogonal
splitting T ∗Rn|F = TF ⊕NF , where NF is the normal bundle. Using exponential map, we may identify a
tubular neighborhood U(F ) of F with a tubular neighborhood of zero-section in NF . We may assume U(F )
is Sn-invariant, and the map U(F )→ F is Sn-equivariant (since all data and operations are Sn-equivariant).
The map Π induces a natural splitting (upon shrinking U(F )) U(F ) ∼= F ×U0, where U0 is a neighborhood
of 0. Thus, we may lift vector fields ∂ti on U0 to commuting vector fields Xi on U(F ). Then Xi varies ρi
while keeping all other ρj fixed. It is easy to see Xi are cm vector field. Let Ĩi : T

∗Rn → R be given by

Ĩi(x, p) = p ·Xi(x), where (x, p) ∈ T ∗Rn. Then {Ĩi, Ĩj} = 0 with standard symplectic structure. Since Ĩi are
smooth cm functions on Cn, they descend to Poisson commuting smooth function on Symn C.

Recall that Definition 4.3, Lemma 4.4, and Propositions 4.10 and 4.11 above construct a cover of Symn R
by sets Ua,δ

i,j with i + j = n, whose boundaries are cut out by transverse center of mass functions. Per

Lemmas 4.14 and 4.15, we may pull them back by Re to get a sectorial cover of Symn C.9 We will need the
following compatibility:

Lemma 4.16. Consider some −2 < a < b < −1 < 1 < c < d < 2. Write n = i+ j + k + l and m = j + k.
Fix a = (−1 < a0 < · · · < an < 1), and let a′ = (−1 < ai < · · · ai+m < 1) be a subset of a. Under the
identification

Ua,δ
i+j,k+l∩(Sym

i(−∞, a)×Symj+k(b, c)×Symk(d,∞)) = Symi(−∞, a)×(Ua′,δ
j,k ∩Sym

j+k(b, c))×Symk(d,∞),

the defining function ρa,δk,n−k for Ua,δ
i+j,k+l , when restricted to this intersection, is the pullback of the cor-

responding defining function for Ua′,δ
j,k . Consequently, the witness function I constructed in Lemma 4.14

for Re−1Ua,δ
i+j,k+l (from the defining function ρ) is the pullback of the corresponding witness function for

Re−1Ua′,δ
j,k .

Proof. The boundary of the (unsmoothed) Ua
i+j,k+l is given by certain boxes’ boundary hitting certain points

ai+j . After intersecting with (Symi(−∞, a) × Symj+k(b, c) × Symk(d,∞)), the only change is the possible

size of the boxes changed, hence the defining equations of the boundary of Ua
i+j,k+l and Ua′

i+j,k+l agree on
the nose. The subsequent smoothed version follows as well. The claim of witness function also follows since
the metric for taking gradient of ρ are compatible.

Lemma 4.17. Fix a gluing configuration, and consider the projection πn : Symn Σ → Symn([−2, 2]) ⊂
Symn R. Fix a Liouville form on Symn Σ, adapted to the gluing in the sense of Def. 3.11. Let Ua

i,j and

Ua,δ
i,j ⊂ Symn(R) be the open sets of Def. 4.3. Then (πn)

−1(Ua
i,j) are sectorial, and (πn)

−1(Ua,δ
i,j ) form a

sectorial cover.

Proof. We must construct the witness functions and check their properties. Let us pass to the intersection
with an open set Ωl,k,r from the cover (9). Then the boundary of (πn)

−1(Ua
i,j) is pulled back from the

boundary of Re−1(Ui−r,j−l) ⊂ Symi+j−r−l(b, c).

Because the Liouville form on Symn Σ is adapted, if we pull back the witness function I from Re−1(Ua′

i−r,j−l)

to Ωl,k,r, it has the properties of a sectorial witness for (πn)
−1(Ui,j) over Ωl,k,r, by Lemma 4.14. Now Lemma

4.16 ensures that witness functions for different l, k, r agree on overlaps and hence define a global function.
The same holds for the Ua,δ

i,j . For these we can check additionally that their boundaries meet sectorially
by Prop. 4.11 and Lemma 4.15.

9Let us note that our construction of covers of Symn C by pulling back from Symn R is partly inspired by [25].
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4.4 Weinstein-ness

Proposition 4.18. Let Σ = ΣL ∪A ΣR be a gluing configuration, π : Σ→ [−2, 2], πn = Symn π : Symn Σ→
Symn[−2, 2] ⊂ Symn R. Let φn,t be the smoothed Kähler potential on Symn Σ. Then the Liouville sectors

Σk,n−k := π−1
n Ua,δ

k,n−k are Weinstein sectors.

Proof. The function φn,t restricted to Σk,n−k is a proper and smooth strictly psh function. The induced
Liouville flow Zn,t preserves the boundary ∂Σk,n−k. Hence, we only need to check that there is a hypersurface
F ⊂ ∂Σk,n−k such that, (1) F is transverse to the characteristic foliation, (2) F is preserved by the Liouville
flow Zn,t, and (3) (F, λn,t|F , φn,t|F ) is a Weinstein hypersurface.

Let U = Ua,δ
k,n−k ⊂ Symn[−2, 2] with defining function ρ = ρa,δk,n−k : Symn[−2, 2] → R. Consider their

lifts Ũ = Ũa,δ
k,n−k ⊂ [−2, 2]n and ρ̃ = ρ̃a,δk,n−k : [−2, 2]n → R. Similarly, let π̃n : Σn → [−2, 2]n, and

Σ̃k,n−k := π̃−1
n (Ũ).

Over the boundary ∂Ũ , we have the short exact sequence of bundles

0→ N∗
∂Ũ

(−2, 2)n → T ∗(−2, 2)n|∂Ũ → T ∗(∂Ũ)→ 0.

Using the Euclidean metric on T ∗(−2, 2)n, we have a orthogonal splitting

T ∗(−2, 2)n|∂Ũ = N∗
∂Ũ

(−2, 2)n ⊕ T ∗(∂Ũ)

The subset Ao = ⊔dr=1T
∗(−2, 2) ⊂ Σ has a canonical d-sheeted covering map Ao → T ∗(−2, 2), hence

restricts to a dn-sheeted map πn
A : (Ao)n → T ∗(−2, 2)n. We define

F̃ o
k,n−k = (πn

A)
−1(T ∗(∂Ũ)) ⊂ (Ao)n ∩ ∂Σ̃k,n−k.

More generally, for cut −2 < a < b < −1 < 1 < c < d < 2, with b−a > 2rn, d−c > 2rn, and n = l+m+r,
we may similarly define F̃l,k,r ⊂ Ω̃l,m,r ∩ ∂Σ̃k,n−k by pulling back from F̃ o

k−l,n−k−r ⊂ (Ao)m ∩ Σ̃k−l,n−k−r.

These F̃l,k,r are compatible by Lemma 4.16, hence patch together to give F̃ ⊂ ∂Σ̃k,n−k.
We claim that

1. For product exact symplectic structure on Σn, induced by the direct sum Kähler potential ϕn, F̃
is transverse to the Hamiltonian flow X(π̃n)∗ρ̃ on ∂Σ̃k,n−k, preserved under Liouville flow Z̃ϕn , and

contains all the zero loci of Z̃ϕn .

2. F̃ descends to a smooth submanifold F in ∂Σk,n−k ⊂ Symn Σ.

3. F is transverse to the Hamiltonian flow X(πn)∗ρ on ∂Σk,n−k, preserved under Liouville flow Zφn,t , and
contains all the zero loci of Zφn .

To see the first point, we may work in local chart Ω̃l,m,r, where F̃l,m,r = F̃ ∩ Ω̃l,m,r is cut out by some
functions in T ∗(b, c)m. This then reduces to the standard cotangent bundle case, which is easy to check.

To see the second point, we note that F̃ is cut out by equations that only depends on center of mass
factors (Eq. (8)), hence descend to a smooth manifold under the quotient.

To see the third point, we note that all the Hamiltonian flow is happening on the center of mass factor;
the Liouville flow Zφn,t = Zcm + Zint has the standard form Zcm part, where as the defining equation of F
only has the cm part, hence Zφn,t preserves F . And the claim about F containing all zero-loci follows from
the same statement pre-quotient.

4.5 Proof of Theorems 1.5 and 1.6

By now we have established all the assertions in Theorems 1.5 and 1.6; let us collect them here.

Proof of Theorem 1.5. Suppose given a map Σ′ → Σ in O, where Σ has no boundary. Then there is a gluing
configuration given by slightly thickening Σ′ and Σ′′ := Σ \ Σ′. We define Sym(n)(Σ′) to be the (πn)

−1U0,n

of Lemma 4.17; said lemma establishes sectoriality. We checked Weinstein-ness in Proposition 4.18. It is
evident from the construction that this Sym(n)(Σ′) in fact depends only on Σ′ (and not on Σ), and by

construction it comes with an embedding into Sym(n)(Σ).
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Proof of Theorem 1.6. Consider the cover by the sectors-with-corners π−1
n (UnL,nR

) of Lemma 4.17. Per
Lemma 4.7, the intersections are π−1

n (UnL,m1,...,mk,nR
), which are sectors-with-corners by the argument of

Lemma 4.17. Lemmas 4.6, 4.7, and 4.8 show the Čech diagram of this cover by the has the structure of the
Bar diagram; indeed, there’s a deformation to Sym(Bar(ΣL|A|ΣR)) given by introducing δ in the factors of
the product of 4.8. On the other hand, the Čech diagram of the cover π−1

n (UnL,nR
) also obviously has a

deformation to the Čech diagram of the cover by π−1
n (Uδ

nL,nR
), which is sectorial per Lemma 4.17.10

5 Calculations

5.1 Three easy pieces

We have the following basic calculations:

Example 5.1. Let D be the half disk. Then

Fuk(Sym0(D)) = Fuk(•) = k −mod

Fuk(Sym≥1(D)) = 0.

Example 5.2. Let I = T ∗[−1, 1]. Then:

Fuk(Sym0(I)) = Fuk(•) = k −mod

Fuk(Sym1(I)) = Fuk(I) = k −mod

Fuk(Sym≥2(I)) = 0.

Example 5.3. Let T be the open pair of pants / disk with three stops / trinion. Then:

Fuk(Sym0(T )) = Fuk(•) = k −mod

Fuk(Sym1(T )) = Fuk(T ) = {exact triangles}
Fuk(Sym2(T )) = k −mod

Fuk(Sym≥3(T )) = 0.

There are three commuting actions of Fuk(Sym(I)), one for each stop. The nontrivial data of such an action

are maps Fuk(Sym0(T ))
δ0[1]−−→ Fuk(Sym1(T ))

δ1[1]−−→ Fuk(Sym2(T )). These are given as follows on one of the
legs:

V
δ0[1]−−→ [V → V → 0

[1]−→]

[X → Y → Z
[1]−→]

δ1[1]−−→ Z

and by the cyclic permutations of this on the other legs:

V
δ0[2]−−→ [0→ V → V

[1]−→]

[X → Y → Z
[1]−→]

δ1[2]−−→ X

and

V
δ0[3]−−→ [V [1]→ 0→ V

[1]−→]

[X → Y → Z
[1]−→]

δ1[3]−−→ Y.

The whole setup has a curious twisted self-adjointness:

(δ0[1])
R = δ1[2], (δ0[2])

R = δ1[3], (δ0[3])
R = δ1[1]. (12)

10This messing around with smoothings is the price we pay for not having defined “sectorial cover by sectors-with-corners”
and directly checked that π−1

n (UnL,nR ) is such a cover.
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The only assertions above which go beyond the standard and elementary calculation of Fukaya cate-
gories of surfaces are the vanishing, the determination of Fuk(Sym2(T )), and the description of the maps
Fuk(Sym1(T )) = Fuk(T )→ Fuk(Sym2(T )). These are well known in other formulations for Fukaya categories
of symmetric powers of surfaces with boundary. Let us check them in ours.

Consider the covering map w = zn : Cz → Cw. Equip C5<Rew<10 with Kähler potential φ(w) = Im(w)2

and pullback to φz on Cz. Extend φz to smooth strictly psh on Cz.
11 We write

Dn := {Re(zn) ≤ 10}

for the resulting ‘disk with n stops’.

Proposition 5.4. Fuk(Sym≥n(Dn)) = 0.

Proof. We show all Lagrangians are displaceable by writing an appropriate Hamiltonian. Define

Wn,k(z1, · · · , zk) =
k∑

i=1

zn.

Then it is clear that Wk has no critical points in Symk C, since Wk is one coordinate function of Symk C.
Consider the Hamiltonian flow H = Im(Wk), then XIm(Wn,k) = −∇Re(Wn,k). Hence Hamiltonian flow will

decrease Re(Wn,k), all the way to −∞, no critical point. The flow is defined on the subset Symk(Dn) (or its
sectorial smoothing) as well.12

We also compute Fuk(Sym2(T = D3)) directly. Use coordinates A = z1 + z2, B = z1z2 on Sym2 C, then
the superpotential W = W3,2 : Sym2(C) = C2

A,B → C

W = z31 + z32 = A3 − 3AB.

have one Morse critical point at A = 0, B = 0. We may again use ∇Re(W ) to show that all Lagrangian which

do not intersect the thimble can be displaced. We conclude Fuk(Sym2(D3)) ∼= k −mod. Consider now the
image of the inclusion of two strips on different legs of D3, inducing T ∗I × T ∗I → Sym2(D3). One can see
geometrically that this map is forward stopped, so the induced map on Fukaya categories is fully faithful,
hence sends the product of cotangent fibers to the generator of k −mod. This, together with the fact the
vanishing Fuk(Sym2(I)) = 0 implies δ2 = 0, determines all asserted structure maps for Fuk(Sym(T ))

5.2 Cutting corners

To simplify formulas going forward, we will write k := k −mod, k[ϵ] := Fuk Sym(I), T for the category of
exact triangles, and T := Fuk Sym(T ).

Here we will prove a slightly more general version of Theorem 1.12:

Theorem 5.5. Let M be a Z-graded k[ϵ]⊗ k[ϵ]-module. Then there is a canonical isomorphismT
⊗

k[ϵ]⊗k[ϵ]

M

n

∼←− (T⊗Mn−1)
∐

Mn−1⊕Mn−1

Mn

Here, the maps Mn−1⊕Mn−1 →Mn−1⊗T are given by tensoring up δ0[2]⊕ δ0[1] : k⊕k→ T, and the maps

Mn−1 ⊕Mn−1 →Mn are given by the two ϵ actions. Likewise, the k[ϵ] actions on T are by δ[2] and δ[1].

11This is doable, for example, set
φ(z) = Im(zn)2 + ϵχ(z/δ)|z|2

where χ(z) is a smooth bump function locally constant 1 near z = 0 and vanishes outside |z| > 1. The first term is strictly psh
away from z = 0, and the second term provides positivity at z = 0.

12It is presumably true, but we have not proven, that our Symk(Dn) is in fact the sector associated to Wn,k.
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Remark 5.6. The relation to Theorem 1.12 as stated is the following. Given two Z-graded k[ϵ]-modules,
V,W , we have (tautologically from the definition plus the formulas in the previous subsection)

T⊗k[ϵ]⊗k[ϵ] (V ⊗W ) = V ⋆T W.

Meanwhile the expression on the right hand side of Theorem 5.5 tautologically specializes to one of the
formulas given in [9, p. 22, p. 26] for the ‘coproduct totalization’ of the bicomplex V ⊗W . (The authors
of loc. cit. prefer to describe T as the representations of the A2 quiver • → •.) The added generality of
Theorem 5.5 over Theorem 1.12 is just that the above formulation does not require M to be of the form
V ⊗W , or for that matter, to have a bigrading.13 This is necessary in order to glue the T to not-disconnected
surfaces with two chosen boundaries.

Remark 5.7. Coherent associativity of the totalization was not previously established [9, Remark 4.4.4].
After Theorem 5.5, we can import it from the coherent associativity of ⋆T , which, as noted above, follows
immediately from Theorem 1.8.

Remark 5.8. When the relevant maps admit adjoints, we may trade pushouts for pullbacks, which are
typically easier to compute. (This is a standard trick; see e.g. [38, 19] for some uses in computing Fukaya
categories, and a discussion at length in the context of totalization in [9].) For k[ϵ]-modules where the maps
ϵ action (Mn−1 → Mn) admits a right adjoint – as is always the case, for formal reasons,14 for modules
arising from Fukaya categories of surfaces – the right hand side of Theorem 5.5 can be computed as:

(T⊗Mn−1) ×
Mn−1⊕Mn−1

Mn.

The maps Mn → Mn−1 are the right adjoints of the ϵ actions, and the maps T⊗Mn−1 → Mn−1 ⊕Mn−1

are the right adjoints of δ0[2] and δ0[1]. Thus an object of this pushout is an object m ∈Mn, plus a morphism

(ϵ2)
R(m) → (ϵ1)

R(m). In case M = V ⊗W and m = v ⊗ w, the ϵ each only act on one factor, so we are
asking for a map v⊗ ϵR2 (w)→ ϵR1 (v)⊗w. Up to conventions, this is the description of objects of V⊗⃝W given
by Rouquier and Manion [34, p. 6]. They give an action their categorified gl(1|1)+ on the result, which one
can see from the following proof agrees with the action induced from the third (unused in gluing) k[ϵ] action
on T. Note that this passage to adjoints accounts for the fact that our ϵ is a raising operator (increases n in
Symn), while theirs is a lowering operator.

Proof of Theorem 5.5. Let us first consider a general expression of the form X ⊗A Y , where A is a monoidal
category and X and Y are, respectively, left and right A-modules. Then we have in general

colim (· · ·X ⊗A⊗A⊗ Y →→→ X ⊗A⊗ Y →→ X ⊗ Y ) = X ⊗A Y.

Now assume further that A is N-graded with A0 = k, X is N-graded, and Y is Z-graded. Then, after
removing redundant terms, the above expression allows the degree n part, (X ⊗A Y )n, to be computed as
the colimit of a diagram of the following shape. The vertices are the vertices of a barycentric subdivision of
a n-simplex. To avoid confusion, we will refer to the vertices of the original simplex as corner vertices. The
arrows are oriented as follows: on each face, the barycenter is a source, and the corner vertices are sinks.
The barycenter of a k-face is labelled by a category of the form XnX ⊗Am1 ⊗ · · · ⊗Amk ⊗ Y nY , where the
superscripts are integers which sum to n, nX ≥ 0, and the mk > 0; we will indicate this category by the tuple
(nX ,m1,m2, · · · ,mk, nY ). The arrows in the diagram are the monoidal structure maps, i.e. correspond to
merging adjacent entries in the tuple. The colimit is understood homotopically, i.e. over the category whose
nerve is the solid simplex on which we described the diagram. We will denote this diagram ∆n(X|A|Y ).

We will use two basic facts about simplifying such diagrams. If v is a corner vertex, note that the sub-
diagram on all vertices mapping to v is precisely the star of v; we write link(v) := star(v) \ v. There’s a

13In fact, the argument goes through without M having any grading at all: note in the proof, we use the grading on the X
and A factors, but not on the Y = M factor.

14Our Fukaya categories are by definition ind completions of the small categories which symplectic geometers typically call
Fukaya categories. The covariant functoriality of partially wrapped Fukaya categories under sector inclusion is also originally
defined on the small categories, so after ind completion it preserves compact objects, i.e. is a left adjoint of a left adjoint.
So in fact we may pass to right adjoints while still remaining in PrL. A not-formal question is whether or not these adjoints
themselves admit right adjoints in PrL, or in other words, whether the adjoints would have existed on the small categories.
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natural map from the colimit over link(v) to the value at v; if this map is an isomorphism, then ∆n(X|A|Y )
and ∆n(X|A|Y )\v have the same colimit of the diagram. Second, the colimit of ∆n(X|A|Y )\v is equivalent
to the colimit on the facet of ∆n(X|A|Y ) opposing v.

Now we turn to the diagram of interest: X = T, A = k[ϵ]⊗k[ϵ], and Y = M arbitrary. Observe that then
X≥3 = 0 and A≥3 = 0. Consider the corner vertex (5, n−5). The corresponding category is T5⊗Mn−5 = 0.
The nearest neighbors are the points (a, 5−a, n−5). But every such category is zero, so indeed (5, n−5) = 0
is the pushout of its link, and may be removed. The same works a fortiori for (k, n − k) for any k ≥ 5, so
we may iteratively collapse to the diagram on the 4-face of ∆n(T|k[ϵ]⊗ k[ϵ]|M) spanned by corner vertices
(4|n− 4), . . . , (0|n).

Consider the corner (4|n − 4). The category there is T4 ⊗Mn−4 = 0. The only non-zero immediately
adjacent vertex is (2|2|n − 4) with value T2 ⊗ (k[ϵ] ⊗ k[ϵ])2 ⊗Mn−2 = Mn−2. In the link of (4|n − 4), we
have a subdiagram

0 = (3|1|n− 2)← (2|1|1|n− 2)→ (2|2|n− 2) = Mn−2.

The map
(2|1|1|n− 2) = k⊗ (k⊕ k)⊗ (k⊕ k)⊗Mn−2 →Mn−2

is easily seen to be surjective (the Mn−2 just comes along for the ride, and the map (2|1|1|0) → (2|2|0) is
obviously surjective). It follows that the pushout of the link of (4|n− 4) is zero, and so we can again cut the
corner and project onto the 3-simplex with corners (3, n− 3), . . . , (0, n).

Again the corner vertex vanishes: (3|n − 3) = 0. The only potentially nonzero adjacent terms are
(2|1|n− 3) = k⊗ k⊕2 ⊗Mn−3 and (1|2|n− 3) = T⊗ k⊗Mn−3. Again the Y factors will come for the ride,
so we suppress them (equivalently set n = 3). Now, we have subdiagrams of the link

0 = (0|3|0)← (0|1|2|0) = k⊕ k ↠ (1|2|0) = T 0 = (0|3|0)← (0|2|1|0) = k⊕ k
∼−→ (2|1|0) = k⊕ k.

From these we see that the pushout of the link is again zero, and so we may cut the corner, and project to
the 2-simplex on (2|n− 2), . . . , (0|n).

Consider the corner (2|n− 2) = Mn−2. Its link is the diagram (1|1|n− 2)← (0|1|1|n− 2)→ (0|2|n− 2)
which we expand as

T⊗ (k⊕ k)⊗Mn−2 ← (k⊕ k)⊗ (k⊕ k)⊗Mn−2 → k⊗Mn−2

We claim the pushout is in fact Mn−2. Let’s drop the Mn−2 to avoid cluttering notation, and decorate the
k factors by 1 and 2 according as they come from the first or second copy of k[ϵ]:

T⊗ (k1 ⊕ k2)← (k1 ⊕ k2)⊗ (k1 ⊕ k2)→ k

Now, the k1 ⊗ k1 factor in the middle maps to T ⊗ k1 on the left, and dies on the right; similarly with
k2⊗k2. Thus the pushout of this diagram agrees with the pushout by the quotient of these pieces and their
images; i.e. of

((T/k1)⊗ k1)⊕ ((T/k2)← (k2 ⊗ k1)⊕ (k1 ⊗ k2)→ k

The left arrow is an isomorphism, so the colimit is k, as desired. We may cut the corner.
What remains is the diagram (1|n− 1)← (0|1|n− 1)→ (0|n), or, in other words

T⊗Mn−1 ← (k⊕ k)⊗Mn−1 →Mn.

This completes the proof.
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