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Abstract

This work is concerned with the Laudau-Ginzburg A-model, or the Fukaya-Seidel
category, associated with a Laurent polynomial f : (C*)* — C. We use constructible
sheaves on a real n-dimensional torus to describe the Lagrangian thimbles associated
to f. Then we discuss the application to Homological Mirror Symmetry for smooth
projective toric Fano variety. We also develope a general tool that allows one to deform

a constructible sheaf as its singular support moves non-characteristically.
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CHAPTER 1

Introduction

Picard-Lefschetz theory is the complex analog of real Morse theory for holomorphic
functions | |, where instead of studying the change of topology of the sublevel sets
as level increases, one studies the regular fiber of f by moving it around or towards a
singular fiber.

To fix idea, we consider the following example. Let f = 22 + 3? on C%2. As we
move the regular fiber f~!(€) towards the singular fiber f~1(0) along real positive e, the
circle S = {z*> + y* = €,z,y € R} in f~!(e) shrinks to the point (0,0). The circle
Se is called a wvanishing sphere, and the union of them Uogtge S; form a smooth disk

D, = {2? +y* < ¢,x,y € R} ending on f~1(e), called a Lefschetz thimble.

Figure 1.1. A smooth fiber of f and a singular one. (Figure from | |, p.7)
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The symplectic Picard-Lefschetz theory [Do, | is a refinement of the topological
one, where in addition of requiring f : X — C to be a holomorphic map, one give the
total space X a Kahler structure, hence the the regular fibers are Kahler as well. Using
symplectic parallel transport, i.e., lifting a tangent vector on the base to tangent vectors
w-perpendicular to the fiber, one can make the vanishing spheres and Lefschetz thimbles
into Lagrangian submanifolds of the regular fibers and the total space, respectively. If one
fix a regular value b in C as the base point, and a set of path from the critical values to b,
then one can study the set of Lagrangian spheres in f~1(b), or equivalently corresponding
the Lagrangian thimbles in X. The Fukaya-Seidel category for a holomorphic function on
a Kahler manifold roughly is the Fukaya category generated by the Lagrangian thimbles.
Although the study of Lefschetz thimble, vanishing cycles and intersection forms are
classical topics of Picard-Lefschetz theory| |, the counting of J-holomorphic disks is
computationally non-trivial.

Given a real analytic manifold M, Nadler-Zaslow theorem [NZ, N1] shows that the
Fukaya category of the cotangent bundle Fuk(7T*M, A) is quasi-equivalent to the dg cat-
egory of constructible sheaves Sh(M,A) as A, categories, where A C T*M is a conical
Lagrangian, objects in Fuk(T*M, A) are asymptotic conic Lagrangian tending to A, and

objects in Sh(M, A) are constructible complexes of sheaves with singular support in A.

Theorem (Nadler-Zaslow [NZ]). The derived Fukaya category of the cotangent bundle
T*M 1is quasi-equivalent to differential graded category of constructible sheaves on the base

manifold M as A categories.
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This work originates from the idea of applying Nadler-Zaslow theorem to the study of

Fukaya-Seidel (FS) category for a holomorphic function on a complex torus f : (C*)" — C.

Along the way, we discovered the following related results and tools.

(1)

(2)

(3)

Lagrangian skeleton of affine hypersurface in (C*)". Here we refine the previous
construction of | | and show that the combinatorially constructed skeleton
of an affine hypersurface is not just a deformation retract of the hypersurface,
but can be realized as the Liouville skeleton for some carefully chosen Kahler
potential. We also define the notion of convexity of a Kéahler potential with
respect to a given polytope, which will be used again in controlling the asymptotic
behavior of Lagrangian thimbles.

Quantization of non-characteristic variation of singular support. Given a one-
parameter family of conical Lagrangian A; C T*M parameterized by ¢t € [0, 1],
we may ask if there is an analog of parallel transport of categories Sh(M, A;).
We give a sufficient condition on the variations such that the categories remains
invariant.

As an application of the variation of singular support method, we consider
constructible sheaves on a torus 7", and prove the non-equivariant coherent-
constructible correspondence for smooth projective variety.

Finally, we prove our main theorem, that F'S-category for a Laurent polynomial is
quasi-equivalent to a category of constructible sheaves on a torus. One ingredient
of the proof is the adapted Kéhler potential, which allows us to control the
thimble’s behavior at infinity; another ingredient is the monodromy operator,

which acts on the FS-category by varying the phase of the coefficients of the
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monomial, and acts on the constructible sheaves category by varying the singular

support constraint.

In the remaining part of the introduction, we give a brief summary of the results.

1.1. Notation

Here we establish some common notation that will be used through out this paper.

Let M, N be dual lattices of rank n. Let T'=R/27Z. For any abelian group A, e.g.
A=C* R, T, we define M, := M ®; A and similarly for N4. If we fix a basis of M, then
M = 7" and Mc- = (C*)", Mg = R™, My = T". We sometimes denote the torus Mr
also as T}y.

Let Q C Ng be a integral convex polytope with 0 as an interior point. Let 7 be a
coherent star triangulation of @ based at 0, and let 97 be the induced triangulation of
the boundary 0Q). Let X7 be the simplicical fan spanned by the simplices in 7. Let A
denote the vertices of T, and 0A that of 0T, then A = 0AU{0}. Fix (h,0): A - RxT,
such that h induces the star triangulation of 7 and h(0) = 0. Let h:Q — R denote the
convex piecewise linear function extending h on A.

Let g : Mg — R be the discrete Legendre transformation (DLT) of h

(1.1.1) 9(y) = igg(l’,w — h(z),

and ¢g(y) is a convex piecewise affine-linear function on Mg. The tropical amoeba A is

defined as the singular loci of g.
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We define conical Lagrangian Ay o C Thy X Ng = T*T) by

(1.1.2) Aro = U {0 € Ty : (o, 0) = O(«) for all vertices o € T} X cone(T)
TEIT
where we used the pairing (—, —) : Tpy X Ng — T induced by the canonical pairing
between M, N.
We also define the generalized RSTZ-skeleton | | by
(1.1.3) AFo = U {0 € Ty : (o, 0) = O(«) for all vertices a € T} X T
TEIT

For all large enough R > 0, we define the tropical polynomial as

(1.1.4) frue(z) =Y e ORI 2
aEdA

where z% is a monomial function on M« = (C*)™.

If the function © = 0, we drop the © subscript everywhere.

1.2. Lagrangian Skeleton of Affine Hypersurface

A skeleton, generally speaking, keeps only the essential part without losing important
information. A topological skeleton of a (non-compact) manifold is a strong deformation
retract, hence remembers the homotopy type of the original manifold. A Lagrangian
skeleton of a Weinstein manifold, i.e an exact symplect manifold w = d\ with certain
growth control, is the stable manifold of the expanding Liouville flow X, defined by
tx,w = A. Stein manifold, e.g. affine hypersurfaces, are Weinstein manifold, hence we

may ask what the skeleton of any given affine hypersurface looks like.
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Lagrangian skeleton is interesting for the study of Fukaya category of Weinstein man-
ifold. Indeed by the contracting Liouville flow, every compact smooth Lagrangian is
Lagrangian isotopic to one contained in a small tubular neighborhood of the skeleton,
hence one has the hope of computing the Floer homology group HF(Ly, L) of two La-
grangians, or even the Fukaya category, locally on the skeleton. In other words, it is
believed that the Fukaya category of the Weinstein manifold can be computed as the
global section of some sheaf of categories over the Lagrangian skeleton. A combinatorial
recipe for computing this sheaf of category is given by Nadler in [[N2, ]. There are on-
going works by Ganatra-Pardon-Shende and Chantrain-Ghiggini-Rizell-Golovko to study
Fukaya category using Liouville skeleton.

Topological skeleton, as strong deformation retract, for affine hypersurfaces has been
studied by Ruddat-Sibilia-Treumann-Zaslow in [ |. They give a simple combinato-

rial description of the skeleton using Newton polytope of the defining polynomial.

Theorem (Ruddat-Sibilla-Treumann-Zaslow). Let Q, T, fry as defined in the setup.
The skeleton A embed into the hypersurface {frn(z) = 0} as a strong deformation

retract.

The proof there is algebraic and does not require a choice of the Weinstein structure,
hence does not show the skeleton can be embedded as a Lagrangian skeleton, or the stable
manifold of the Liouville flow.

Here we upgrade the topological skeleton into a Lagrangian skeleton. More precisely,

we have the following theorem.
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Theorem 1. There exists an exact symplectic structure on (C*)™, such that the skele-
ton A embed into the hypersurface {frn(2) = 0} as the Liouville skeleton with respect

to the induced Liouville structure on the hypersurface.

Our approach here is differential geometrical in flavor, using the idea of tropical de-
generation in the sense of Mikhalkin [Mi], which roughly means introducing a parameter

R and consider R — oo limit (or fix R to be large enough).

1.3. Variation of Singular Support for Constructible Sheaves

Let M be a smooth manifold, A* C T°M = S*M a (possibly singular) Legendrian
in the contact infinity of T*M, and Sh(M, A*) the differential graded category of con-
structible sheaves with SS*(F) C A*°. We are interested in the following question:

Given an initial Legendrian A> C T°M and a constructible sheaf F' € Sh(M,A>),
for what kinds of deformation of A can we find a corresponding deformation of F, such

that SS*°(F) C A holds?

Remark 1.3.1. If A* is a smooth Legendrian and the deformation is an Legendrian
isotopy, then there is a contactomorphism of the ambient space T°°M that induces the
deformation A*°. The sheaf-quantization of contactomorphism of Guillermou-Kashiwara-

Schapira [ ] allows one to deform the sheaf F' accordingly.

In [N3], Nadler introduced the notion of ‘non-characteristic deformation’ of Legen-
drian, which is defined using sheaf theory: a deformation of Legendrian is non-characteristic

if the corresponding sheaf category is invariant. He also proved that any Legendrian can
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be deformed non-characteristically to one with standard singularity, called arboreal sin-
gularity [N2]. Here we are interested in finding geometric condition for the Legendrian
deformation to be non-characteristic.

Let A be a family of Legendrian in 7°°M. Our first theorem (Theorem 7) says that,
if the complement of the Legendrian T°° M\ A are contactomorphic to each other, then
the corresponding sheaf categories Sh(M, Af®) are equivalent to each other. However, the
geometric condition is very hard to check in practice, though it can be useful to prove
non-existence of contactomorphism.

We propose another easier to check condition on the Legendrian deformation, inspired
by a remark in [N3]. Intuitively, we allow Legendrian to deform as long as there is no
‘collision’ with itself. One type of collision is detected by the appearance of short Reeb
chord ending on the Legendrian. However, it is also possible that two components of
Legendrian approach each other along the contact distribution, which is not detectable
by Reeb flow. For example, consider the Legendrian in J'R defined by fi(x) = 0 and
fa(x) = 2% + tx for t € [0,1]. To remedy this, we introduce a notion of ‘thickened’
Legendrian (along the contact distribution direction), and convex tubular neighborhood
around the Legendrian, generated by the Reeb flow-out of the thickened Legendrian. We
prove that the sheaf categories is invariant if the Legendrian deformation admits a uniform
convex tubular neighborhood (Theorem 9).

For application to Mirror symmetry, we also consider the special case of Legendrian
deformation locally modeled by affine hyperplanes in a vector space (Theorem 10), and
verify that if there is no short Reeb chords during the deformation then the sheaf category

1s invariant.
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1.4. Non-equivariant Coherent-Constructible Correspondence

As a special case of the above non-characteristic variation of singular support method,

we have the following theorem. Recall that T, = T™ is an n-dimensional torus.

Theorem 2. Let Q,T be given as above. For all 0 : A — T, the assignment 6 ~
Sh(Tyr, A7) gives a local system of categories over TA. In particular, for any path vy :
0,1] = T4, there is a parallel transport functor @, : Sh(Tar, At ) — Sh(Tar, A1)

mducing an equivalence of categories.

This theorem is useful in that, it allows one to build new objects in the constructible
sheaf category by applying monodromy operator. If we take the function 6 : A — T as
identically zero, then the skyscraper sheaf Cy at 0 € T}, is in the category. From this
object, we may apply the various monodromy operator, indexed by elements in 7 (T4) =
ZA. Tt turns out that the monodromy action acts by convolution of constructible sheaves

on TM

Definition 1.4.1. Let 7 : R4 — T be the universal cover of T4, and a point § € R4
represent a path 7z from 0 to 7(6). For any 6 € R* and 6 = 7(6), we define the twisted-

polytope sheaf

Pg = @75((:0) € Sh(TM, A7’79).

And we denote the set of twisted polytope sheaves in Sh(Tn, A1) by

Py = {P;| 0 € R, and 7x(0) = 6}.



18

Theorem 3. For any 0 € T4, the set of twisted polytope sheaves Py generates the

category Sh(Tar, At ).

Example 1.4.2. Here is an example illustrating what a twisted-polytope sheaf looks

like. YA

A B

Figure 1.2. Twistings of a convex polytope. As one pushes the edges of the
polytopes, a certain edge will shrink to zero-length then reappear on the
other side. Note the co-directions of the edges, indicated by hairs, remain
fixed. The corresponding twisted polytope sheaves have stalks on green,
yellow and blue regions as C, C[1], C[2], respectively.

As an application to Homological Mirror symmetry, we have the following result of
non-equivariant coherent-constructible correspondence, enhancing the previous result of
[FLTZ1, FLTZ2, Tr, SS, Kul]. This result was first obtained by Kuwagaki in [[<u2]

using a different method.

Theorem 4 (Non-equivariant Coherent-Constructible Correspondence). Let ¥ C Ng
be the fan of a smooth projective toric variety, Xs, () C Ng be the polytope generated by
primitive vectors of rays in X, and T is the unique star triangulation generated by faces

of Q. Then there is an quasi-equivalence of category

OOh(XE) :> Sh(TM, A7'>



19

where A1 is given by (1.1.2) for 0 = 0. Under this equivalence, the trivial line bundle
Ox,. 15 sent to the skyscraper sheaf Cy, and there is a canonical one-to-one correspondence

between line bundle to the twisted-polytope sheaves.

1.5. Lagrangian Thimbles and Constructible Sheaves

Given any lattice polytope Q C Z™ with 0 in the interior. Let 7 be a regular star
triangulation of @) based at 0 and A the vertices of 9T . Let h: A — R be any function,
such that h(0) = 0 and h induces the triangulation 7. Let fgr; be tropical polynomial

defined in 1.1.4.

Theorem 5. The Fukaya-Seidel category for frne s equivalent to the category of

constructible sheaves on the n-torus
(137‘79 . FS((C*)H, fR,h,G) :> Sh(Tn,ATﬁ).

Here we give the sketch of the proof. First, we choose a special Kahler potential on
(C*)™, and extends the thimbles ending on f};ﬁw(O) for large R to aymptotically coni-
cal Lagrangians close to the conical Lagrangian A7 y. This embeds F'S((C*)", frne) to
Fuk(T*T™, Arg) = Sh(T", A1)

To study the image of the embedding when # = 0, we consider monodromy of 6
on T4. On the Fukaya-Seidel side, the monodromy of § mutates the thimbles. On the
constructible sheaf side, the monodromy acts by changing the singular support.

We apologize for the lack of details in this section, they will appear in future work.
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CHAPTER 2

Review of Fukaya-Seidel category

In this section, we give a rather informal overview of the Fukaya-Seidel category [Au,

, |. Then we present the definition and properties following the comprehensive
monograph [Sel] Chapter 1, as well as [[NZ] Section 2.

Fukaya category of a compact symplectic manifold (M?", w) is a symplectic invariant
valued in an A.-category, where roughly speaking, the objects are Lagrangian subman-
ifolds, morphisms are Floer chain complex C'F(Ly, Ly), and (higher) compositions are
given by counting pseudo-holomorphic disks with boundaries on the Lagrangians.

Fukaya category is an A -category, that is, the composition is not strictly associative
but only associative up to corrections from higher order products, hence it is not an ‘hon-
est’ category. At first sight, the non-associativity seems a shortcoming that complicates
many manipulations. However, one can easily cure this, by taking homology of the mor-
phism complex, that is, using Floer homology groups H F'(L, L) rather than Floer chain
complex C'F(Ly, L), then the composition is associative on the nose, and in addition
HF(Lq, Ly) themselves become invariant under Hamiltonian isotopies of L;. The reason
for not choosing to pass to homology is that, it will ‘lose information’. Just as the de
Rham complex (*(X),d,A) of a smooth compact manifold X as a differential graded

algebra (dga) remembers the real homotopy type of the manifold X rather than just the
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cohomologies, the A, structure maps
k. ° . ° S e)+2—k
7] :CF (Lo,L1)®CF (Ll,"' 7L2)®®0F (Lk—bLk) — CF (Lo,Lk)

remembers more information than HF(L;, L;). These p* satisfies A, relations, where

the first fews are

p(p(a) =0, p'(p?(a®b)) = 24 (p'(a) @ b) £ pP(a @ p' (b)),

plpla@bec) £ ((pa)@b@c) £ pa@ pb@c) + p’(a®b® ple)

= (P la®b)®c) £ p*(a® (b c))

and the precise definitions are given in the next sections.

Fukaya-Seidel category assigns a Fukaya category to a holomorphic function f: M —
C on a Kéhler manifold M. Given a smooth fiber of f and paths from singular fiber
to smooth fibers, we may construct an ordered sequence of vanishing spheres Ly, --- , Ly
in the smooth fiber, as Lagrangian submanifolds. The Fukaya-Seidel category is the
triangulated envelope generated by an directed A..-category, where ‘directed’ means
Hom(L;, L;) =0if i > j.

Fukaya-Seidel category relates the symplectic topology of the ambient space, to that
of a smooth fiber, hence reduces the dimension of the problem. If repeated by taking
Lefschetz fibration of the fiber again and again, one can reduce the problem to complex
one-dimensional case, where counting holomorphic disks becoming counting polygons on

a Riemann surface.
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Another motivation to study the Fukaya-Seidel category is from Mirror symmetry.
One version of Mirror symmetry conjecture predicts certain Fano manifold X should be
mirror dual to a certain Landau-Ginzburg(LG) model f : XY — C, in particular
(1) the B-model D°Coh(X) of X should be dual to the A-model FS(XV, f) of (XV, f),
and
(2)the A-model Fuk(X) of X should be dual to the B-model of D%, (X", f).

Hence the Fukaya-Seidel category is the study of the LG A-model. Our work here focus
on the special case where X is a smooth projective toric Fano variety, and (X, f) is the
Hori-Vafa mirror dual of X.

We briefly explain the organization of this section. We first review the homological
setup of A..-category, explaining what is an A..-category and its triangulated envelope,
also introduce the notion of a directed category. Then we focus on the general setup
and properties of Symplectic Lefschetz fibration, explaining the results of Seidel, that
monodromy around a singular fiber corresponds to the Dehn twist of the corresponding

Lagrangian vanishing sphere.

2.1. Triangulated A.-categories

An A,.-category (not necessarily unital) C consists of a set of objects ObC, together

with a Z-graded C-vector space home(Xg, X1) for any two objects, and multilinear maps

gt home(Xo, X1) @ - - - home (X1, Xi) — home(Xo, X1)[2 — K]
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for all £ > 1 and all (k + 1)-tuples of objects (Xo, -, Xpy1), satisfying the A, associa-
tivity relations. Roughly speaking, if we define the path space from X to Y be
Path(X,Y):= € hom(Xo, X1)[1] ® - hom(Xs—1, Xp)[1], Xo=X, Xz =Y

and define the ‘merge’ operation p on Path(X,Y’) of degree 1 by merging subsegments
using p? in all possible ways and sum them up, then the A,-relation is simply p o = 0.

The underlying cohomological category H(C) has the same objects as C, with
hOmH(c) (X(), Xl) = H(hOmc(Xo, Xl), ,U,é)

There is also the subcategory H°(C) which has the same objects, but only keep the degree
zero cohomologies. One says H(C) is c-unital (cohomological unital) if H(C) has identity

morphisms.

Remark 2.1.1. A differential graded (dg) category is an A.-category with {u*}rso

vanishing. An A, algebra is an A.-category with one object.

Let F : A — B be an A,-functor between A,-categories with map on objects F :

Ob A — Ob B, and morphism maps
Fo hom (X, X1) ® - - - homa(Xq_1, Xq) — homp(FXo, FX4)[1 — d],

or a degree-0 map from Path(X,Y) to Path(FX,FY) commuting with the ‘merge’ op-
erators pi, pp. An As-functor F is said to be c-unital, if H(F) is unital. The category

of As-functors from A to B forms an A..-category, where a morphism 7' from functor F
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to functor G allows one to take in a path in A and output a path in B where the first half
is convert usnig F and the second half is convert using G with the jump given by T
Assumptions: We will assume all A-categories to be c-unital, and all A.-functors
to be c-unital too. We say an A, -functor F is a quasi-equivalence if the induced functor
H(F) is an equivalence. We say F is quasi-embedding if H(F) is full and faithful. It
can be shown that if F: A — B is a quasi-equivalence, then there is a quasi-equivalence

G : B — A such that H(G) is an inverse equivalence to H(F).

2.1.1. A, -modules and Yoneda embedding

Let C'h denote the dg category of chain complexes (over C), considered as an A..-category.
Given an A.-category A, a (right) A.-module over A is an A,-functor M : A% — Ch.
Let mod(A) denote the A.-category of A,-modules of A. Since Ch is a dg category,
mod(A) is actually a dg category as well, and its cohomological category H°(mod(A)) is
a triangulated category.

For any object Y € ObA, we have the A,-module ) defined as

y(X) = hO??’LA<X, Y)

Let J denote the A, Yoneda embedding A < mod(A), then H(J) is full and faithful.
Since the ambient category mod(.A) is a dg category, the image J(.A) of the embedding

is as well. Thus each A..-category is canonically quasi-equivalent to a dg category J(.A).
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2.1.2. Exact Triangles

Let Yp,Y: be objects of A, and ¢ € hom% (Y, Y1) a degree zero cocycle. The abstract

mapping cone of ¢ is the A,-module € = Eone(c) defined by
C(X) = homa(X,Y0)[1] & homa(X, Y1)

There is an exact triangle diagram in H(mod(.A))

T(Yo) = T(Y1) — Cone(c) L |
We call any triangles in H(.A) exact, if its Yoneda embedding image is isomorphic to one
of such triangles. A shift SX of an object X is any object which ecome isomorphic to the

shift in H(mod(.A)) under the Yoneda embedding.

A non-empty A.-category A is said to be triangulated if the following hold:

(1) Every morphism in H°(A) can be completed to an exact triangle in H(A). In
particular, every object X has a shift SX.

(2) For each object X, there is an object X, such that SX = X in H(A).

If A is a triangulated A.-category, then H°(A) is a triangulated category in the usual
sense. Furthermore, if 7 : A — B is an A -functor between triangulated A, -categories,
then HY(F) is an exact functor.

The triangulated envelope of a nonempty A..-category A is a pair (A, F) consisting of
a triangualted A..-category A and a cohomologically full and faithful functor F : A — A,

such that the objects in the image of F generate A, in the sense that A is the smallest
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full subcategory in A that contains A, is closed under cohomological isomorphism, and is

itself triangulated.

2.1.3. Twisted Complex

There are two standard construction of a triangulated envelope for A, one is taking the
full subcategory of mod(.A) generated by the image fo the Yoneda embedding, and another
the A-category of twisted complex Tw.A. Here we first state the construction of twisted
complex, then state their properties.

The construction (modulo signs) proceeds in two steps: (1) The additive enlargement

YA has objects with are formal sums

X = P Xsloy],

fer

where F' is some finite set, X; € ObA, and oy € Z. The morphisms between any two

objects are

homs A(D X;lof), P Yylry)) = €D homa( Xy, Yy)lry — o]
I

fer geG

and compositions are defined using those of A and the obvious ‘matrix multiplication’
rule.

(2) A twisted complex is a pair (C, ) consisting of C € ObE.A and 6 € homs, ,(C, C),
with the strict upper triangularity property that the index set F' for C' = @ cpCy can be

ordered in such a way that all components d¢, with f > ¢ are zero, and subject to the
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generalized Maurer-Cartan equation

HEA(9) + E4(6.6) + - = 0,

The upper triangularity ensures this is a finite sum. We define an A.-category Tw.A of
which the (C, ) are the objects. The spaces of morphisms are the same as for 3.A, but

composition in Tw.A involves the ds padded in the slots of compositions for 3¥.A

d _ Z d+> Jk
:uTw.A(adﬂ"' 7a1) - 1205 (5d7"' 76daa'd75d—17”' a5d—17ad—17"')
70, ,Ja=>0

where 0y are repeated 7, times.
Given two twisted complexes (Cy, dx), k = 0,1, and a morphism a € hom$,,-(Co, C})

such that pd, -(a) = 0, one can define the mapping cone as

5 0
Cone(a) = {Cy & ) = | Gyl @ oy, | € Ob TwA.

a (51
2.2. Symplectic Lefschetz fibration

Here we follow Seidel [Se4] about the defintions of exact symplectic fibration. The
main results here is that the geometric Dehn twist around a Lagrangian sphere corre-
sponds to the mutation. The fibration we will consider has non-compact fibers, hence the
symplectic parallel transport has the danger of running off to fiberwise-infinity. The usual
treatment, as adopted in | , |, is to cut-off the fiber, and consider a compact fiber
with boundary, and trivialize the fibration near the boundary. It is somewhat awkard to

implement this condition here, instead we will prove by hand that the symplectic parallel
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transport does not ‘run to infinity’. For the present discussion, we will still state the setup
using compactified fiber with boundary, in accordance with the literature, and introduce
the necessary modification later.

Here we follow the presentation in [Se5] closely. Let (M, w, ) be an exact symplectic
manifold of dimension 2n, where M is compact with boundary M, w € Q*(M) is a
symplectic form, and 6 € Q' (M) satisfies df = w. We consider eract symplectomorphism
Symp®(M) ¢ of M which are equal to the identity near M, where exact means [¢p*0—0] =
0 in HY(M,0OM;R). Note that any isotopy within this subgroup is Hamiltonian.

Let S be a smooth manifold with boundary. An exact symplectic fibration over S
consists of data (F,m, €, 0) as follows:

(1) 7 : E — S is a proper differentiable fiber bundle with 2n-dimensional fiber.

(2) Q € Q*E) and © € Q(FE) such that Q = dO, the vertical part Q| ker(dr) is non-
degenerate everywhere.

(3) The boundary 0F = 0OnF U 0,FE, where the horizontal part 0,F — S is again a
fiber bundle (see [Se5] for precise control of the boundary), and the vertical part 0,F =
7 1(089).

The form €2 defines a canonical connection on 7 : £ — S, with structure group
Symp®(E,). We denote the parallel transport maps of the canonical connection p,. :
Eea)y = Eep for ¢ 2 [a,b] — S.

The exact Lefschetz fibration is a modification of above construction by allowing Morse
type singularities. Assuming S is two-dimensional and oriented, an exact Lefschetz fibra-

tion over S consists of the data (F, w2, ©, Jy, jo), where (E,m,Q, ©) are as before except
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7 is allowed to have finitely many critical points living in the interior of £ and in dis-
tinct fibers. Jy is an integrable complex structure defined in a neighborhood of the set
Eet ¢ F of critical points, where 2 is a Kihler form on it, and similarly j, is a positively
oriented complex structure defined in the neighborhood of critical values S C S, such
that 7 is (Jo, jo)-holomorphic and with non-degenerate Hessian near every critical point.
An exact Lefschetz fibration is denoted as (£, ) for short.

A framed Lagrangian sphere is a Lagrangian submanfiold L togehter with an equiva-
lence class [f] of diffeomorphisms f : S — L. Here fi, fo are equivalent, if f, ' o fi is
isotopic to some element in O(n + 1) C Dif f(S™). One can associated to any (L, [f]) a
Dehn twist 7(z,s)) € Symp(M) which is unique up to Hamiltonian isotopy. If L is exact,
so is the Dehn twist along it. See ( [Se4], 1.2) for the precise construction of it. We will
omit the framing [f] from the notation in the following.

Let ¢ : [0,1] — S be a path such that ¢(0) is a critical value for critical point x, and

(0) # 0. Then the stable manifold

B = {2} U{y € By s € (0, 1] limpeli§y (v) = 2}

is a smoothly embedded (n+ 1)-ball, on which €2 vanishes. The intersection V' = BN E)
is then a Lagrangian sphere, with a prefered framing [f] induced by the framing on the
sphere B N L) for small enough positive e. The monodromy of along a path counter-
clockwise around the critical value is isotopic to 7(y,(s))-

Suppose S = D is the closed unit disk in C, and 7 : £ — S is an exact Lefschetz
fibration with critical values ¢y, - - - , ¢,,, then we may fix any regular value b € S and draw

non-intersecting (except at the ends) paths from the critical values to the regular value.
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Figure 2.1

Counting the paths coming into b clockwise gives a cyclic ordering on the paths, one may
fix a linear ordering by choosing the ‘first’ path. In the case when b is on the boundary,
one may choose the first path as the ‘leftmost’ one viewed from b. The ordered collection

of exact framed Lagrangian spheres in Fj, is called a distinguished basis of vanishing cycles.

Figure 2.2

Definition 2.2.1. A Lagrangian configuration in an exact symplectic manifold M is
an ordered family I' = (L, -+ , L,,) of Lagrangian spheres. Two configurations are called
Hurwitz equivalent if they are connected by a sequence of the following moves and their

mnverses:

(a) ' = (L1, , L) ~ (L1, ,0(L;), -+, Ly) for some 1 < i < m and some ¢ €



Symp®(M) isotopic to identity.

(b) For 1 <i<m, I' ~ BiI':= (L1, , Li—1,TiLiy1, Li, Liva, - -+, Lin).

The {f1, -, Bm_1} are generators of a the braid group on m strands.

31
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CHAPTER 3

Review of Constructible Sheaves

Here we give a quick review on constructible sheaves, following the introduction of
[N1] and the Appendix of | ] very closely. For a thorough account on constructible
sheaf theory and its relation with Fukaya category, see [IKS, S] and [[NZ].

We first give the categorical background, especially the definition for dg enhancement
of the triangulated derived categories. Then we give some useful formula for practical
computations. Next, we take a brief detour in symplectic geometry to define conical
Lagrangian in cotangent bundles, so that we can define the singular support SS(F') of
a constructible sheaf F. Then, we discuss some non-characteristic deformations results,
where the sections I'(Uy, F') is invariant up to quasi-isomorphism as U; vary. Then, we

recall quantization of Hamiltonian contactomorphism of | ]-

3.1. Classical and differential graded derived categories of sheaves

Let X be a topological space. The poset (viewed as a category) Open(X) has objects
of open subsets, and partial orderings (morphisms) are given by inclusions of open subsets.

Let Vect be the abelian category of C-vector spaces.

e A presheaf F' valued in Vect is a functor

F : Open(X)° — Vect.
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A presheaf F is a sheaf, if for any collection of open subsets {U; };cs, we have an

exact sequence

0= F(Ju) = [[FW) — [[FU:nUy).

1,J
e Let C(X) be the abelian category of complexes of sheaves on X, with morphisms
being degree-zero chain maps.
e Let K(X) be the homotopy category of C'(X), where objects are the same as

C(X), ands morphisms are chain maps upto homotopy equivalences
HomK(X) (F., G.) = HOmc(X) (F., G.)/ ~

where @) ~ @y if o — 3 = doh — hod for some degree —1 map h : F'* — G*~L.
e The derived category D(X) is obtained from K(X) by inverting quasi isomor-
phisms. The bounded derived category D°(X) is defined to be the full subcate-

gory of complexes with bounded cohomologies.

To define constructibility, let X be a real analytic manifold. We fix an algebro-
geometric category C, e.g., the category of subanalytic sets. A Whitney stratification
S = {S.}aca of X by C-submanifolds, is a decomposition X = U,eaS, into disjoint
strata {S,} indexed by A, where S, are locally closed C-submanifolds and S, NSz # ()
if and only if S, C S, and any pair of distinct strata (S,,Ss) satisfies the Whitney
condition, that is, if a sequence {x,, € S,} and a sequence {y,, € Sz} converges to a point
y € Sg, such that in some local coordinate patch, the secant lines Z;y; converges to a line

[ and the tangent planes 7;,S, converges to a plane 7, then [ C 7.
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Let § = {S,} be a Whitney stratification of X. An object F* € D(X) is said to be
S-constructible, if the restrictions H(F*)|s, of its cohomology sheaves to the strata of S
are finite-rank and locally constant. We denote by Dg(X) the full subcategory of D(X)
spanned by S-constructible objects, and denote by D.(X) the full subcategory of D(X)
spanned by constructible sheaves for some Whitney stratification. If the stratification S
is finite, then by the finite rank condition on cohomology sheaves, D.(X) C D*(X).

Next, we define the differential graded(dg) derived category. For a review on dg

category and dg quotient construction, see [Ke] and [Dr].

e The (naive) dg category Shpqive(X) has objects as chain complexes of sheaves F'*,
same as C'(X), and morphisms are chain complexes, with the degree n element

as

hom$, . o) (F*, G*) := [ [ homx (F*,G")
i€EZ

and differentials are given by
d" :homg, . (F* G*) — hongiaive(X)(F', G*), er—drop—(—1)"podg.

e The dg derived category Sh(X) is the dg quotient of Shyuive(X) by the full
subcategory spanned by acyclic objects [Dr]. This is a triangulated dg category
whose cohomology category H°(Sh(X)) is canonically equivalent to the derived
category D(X) as a triangulated category.

e The dg derived category of bounded constructible categories Sh%(X) is the full
subcategory of Sh(X), whose objects F'* have bounded constructible cohomol-

ogy sheaves. For a fixed Whitney stratification & of X, the S-constructible dg
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derived category Shs(X) is the full dg subcategory of Sh(X) spanned by objects
projecting to Ds(X).

e A dg functor F' : C — D of dg categories is a quasi-embedding (resp. quasi-
equivalence) if and only if the induced cohomological functor H(F') : H(C) —

H(D) is an embedding (resp. equivalence).

In this paper, we will only work with constructible sheaves, and will omit the subscript
¢ for constructibility. To simplify notation, we use sheaf ' to mean complex of sheaves

F*, homx to mean hom-complex homgh( x)-

3.2. Useful Formulae for Computations

Inspite of the abstract categorical definitions, constructible sheaves enjoy many func-
torial properties which faciliates actual computations. Here we give some useful formulae
and examples.

We use f*, f., f', fi, hom, ® to mean the corresponding dg derived functors:

—®@F: Sh(X) <+ Sh(X) :hom(F,—)
f*: ShX) < ShY) : f.
fir ShY) < Sh(X) :f
where f: Y — X is a map of real analytic manifolds.
The Verdier duality D : Sh(X)° — Sh(X) is an anti-involution. It interchanges shriek

with star

DD =id, fi=DfD, f =DfD.
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The shrieks and stars are directly related in two cases: when f is proper f; = f,; when f is
a smooth morphism of relative dimension dy, f'(—) = f*(—) ®wy/x = f*(—) ® ovy,x[d],
where oty is the orientation sheaf of the fiber.

Given an open subset U of X and its closed complement 7,
open inclusion: U NS A/ ,  closed inclusion,

we have j* = j' and 4, = i,. Furthermore, there are exact triangles

« 1

it = id — gt B g o id — g

— .

These are sheaf-theoretic incarnations of excisions: applied to the constant sheaf on X

and taking global sections, we get
H*(Z,iC) » H*(X,C) » H*(U,C) L, m*(U,C) = H'(X,C) = H(2,C) & .

IfY is a locally closed C-submanifold of X, we use jy : ¥ — X to denote the inclusion.
Let Cy € Sh(Y) denote the constant sheaf on Y, and wy = DCy be the Verdier dualizing
complex of Y, then wy is the canonically isomorphic to the shifted orientation sheaf
oty[dimY] on Y. The standard sheaf on Y is jy,Cy, and the costandard sheaf on Y is
Jyiwy .

The constructible sheaves can be ‘constructed’ by taking shifts and mapping cones of
certain finite collection of sheaves. Let 7 = {7,} be a triangulation of X by simplices
Ja : Ta — X, where each 7, is the embedding image of some open simplex. We denote by

C.(T) the the full dg subcategory of Shy(X) spanned by standard objects j,,C,, . The



37

morphisms between standard objects are quasi-isomorphic to complexes concentrated at

degree zero.

C ifpg>a

2

hOmShT(X) (]ﬁ*CTg ) jOZ*CTa)
0 else

where a < g if 7, C 73.
Applying Verdier duality to the standard sheaves, we get the costandard sheaves

D(j0,Cr,) = jarwr,. We have

C ifa<p
homshy (x)(Ja1Wr,, J8,Wrs) =

0 else.

We denote by C,(T) the the full dg subcategory of Sh(X) spanned by costandard objects

ja!wTa

Lemma 3.2.1 ([N1], Lemma 2.3.1). Shy(X) is the triangulated envelope of C.(T)

(resp. C\(T)).

Example 3.2.2. Let Y = (0,1) C R, then jy,Cy is the constant sheaf with stalk
C supported on the closed interval [0,1], and jywy is the costandard sheaf with stalk

isomorphic to C[1] supported on the open interval (0, 1). A

Example 3.2.3. Let f: {0} < R", then

f(Cgn) = Df*DCrn = Df*(Crr[n]) = D(Cioy[n]) = Cyoy[—n]
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where we have identified the orientation sheaf on R™ with the constant sheaf by chosing

an orientation on R™. AN

3.3. Conical Lagrangian and Singular Support

In this subsection, we define singular supports of constructible sheaves. Roughly
speaking, singular supports encode the ‘positions and directions’ where sections ‘fail to
propagate’. We first need to introduce notations from symplectic and contact geometry.

Let X be a smooth manifold, 7% X its cotangent bundle with the canonical one-form
A\ = pdq and the canonical sympletic two form w = d\ = dp A dg. Let T*X = T*X \ X,
where X is identified with the zero section in T*X. Let T°X = T*X/R>0, where R+
acts by fiberwise dilation. There is a natural fiberwise compactifiation of T*X to T°X,
where T X corresponds to the divisor at infinity 7" X\7*X ([NZ], §5.1.1).

A contact manifold (M, &) is a smooth manifold of odd dimension 2m + 1, with a
smooth rank 2m subbundle & C T'M, called a hyperplane distribution, such that locally
¢ = ker(a) for some one-form o and a A (da)™ # 0. Such a one-form « is called a contact
form. The Reeb vector field with respect to a contact form « is the unique vector field
R such that trae = 1 and tgda = 0. A contactomorphism between contact manifolds is
a diffeomorphism that preserves the hyperplane distributions. A Legendrian submanifold
L of M is an m-dimensional submanifold such that TL C ker(a) Nker(da).

The divisor T7°°X at infinity of the compactification T X has a natural contact
structure defined in the following way: Fix any smooth section H of the R.y-bundle
T*X — T>X , then T X is diffeomorphic to H by the section map; the canonical one-

form A of T* X restricts to a contact form « on H, hence induces a contact structure £ on



39

T X. If we fix a Riemmanian metric on X, then the section H can be taken as the unit
cosphere bundle

S*X ={(z,n) e T"X [ |Inl] = 1}
The Reeb flow on S*X is the unit geodesic flow. We will identify S*X and T X.

Example 3.3.1. The simplest example contact manifold is the 1-jet bundle on R™:
J'R? = T(*x’y)]R” x R,, and one choice of the contact form can be taken as o = z —

>, yidz; and the corresponding Reeb flow is 0,. A

A conical Lagrangian A C T*X is a Lagrangian (possibly singular) invariant under
the R g-action. A homogenous conical Lagrangian is a one contained in 7*X. Given a

conical Lagrangian A, we define the associated Legendrians as
Leg(A) = A* = (A\X) /Ry C TX.

Conversely, given a Legendrian £ C T*X, we use Lag(L) to denote the homogeneous
conical Lagrangian in 7*X as the preimage of the quotient 7*X — T°X.
Let & = {Sa}aca be a Whitney stratification of X, then there is a canonical conical

Lagrangian associated to S,

As:=|J T3 X

acA

where TX X = {(z,n) € T*X | * € N,n|ry = 0} denotes the conormal bundle of a
submanifold N C X.

Let F' be a S-constructible sheaf in Shs(X) for a Whitney stratification S. The
singular support SS(F') is a (singular) conical Lagrangian contained in Ag defined in the

following way: a point (z,7) € T*X is not in the singular support SS(F), if there is a
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small open ball B(z,¢) around z, and a Morse function f : B(z,€) — R, with f(z) =0

and df () = n, such that for any 0 < § < 1, the canonical restriction morphism
L(f 71 (=00,0), F) = T(f ' (=00,=0), F)

is a quasi-isomorphism. We use
SSF(F) := (SS(F))* = (SS(F)\X)/Rxg

to denote the Legendrian in 7>° X associated to the conical Lagrangian SS(F') in T*X.

Example 3.3.2. Let j : U = B(0,1) < R? be the inclusion of an open unit ball in

R2. Then j,Cy is supported on the closed set U, with singular support at infinity as

SS*(.C0) = {(z.n) € SR | & € OV, 5 = —dla]} = é:i}

And 5 Cy is supported on the open set U, with singular support at infinity as

SS®(HCy) = {(z,n) € S'R* |z € OU,n = d|z|} = {::}

Here the Legendrians are represented by co-oriented hypersurfaces in R? with hairs indi-

cating the co-orientation. A
The following Lemma from [I<S] is useful in characterising the singular support under
® and hom.

Proposition 3.3.3 (Proposition 5.4.14 of [KS]). Let F' and G belong to Sh*(X), then

(1) if SS=(F) N (SS(G)*)>® = 0, then SS(F @ G) C SS(F) + SS(G).
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(2) if SS*°(F)N SS>(G) =0, then SS(hom(F,G)) C SS(G) — SS(F).
where (—)* is the fiberwise anti-podal map in T*X and £ is the fiberwise sum/substraction

m T*X.

For a version without assuming SS*(F)NSS>(G) = 0, see Corollary 6.4.5 and 6.2.4

in loc.cit.

3.4. Kernel and Functors

Let X;, i = 1,2, be spaces, and K € Sh(X; x X;). We define the following pair of

adjoint functors

(3.4.1) K, : Sh(X,) ¢ Sh(X5) : K
(3.4.2) K :Fe (mW(KorF), K:G~ (m).(hom(K,mq))
Indeed

hom(K\F,G) = hom((m)(K @ ©'F),G) = hom((K @ 7} F), (13)'G)

= hom(mtF, hom(K, (m3)'G)) = hom(F, (1) hom(K, (13)'G)) = hom(F, K'G)
Similarly, we may define

(3.4.3) K*: Sh(Xy) ¢ Sh(X)) : K.

(3.4.4) K*:Gw— (mW(K®mG),  K.:F (m).(hom(K, 7, F))
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If we define transposition K* € Sh(X; x X5) be the pullback of K under the transpo-

sition £ : X7 x X5 — X5 x X4, then
(3.4.5) (KY, = K',(KY)* = K,

Proposition 3.4.1. Let f : X; = X5 be a continuous map, and let C(f) = Cry) €

Sh(Xsy x Xi) be the constant sheaf on the graph U'(f) of f. Then, C(f)* = f*,C(f). =
f*?C(f>‘ = f!a(c(f>! - f!-

The Verdier duality also works as expected from the notation,
(3.4.6) DK, DF = D(m2),(hom(K, m\DF)) = (7)) D(hom(K, DrtF)) = (m))(K @ 7} F)
where we have used ([I<S], Proposition 3.4.6)
(3.4.7) hom(G, F) = hom(DF,DG) = D(D(F) ® G)

The functors can be composed as well. Let Ky € Sh(Xox X;) and K3 € Sh(X35x Xs).
Let m;; + X3 x X9 x X7 — X; x X; be the projection map. Then the composition is defined

as
(348) Kgg @) KQI = (7T31)1(7T§2K32 X W;lKgl)
The composition has the property

(3'4-9) (K32 o K21)! = K32,! o K21,!, (K32 o KQI)* = (K32)* o (K21)*
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3.5. Non-characteristic Deformation Lemma

Just as in Morse theory, where a level sets f~1(t) of a Morse function f on M has
constant diffeomorphism type when t varies in the connected components of the comple-
ment of the critical values of f, the non-characteristic deformation results for constructible
sheaves are about the invariance of the hom-complexes hom(F;, G) for families of sheaves
{F;} and {G;}, when SS*®(F) and SS*(G) are disjoint.

We first state the version regarding sections of a sheaf over an increasing sequence of

open sets.

Proposition 3.5.1 (Proposition 2.7.2 in [IKXS] ). Let X be a real analytic manifold,
F' a bounded complex of constructible sheaves in Sh(X), and let {Ui}er be a family of
open subsets of X. We assume the following conditions:
(1) Uy = U,., Us for allt € R.
(2) For all pairs (s,t) with s <t, the set U\U, N Supp(F) is compact.
(3) Setting Zs = NessU\U ', we have for all pairs (s,t) with s <t and all x € Z\Uy,
that

ho—m(jX\Ut*CX\Uw F)|I = O

Then we have for all t € R, the quasi-isomorphism

L(UF) 5 T(Us;F), whereU = | JU..

seR

Remark 3.5.2. The section functor can be viewed as I'(Uy, F)) = hom(ju,Cy,, F).

Hence this is a special case for hom(Gy, F;). The advantage for this version is that the

ISee errata at https://webusers.imj-prg.fr/~pierre.schapira/books/Errata.pdf for the need of
closure.


https://webusers.imj-prg.fr/~pierre.schapira/books/Errata.pdf
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results holds for the section over union of the open sets {Us}, instead of just between

pairs of open sets Uy, U, for some finite ¢, s.

Proposition 3.5.3 (Corollary 2.10, [?]). Let I be an open interval of R, let q : M xI —
I be the projection, and let s be the embedding M x {s} < M x I. Let F' € Sh(M x I),
such that SS®(F) N (Ty,M x T*I)* = 0 and q is proper on Supp(F'). Set Fy = *F.

Then we have isomorphisms

(M, F,) 2T(M,F,) forall s,tel.

Since the hom-complex can be obtained by taking the global section of hom-sheaf, we

have a non-characteristic deformation result for hom(Fi, G;). First we state a lemma:

Lemma 3.5.4 (Petrowsky theorem for sheaves, Corollary 4.6 [?]). Let F', G be bounded

constructibles sheaves in Sh(X). If SS*®(F)NSS>®(G) =0, then the natural morphism

hom(F,Cx) ® G — hom(F,G)

18 an isomorphism.

3.6. Quantization of Contactomorphism

For any contactomorphism ¢ : S*M — S*M, Hamiltonian isotopic to identity, GKS

constructed a kernel K, € Sh(M x M), such that the functor K, satisfies

(3.6.1) SS®(KyF) = @(SS*(F))
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One may achieve the same effect of moving the singular support, using the ‘lower-

star’ push-forard. Let a : S*M — S*M be the anti-podal map (¢,p) — (q,—p), and

©*:=aopoa, then
Lemma 3.6.1.
(3.6.2) SS%((Kpe)oF) = 9(S5(F))
Hence
(3.6.3) (Kpe)s = Ko,

Proof. Using Verdial duality D, we have

(364) K, =DK,D, SS®(K,F)=S5%DK,DF)=aogoa(S5(F))

Replacing ¢ by ¢® finishes the proof of the first line. The equality of the two functors
can be seen when ¢ = g is the identity map and the equality persist as ¢; interpolates

between the identity map and the contactomorphism . 0

There are several ways to express the inverse of (K,):.

(1) By the commutativity of quantization and composition, we have

(3.6.5) (Kp-1)ro (K = (K¢*1O<p)! = (Kia)r = id

and

(366) (K(Lpa)fl)* o (Kwa)* =1d
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(2) By the property of adjoint functor, we have
(3.6.7) id = (Kp) (K, (K h(K,) = id

(3) By the general construction of the inverse kernel (| |, Proposition 1.14), for any

K € Sh(Xs x X1), we may define

(3.6.8) K~ = [hom(K,mCx, )]’
then we have a canonical map

(3.6.9) K'oK — Cay,

Under suitable condition (see loc.cit), the above map is an isomorphism.

Hence, we have three candidate inverse functors to (K,)i,
(3'6'10) (Kapfl)! = (K(Lpa)*l)ﬂm (KQO)! = (tho)*ﬂ (K_1>!
In the case where ¢ is the geodesic flow on R” for time ¢, we have

Clop—a1j<ty[n] t>0
(3.6.11) K,

Cllag—an<py <0

Here ¢ = ¢!, and K, = K;, we do have

(3.6.12) K;' =Ky, Kl =K,=Kgo

®
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CHAPTER 4

Lagrangian Skeleton of Hypersurface in (C*)"

A skeleton L of a smooth non-compact manifold M is a minimal deformation retracts
of M. If M is an exact symplectic manifold, w = da, then there is canonically-defined
retracting flow £ (tew = —a) on M that preserves the symplectic structure (upto rescal-
ing), and the retraction core is a singular Lagrangian submanifold, called the Lagrangian

skeleton. (The precise definition will be given later.)

="

1 2

L) Q=

Figure 4.1. Deformation retraction of a pair-of-pants.

Just as a skeleton knows the homotopy type of the ambient manifold, a Lagrangian
skeleton (or rather, its tubular neighborhood) remembers the symplectic topology of the
ambient exact symplectic manifold. In particular, under the retracting flow, compact
Lagrangians in M will flow into the tubular neighborhood of the Lagrangian skeleton L,

and Floer theoretic computation might be turned into local computation on the skeleton.
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If M is an exact Kahler manifold, that is w = dd°p globally for some pluri-subharmonic
function ¢ : M — R, then (M, w, «) is also an exact symplectic manifold, with a = d°p,
and the retracting flow is the (negative) gradient flow for ¢. Hence, if we equip (C*)"

™ s an exact

with a Kéhler structure (w, ), then any complex hypersurface ¥ in (C*)
symplectic manifold coming from the induced exact Kéhler structure (w|y, ¢ly).
Skeletons of affine hypersurfaces in (C*)™ have previously been studied by | ],
where a skeleton is constructed combinatorially using the Newton polytope of the defining
Laurent polynomial of the hypersurface. Here we show that the skeleton can be improved
to be a Lagrangian skeleton. One technique is Abouzaid’s semi-tropicalization, which sim-
plifies the defining local defining equation of a hypersurface by omitting non-dominating
terms. Another technique is the construction of an adapted Kéhler potential ¢ on (C*)"

for the Newton polytope, so that the induced skeleton on the hypersurface is like that

constructed by | .

/s

Figure 4.2. Deformation retraction of an three-times punctured torus.

We will first give the necessary background on Weinstein manifold following [CE].
Then we review the construction of the RSTZ-skeleton. Then we introducing the adapted
Kahler potential for the Newton polytope, and Abouzaid’s tropical localization method.

Finally, we prove the Lagrangian skeleton agrees with the RSTZ-skeleton.
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4.1. Review of Weinstein Manifold and Skeleton

Here we recall the relevant definitions and properties from [CE], Chapter 11. An ezact
symplectic structure on a symplectic manifold (M, w) is a one-form A, called Liouwville form
such that w = dA. The vector field X that is w-dual to A, i.e., tx = dX, is called the

Liouwille vector field for . X is an outgoing vector field, in that

(4.1.1) Lxw = (ixd+dix)w=d\=w.

Also note that

(412) LX)\ = lxlxwWw = 0, EX)\ = Lxd)\ =\

A map ¢ : (My,wy, A1) = (M, wa, \y) between exact symplectic manifolds is called ezact

symplectic if [* Xy — \] = 0 € H' (M, R).

Definition 4.1.1. A Liouville manifold is an exact symplectic manifold (M, w, A, X),

or denoted as (M,w, \) or (M,w, X), such that

(1) the expanding vector field X is complete, and
(2) the manifold is conver in the sense that there exists an exhaustion M = U M*
by compact domains M* C M with smooth boundaries along with X is outward

pointing.

We denote the time-t flow generated by X as ®% : M — M, for all t € X. Since
Lxw =w, (P4 )*w = e'w, in other words, the w-area of a surface increases as the surface

flows with X.
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Note that the sets M* are invariant under the contracting flow ®/, ¢ > 0. The sets
(4.1.3) Skel(M,w, X) U ey (M)
k=1t>0

is independent of the choice of the exhausting sequence of compact sets M* and is called

the skeleton of the Liouville manifold (M,w, \).

Definition 4.1.2. A Weinstein manifold (M,w, X, ¢) is a Liouville manifold (M, w, X)
with a complete Liouville vector field X which is gradient-like for an exhausting Morse

function ¢ : M — R.

We recall that a function ¢ : M — R is exhausting if ¢ is proper and bounded from

below, and a vector field X is gradient-like for ¢ if it satisfies
(4.1.4) (X, dp) > 3(1X[ + |delg)

for some 0 > 0 and some Riemannian metric g on M.

Remark 4.1.3. For our application, it is necessary and convenient to allow for Morse-
Bott exhausting function ¢. We expect most results about Weinstein manifold would carry

over with little modification to the Morse-Bott setup.

Definition 4.1.4. A Stein manifold is a properly embedded complex submanifold of
CV for some N. Equivalently, a complex manifold (M, J) is Stein if and only if it admits

an exhausting pluri-subharmonic (psh) function.

Remark 4.1.5. Let (M, J) be a Stein manifold, with ¢ an exhausting psh function,

then w, = 2i00p = —dd°yp is an exact symplectic two-form, with a Liouville one-form
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A, = —d°p, where d°¢ = dp o J. The data (M, w,, \,, @) gives M a Weinstein structure.

The Liouville vector field X, = V¢, since for any vector field Y’
(WL5) WX Y) = AY) = —dpl(Y) = dip(—JY) = g(Vip,—JY) = w(Vip, )
where we used the relation ¢(X,Y) = w(X, JY) among (J,w, g) for Kéhler manifold.

We recall the following results of Lagrangian skeleton.

Proposition 4.1.6 ([CE], Lemma 11.1). The interior of a skeleton Skel(M,w, X) is

empty.
Proof. For each compact set M*, we have
(4.1.6) Vol(® 3 (M*)) = e Vol M*F 222 0,

hence Vol(N=o® ' (M*)) =0 for all k € N. O

We say that a Liouville manifold is of finite type if its skeleton is compact. In this
case, let W C M be a compact domain containing the skeleton with smooth boundary
I1 = OW along which X is outward pointing (e.g. W = MP* for large k). Then the forward
flow of X starting from IT defines a diffeomorphism M\ Int W = II x [0, 00). Under this
identification, the Liouville form A corresponds to e'a for ¢ > 0 and o = M. The form
« is a contact one-form on II, and M\ Int W is identified with the positive half of the

symplectization of (II, o), and

(4.1.7) M\ Skel(M) = | ] @' (11).

teR



52

The following lemma shows that for finite type Liouville manifolds, symplectomor-

phism can be made into exact symplectomorphism.

Lemma 4.1.7 ([CE], Lemma 11.2). Any symplectomorphism f : (My,wi, \;) —
(Ms,wada) between finite type Liouwville manifolds is diffeotopic to an exact symplecto-

morphism.

Lemma 4.1.8 ([CE], Lemma 11.4). Let Iy, 11y be hypersurfaces in a Liouville man-
ifold (M,w, X) such that flowlines of X defines a diffeomorphism I : 11y — Il,. Then T’

18 a contactomorphism.

Proof. Use the Liouville flow to embed the symplectization R x II; < M, such that
IT corresponds to {0} x II;, A = ¢"a and X = 0,, where a = A|r,. Then II, is given as

the graph r = f(z) for some function f: II; — R, and I™*(A|p, = ¢/ av. O

Next, we study the local properties of stable and unstable manifolds of flow X. We
recall the notation first ([CE], Section 9.2) for a general smooth vector field X. Let p
be a zero of X, the differential D, X : T,M — T,M induces a splitting into invariant

subspaces
0 —
(4.1.8) WM =ES ©F &E,

where E;“ (resp. ES, E; ) are spanned by generalized eigenvectors of D, X with positive

(negative, zero) real part of eigenvalues. Locally near a fix point p of X, there exists local
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stable manifold 1/~ and local unstable manifold W, that is invariant under the flow X,
and I/Vpi tangent to E;)t. W;[ are unique and smooth. '

A zero p of a vector field p is non-degenerate, if all its eigenvalue are non-zero. It is
called hyperbolic, if all the real parts of eigenvalue are non-zero. If p is hyperbolic, one
can define global stable and unstable manifolds as

(4.1.9) W ={zeM]| lim ®%(z)=p}.

s—Foo

They are injectively immerse (but not necessarily embedded) in V.

Proposition 4.1.9 ([CE], Proposition 11.9). Let (M,w, X) be an ezact symplectic
manifold, and p be a (possibly degenerate) zero of X. Then:
(a) the local stable manifold W is isotropic;

(b) the local unstable manifold W is coisotropic.
If M is a Weinstein manifold (see Definition 4.1.2), then we can say more.

Proposition 4.1.10 ([CE], Lemma 11.13). Let (M,w, X, ¢) be a Weinstein manifold.
(a) The stable manifold W, of any critical point p of ¢ (with respect to X) satisfies
Alw; = 0. In particular, W is isotropic and the intersection W, N o~ (c) with any
reqular level set is isotropic for the contact structure induced by X on ¢~ (c).

(b) Suppose ¢ has no critical value in [a,b], then the image of any isotropic submanfiold
A C o7 (a) under the flow of X intersects = 1(b) in an isotropic submanifold.

1One can also construct W) as C" manifold for arbitrarily large 7, such that W, is tangent to E), however
Wg in general is not unique and need not be smooth.
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In particular, every zero p in a Weinstein manifold is hyperbolic. Thus, the skeleton

of (M,w, X) is the union of all stable manifolds, which is isotropic.

Proposition 4.1.11. If (M,w, X, ) is a Weinstein manifold with ¢ a Morse-Bott
function, and P is a connected component of a critical manifold of p, then
(a) the local stable manifold W5 is isotropic;
(b) the local unstable manifold W7 is coisotropic;

(c) the skeleton Skel(M,w, X) is a union of stable manifolds for the vector field X .

Proof. The proof is exactly the same as for the Morse case. 0

4.2. Review of RSTZ-skeleton

Here we do not present the most general case where the RSTZ construction applies.
We follow the presentation of the introduction in | .

Let Z be an affine hypersurface in (C*)", with defining equation f = 0 and

(4.2.1) f= Z a2, Ca#0
acACZ™
where @ = (g, ,q,) and 2% = 2z ---z%. The convex hull @ of A is called the

Newton polytope of f. By multiplying f by a monomial, we may assume without loss of
generality, that () is a polytope containing 0. For generic choices of coefficients ¢, the
topological type of the hypersurface depends only on this polytope. However, just like
the Morse-Smale CW-decomposition of a Riemannian manifold depends on a choice of a

Morse function, the skeleton depends on a choice of a triangulation of the polytope Q.
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First, we recall some notion of triangulations from | |. A triangulation of a con-
vex polytope () is a decomposition of () into a finite number of simplices such that the
intersection of any two of these simplices is a common face of them both (maybe empty).
If @ = conv(A) for a finite subset A, then a triangulation of (), A) means a triangulation
of @) with vertices in A. Note that we do not require every element of A to appear as a
vertex of a simplex. A star triangulation for () with base at ¢ € @, is a triangulation of
() where every maximal simplex contains q.

A continuous function g : @ — R is convex, if for any x,y € Q, g(tz + (1 —t)y) <
tg(z)+ (1 —1)g(y); g is T-piecewise-linear, if it is affine linear on every simplex of 7. The
domain of linearity of a convex function g : ) — R is a subset U C @, such that g|y is

affine-linear and which is maximal with this property.

Definition 4.2.1. A triangulation 7" of @ is regular (or coherent), if there exists a
convex T-piecewise-linear function whose domains of linearity are precisely (maximal)

simplices of T'.
Next we give the definition of RSTZ-skeleton.

Definition 4.2.2 (] |, Definition 1.1). Let @ C R™ be a lattice polytope with
0 € Q. Let T" be a regular star triangulation of @) based at 0, whose vertices are lattice
points, and define T' to be the set of simplices of 7" not meeting 0. Let |T'| denote the
union of the simplices in 7', and for each = € |T'|, let 7(x) denote the smallest simplex in

T containing x.

We define the candidate skeleton Sgr C |T| x Homgz(Z™, S*) by

(4.2.2) Sor :={(z,9) | ¢(v) =1, if v is a vertex of 7(x)}.
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Theorem 6 (| |, Main Theorem). Let @@ and T be as in Definition 4.2.2. Let
Zg be a generic smooth hypersurface whose Newton polytope is Q). Then Sgr embeds into

Zg as a deformation retract.

We give some examples for illustration.

Example 4.2.3. Let f = x + y + 1/xy. The Newton polytope @ and its star trian-

gulations are shown below.

(4.2.3)

Figure 4.3. f = x+y+1/xy. The Newton polytope @Q; the star triangulation
and the RSTZ skeleton.

Since ) contains 0 as an interior point, we have |T'| = 0@ in Definition 4.2.2. We
work out the detail of Sg r for illustration. Fix a the standard basis e, e, for Z?, then a

homomorphism ¢ : Z? — S is determined by the images of e, and e,, denote them by
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e'?= e'?v respectively. Then we have the following components in Sg 7

(

x = (1,0) ¢, =0
x=(0,1) ¢y =0
= (~1,-1) but By =0

(4.2.4) )
x € conv{(1,0),(0,1)} Gr =y =0

S COHV{(LO), (_17 _1)} ¢5L“ = ¢y =0

z € conv{(0,1),(-1,-1)} ¢, =¢, =0

The first three lines define three circles, over the vertices of (); the last three lines defines
three segments, over the edges over (). The fiber of f is a three-times punctured torus,

hence the degeneration is the same as Figure 4.2. A

Remark 4.2.4. Here is an heuristic way to understand why the skeleton for smooth
fiber of f = x4+ y + 1/xy is as above. Consider a very large positive real number R,
and the fiber f~'(R). The three circles in Figure 4.3 correspond to one-term-domination,
i.e. places where one term in f is much larger than the other two terms, and the circle
represent the irrelevant term’s choice of the argument. The three edges corresponds to
two-term-domination, e.g. the edge between (0,1) and (1,0) corresponds to x > 0,y > 0
and x +y ~ R and |z|, |y| > |1/zy|, and since dominant terms needs to be real, there is
no freedom in the choice of the argument. We will see in the next section how to make

this rigorous.
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4.3. Convex function and Legendre transformation.

In this section we use Legendre transform to define a diffeomorphism between (C*)" 2
T*T™. We will also prove a few properties about homogeneous convex functions that will

be used later. We will use the same notation about M, Mg, N,--- as in the introduction.

4.3.1. Legendre transformation

Let V be a real vector space of dimension n, and VY be its dual space. There is a natural

identification of symplectic space
TV 2V x VY 2TV,

Let my and v denote the projection of V' x V'V to its first and second factor, respectively.
Let ¢ be a smooth strictly convex function on V. The Legendre transformation for ¢

is defined as

P,V VY zedo(z).
We will always assume ¢ satisfies some growth condition such that the Le-
gendre transformation is surjective. The Legendre dual ¥ of ¢ is also a convex
function defined as

vV SR, oy 228<x’y> —o(z) = (2, (1), y) — (@, (y))-
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If we fix a linear coordinate p = (py,- - , pn) on V and dual coordinate p = (p1,- -+ ,pn)

on V'V, then the Legendre transformation can be written as

pi = 0p,0(p)-

If p = dep(p), then Legendre dual function

Y(p) = sz‘pz’ —¢(p).

And the two matrices Hess ¢(p) = 0;;0(p) and Hessy(p) = 0,;9(p) are inverse of each

other. There is a metric on V induced by ¢:

G = 0i50(p)dp; @ dp;.

The above contruction can be interpreted symplectically. Consider the graph La-
grangian ['g, in TV

Lap ={(z,y) €V x V" |y = dp(x)}.
Let L = I'y,. Then the Legendre transform is @, = myv|z o 7Tv|zl

L

V vV

L as a section in T*V" is the graph of I'y, for the Legendre dual function v of ¢.

We record the following result for future reference

Proposition 4.3.1. Let o be any smooth convex function on V', inducing a Legendre

transform @, : V. — V'V and a metric g, on V. Let f : V — R be any smooth function.
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Let pe V, p=2,(p) € VY, then

(D,)«(V flp) = df (p),
under the identification of € T,V = VY =T, VV.

Proof. We work with linear coordinates (pq,---,p,) on V and dual coordinate (p;,

-, pn) on VY. Let gij = (94)i; = Oij and ¢g* be the matrix inverse of g;;.

(2,).Vf(p) = Z O f - 9" M - Op,

a .
ik Pi

= Y 0uf 9" g0,

.5,k

= > Opf 640y =df.
ik

4.3.2. Identification between M¢- and T%71),.

There is a canonical complex structure on Mc« = Mg x T);, and a canonical symplectic
structure on 7Ty, = Ng xTy;. We will use notation 8 € Ty, p € Mg and p € Ng. If we fix
a Z-basis for M, then we have Mc. = (C*)* = {(e+%);} and T*Tyy = T*T" = {(6;, ps)i}-

Let ¢ : Mg — R be a smooth strictly convex function such that the Legendre trans-
formation ®, : Mr — N is surjective. We abuse notation and also denote by ¢ the
pullback via Mg+ — Mg, and call ¢ a Kahler potential on Mc¢«. Then we may define

Liouville one-form and symplectic two-form on M-

A= —d%, w=—ddp.
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In coordinate form, we have
i i

The Riemannian metric can also be obtained by ¢,(X,Y) = w,(X, JY), where J0,, =

0y,, JOp, = —0,,, or in coordinate form
g= Z 9i5(p)(dp; ® dp; + db; @ db;).
.3
If we equip T*T); with the standard exact symplectic structure (w, \):
Astd = Zpid@‘, Wstd = Z dp; A db;,

then by Legendre transformation ®, x id : Mc- = Mg x Thyy — Ng X Ty = T*Thy, we
have

(@0 X id)*<)\std) = )\507 (q)sa X id)*<wstd) = We.

4.3.3. Homogeneous Kahler potential

Next we will restrict ourselves to homogenous convex functions as Kahler potential.

Definition 4.3.2. A convex function ¢ on My is said to be homogeneous of degree d

for some d > 1, if for any 0 # z € Mg and any A > 0, we have

(4.3.1) p(Az) = Mp(2),

and Q = {z : p(x) < 1} is a bounded strictly convex closed set with smooth boundary.
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Remark 4.3.3. Any positive definite quadratic form on My is a homogeneous degree
two convex function. More generally, any bounded strictly convex subset 2 C Mg with
smooth boundary and containing 0 as an interior point determines a homogeneous degree

d convex function ¢gq 4 such that Q = {z : p(z) < 1}.

Proposition 4.3.4. For any homogeneous convex function ¢ of degree d with d > 1,
we have
(1) ¢ is smooth on Mg\{0}.
(2) ¢ is C* at 0 where k is the largest integer less than d.

(8) If d > 1, then ¢ is strictly convex.

Proof. (1) and (3) are easy to verify. We only prove (2). Fix a linear coordinate
x1,- -+, &, on Mg. For multi-index o = (ay, -+ , ), any point 0 # x € Mg and A > 0, we
have 9%p(Ar) = A71%19% (). Hence if in addition |a| < k < d, then limy o 0%p(A\z) = 0.

Hence all k-th derivative can be continuated to z = 0. O

Proposition 4.3.5. If ¢ is a homogeneous degree two convex function, the Legendre

transformation ®, is homogeneous of degree 1, i.e.

Dy, (Ap) = Ay (p).
Proof. This follows from definition. [l

Definition 4.3.6. Let Mg° := (Mg\0)/R~( and Ng° := (Ng\0)/R~¢. Then we define

the projective Legendre transformation

O Mg — N
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It is easy to check that ®Z° is an orientation perserving diffeomorphism from Sl
to itself. Intuitively, if we take the level set S = p~!(1), then each element in Mg®
corresponds to a point on S, and the outward conormal of S at the point is the element

in Ng® obtained by ®7°.

Proposition 4.3.7. Let ¢ be any homogeneous convex function on Mg of degree
k> 1, and equip Mg with metric g, induced from Hessian of ¢. Then the integral curves

in Mg\{0} of the gradient of ¢ are rays.

Proof. For any nonzero p € Mg, we have ®,(p) = dp(p), also by Proposition 4.3.1
we have (®,).(Vp) = dp(p), hence the gradient field of ¢ on Mr when pushed-forward
to Ng is exactly the radial vector field pd, whose integral curves are rays. Since ¢ is
homogeneous, hence ®,, takes ray to ray, hence the integral curve of Vy is the pull-back

of integral curve of pd,, i.e. rays. O

4.3.4. Kahler potentials Adapted to a Polytope

Let P be a convex polytope in Mg containing 0 as an interior point. We define a notion

of convexity with respect to P.

Definition 4.3.8. A homogeneous convex function ¢ on My is convexr with respect to
P, if for each face F' of P of positive dimension, the restriction |z has a unique minimum
point in the interior of F'. A Kdhler potential adapted to P is a homogeneous degree two

convex function ¢ : Mg — R that is convex with respect to P.
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Remark 4.3.9. A homogeneous convex function ¢ on My is convex with respect to
P, if the increasing sequence of level sets {¢(p) < ¢} meet the faces of P in the interior

first.

Proposition 4.3.10. For any convex polytope P in Mg containing 0 as an interior

point, there exists a non-empty contractible set of Kahler potential adapted to P.

Proof. First, we show the existence of such potential . We will build the level set
S = {p = 1}, and show that as we rescale S to AS, for A from 0 to oo, S will meet the
interior of each face F' first. We will proceed by first build a polyhedral approximation of
S, then smooth it.

For each face F' of P, we pick a point xp in the interior of F if dim F' > 0, or zp = F
if F'is a point. Let T be the simplicial triangulation of P with vertices of F', then T is
also a barycentric subdivision of P. Let ¢ : P — R a piecewise linear convex function
on P, with maximal convex domain the top-dimensional simplices of T', and such that for
any 0 < d < n—1, and any face zr of dimension d, ¢r(zr) = ¢4 are the same for all such
F. Such ¢r can be constructed inductively from zp with dim F' from 0 to n — 1. Let ¢
be extended to Mg by linearity. Thus ¢ has a unique minium point in each face F'.

Let n € C2°(R™) be a bump function with [ = 1, and let n(z) = n(x/e)/€e". Let
Or.c = Ne*¢r, then ¢r . is a linear combination of convex function hence still convex. Since
¢re — ¢ as € — 0. For € small enough, ¢7 . still a unique minimum point in each face
F. And Sr. = {¢r. = 1} is a convex smooth boundary, such that Sy, — Sr = {¢r = 1}
as € — 0. Then, for small enough €, we can use Sr. as the contour of the homogeneous

degree two convex function {p(z) = 1}.
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(2) Let K be the set of homogeneous degree two potential adapted to P. Then there
is surjective continuous map 7 : K — [] Fdim F>0 Int(F’), by sending ¢ to its critical points
on each face. Since if two convex functions ¢1, o have the same critical points, then their
convex linear combination tp; + (1 — t)p, for t € [0, 1] are still homogeneous degree two
and with the same critical points, we see the fiber of map 7 is convex hence contractible.
Since the base of the fibration Cr is contractible as well, we have K contractible.

O

Let P be a convex polytope in Mg containing 0 as an interior point. Recall the

definition of the dual polytope PY C Ng
(4.3.2) PV ={pe Ng|{(p,z) <1Vxe P}

For any face F' C P, there is dual face F¥ C PV, and dimg F' + dimg F¥ = n — 1. We

define three subsets of Myr x Ng
(4.3.3) Lp:UCone(F) x FY, Lpv :UFxcone(FV), AP:UFXFV,
F F F

where F' runs over the faces of P, and cone(F) =Ry - F.

Remark 4.3.11. Lp and Lpv are piecewise Lagrangians, and Ap = Lp N Lpv is
piecewise isotropic. Lp is the exterior conormal of PY in T*Ng, and LY, is the exterior
conormal of P in T*Mpg. If we let ¢p; be the piecewise linear function on Mg, such that

P ={z:ppi(x) <1}, then Lp morally is gy, -

Lemma 4.3.12. Let ¢ be a homogeneous degree two convex function on My. P, PV

be dual convex polytopes in Mg and Nr as above. Let F' be a face of P. Then there is a
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natural bijection
(4.3.4) cone(F) x FY N Ty, ¢+ F x cone(FY) N Ty,

Proof. If (Az,p) € cone(F) x F¥Y NTy,, where A > 0 and z € F,p € FY, then by

conic invariance of I'g,, we have

1
(4.3.5) (z,p/N) = X()\a:,p) € F x cone(FY) N Ty,
Sending (Az,p) to (x,p/A) is the desired bijection. O

Next, we give some equivalent characterization for convexity with respect to a poly-

tope.

Proposition 4.3.13. Let P be a convexr polytope in Mg containing 0 as an interior
point. Let ¢ be a homogeneous degree two convex function on Mg. The following condi-
tions are equivalent:

(1) ¢ is adapted to P.
(2) For each face F of P, the smooth component Int(F x cone(F"Y)) of LY, has a unique
intersection with I q,.
(8) For each face F of P, the smooth component Int(cone(F) x FV) of Lp has a unique

intersection with I q,.

Proof. (2) is equivalent to (3) by Lemma 4.3.12.
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(2) = (1): since ¢|p is still convex, hence as at most one minimum point in the

interior, and any interior critical point is a minimum. Since

(4.3.6) 0 # F x cone(FY)NTy, C TpMgN Ty,

we see p|p has a critical point.

(1) = (2): for each face F of P, let zr be the critical point of |r, and let Hr C Mg
be the affine hyperplane tangent to the contour of ¢ at zp. We claim that Hp is a
supporting hyperplane for P, and PN Hp = F. Then p = dy|,, € T, Mg = Ng is in
the exterior conormal of Hp (exterior with respect to P), hence p € cone(F"). Thus,

(x,p) € F x cone(F"). O

A consequence of the proposition is the compatibility of the ‘adaptedness’ with Le-

gendre transformation.

Corollary 4.3.14. Let P be a convex polytope in Mg containing 0 as an interior point
and PV the dual polytope. Let ¢ be homogeneous degree two convex function, and 1 the

Legendrian dual of . Then ¢ is adapted to P if and only if ¢ is adapted to P".

4.4. Deformation of Tropical Hypersurface and Amoeba

In this section, we modify the tropical polynomial of Mikhalkin and Abouzaid, to turn
off the terms in f when they become sufficiently small compared with 1.
Recall that Q,7,0,h, P, f from the introduction, that is @) is the Newton polytope

containing 0 in its interior, (7, h) is a coherent star triangulation of ) with vertices on
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0@ denoted 0A, and P is defined by
P={pe Mg:{(p,a)—h(a) <0,Va € A}.

For simplicity of presentation, we set © : A — R to be identically zero. The polynomial
is

fﬂ(Z) — Z e—ﬂh(a)za = Z €i<07a>€<p,a>_ﬁh(a)

a€dA ac0A

for large real number f.
To define the tropicalize hypersurface, we fix a smooth convex function efj such that
e’ x€l0,+00)
0 z€(—o0,—2

and ef = e 77 in a small neighborhood (-2, —2 + €) for some €. And for any positive

number b, we define

T - X €T d x
(4.4.1) ef i=e el By = o

We also define the linear interpotation between e and e” as
T . x T r __ T
chs = (1 —s)e” +sep, e =ep,

Proposition 4.4.1. e} is a smooth convex function of x, and

e’ x€[-b,+00)
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Moreover, for each positive integer k, there exists a constant Cy independent of b, such
that

lef — e llorm) < Cre™
Proof. The smooth function efj — e vanishes for x > 0 and has exponential decay for
r < 0, hence has finite C* norm for all k. Let Cj, = ||ef — e®||cx. Then

6§ = ellor = eles™ — e lon = e¥§ — e*llen = Cre™.

Our family of tropical localized hypersurface is defined by, in log coordinates

{0, ,o)—Bh(a _
fﬁ,s(pa 9) = Z e >e$§’i o )7 Hﬁ,s = fﬂ,;(l)'

a€dA

In short, we turn off a summand z%e 5" if its modulus is less than e~ V7.

Remark 4.4.2. Our approach differs from that of Abouzaid’s in that we only modify

the defining equation {fz(z) = 1} when the term 1 dominate.

Proposition 4.4.3. There exists [y, such that for all § > By and s € [0,1], Hps is a

symplectic hypersurface.

Proof. We compute the norm of f and df. First, we note that g;;(p) = ,,0,,p(p)

is homogeneous degree 0, hence |dp;| and |df;| are uniformly bounded.
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Let By = dmebs, then

20f 5, = Z(a — i09,) f3,s(p, 0)d(p; + i6;)

=D, Z +E§pfa> N0 0y + i)
i a€dA

= Y S el ) 4 O(emVE)) O (s + i)
i a€dA

and similarly

20f/3s = Z(apz-iriae)fﬂs(ﬂ 0)d(p; — i6;)

_ Z Z 5’1(0‘ + EfpfOO Bh(a ))€i<97a>aid<pi o Zel)
i a€DA

= 3 SOV ad(ps — i8) = O ).
i a€dA

where we use the uniform bound that
Hebl — el = Hebl — "o + HEbl —e"leo < Cie™®

to replace both elPr=Bh(e) ang E0e=ohe) by e»®) at a cost of O(e~VP) error. U

x/B f

Definition 4.4.4. We define the compact component of the complement of the amoeba
as

Pg,s = {,0 € Mg : Fﬁ,s < 1}

where the defining function F) 3,5 18

- B({p,a)—h(a
Fau(p) = fﬂs )=h(a))
a€dA
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We also define Fi,(p) = Fs..(p/5).

Lemma 4.4.5. For any (,s, 0P is a convex hypersurface, i.e. smooth boundary of

a convex set.

Proof. This follows directly by the fact that ey, is a convex function in z for all b, s,

hence Fj4(p) is a convex function in p. O

Fix any linear inner product on Mg and call the induce metric go. Since gy and g,
induced by ¢p are comparable in the sense that there exists ¢ > 0, such that ¢ lgy <

Je < cgo, we will use go in the definition of distance function disty, and distgaz,.

Lemma 4.4.6. The Gromov-Hausdorff (GH) distance between 0P 5 and OP is bounded
from above by O(1/+/B). Even better, the Legendrian lift of Pss and OP as co-oriented
hypersurface into S* Mg have GH distance bounded from above by O(1/+/[B).

B((p,c)—h(a))

Proof. For p € 0P3,let ay, - , oy be the set of elements in O A, such that € /3.

# 0. Since P is a vertex simplicial polytope, there are at most n non-zero terms, hence
k < n. We will find an approximation of p denoted by p, such that p is contained in a
face 7 defined by (p, ;) — h(c;) = 0. This is always possible, e.g. let p be orthogonal

projection of p to 7. Since we know

~1/VB < (p,) = h(a) <0, Vi=1,--- k

Thus the distance between p and p, in any fixed metric, can be bounded by O(1/+/5).
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To prove the second statement, we note any the exterior unit conormal p of the
hypersurface at p is spanned by positive linear combination of ay,--- , o, hence the co-

vector p is also orthogonal to the face 7, thus (p, p) is contained in the Legendrian lift of

OP. Hence distg,u ((p,p); (7,p)) = distar, (p, ) = O(1/V/B). 0

4.5. Gradient flow on Tropical Amoeba

In this section we prepare for the Liouville flow on the tropical hypersurface, by
considering the gradient flow of ¢p on the boundary 0Pz, (see Definition 4.4.4). Our
goal is to describe unstable manifolds for the downward gradient flow —Vp.

First, we show that the critical points are approximately the stratified Morse critical
points of pp on P, i.e., for each face 7 of P, the minimum p, of ¢p restricted on 7.

We fix an identification of V' = R"™ and take Euclidean metric on V' and the induced
metric on 7*V and S*V. We identify the sphere compactification boundary TV =
(T*V — V) /Ry with the unit cosphere bundle S*V. If U C V open set with smooth
boundary, then S§;V is the one-sided unit conormal bundle of OU with covectors pointing
outward. The generalization to open convex set U with piecewise smooth boundary is

also straightforward.

Proposition 4.5.1. Let V= R"™ be a real vector space of dimension n, P C V a
convex polytope containing the origin, ¢ : V. — R a potential adapted to P. Let {P;}
be a sequence of convexr bounded domains with smooth boundaries, such that the exterior
conormals Lj := Sp V' converges to L := SpV' in the cosphere bundle SV in the Gromov-

Hausdorff sense. Then there exists a number jo > 0 large enough, such that for each face
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T of P and j > jo, there is a critical point p;; € OF; of Morse index n — 1 — dim 7, and

Prj — Pr-

Proof. (1) We express the critical point condition in terms of Legendrian intersection.

Define the projection image of I'y, in T°V " as
FSloap = (Rso - chp)/R>(] C T*V.

Then I'ZZ is also the union of unit conormal for level sets of ¢:

e = U Sima V-

ceR

The Legendrian L = S3V is a piecewise smooth C! manifold, where the smooth
components L, are labelled by faces 7 of P. If p, is a critical point of ¢ on 7, then there
is a unique unit covector p, € L., such that x, = (p,,p,;) € L i ['%,, and the intersection
is transversal.

(2) Consider the unit speed geodesic flow ®% on the unit cosphere bundle S*V. Fix
any small flow time 1 > € > 0, since ®} : S*V — S*V is a diffeomorphism, ®%(L;) still

converges to ®%(L) in GH sense. For any subset A C V, define
A= {z : dist(z, A) < €}

to be the e-fattening of A. If A is a convex set, we have ®%L(S%V) = S%.V. Hence OP¢ is

a C! hypersurface, and OPf — OP¢ in GH sense as j — oo. Define

L' = ®L(L), Lj=Dp(L;).
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The geodesic flow applied to I'G can be understood as follow

PR(Tap) = U PR (Stpn<aV) = U Step<eye V-

ceR ceR

Define function ¢, such that {¢(p) < ¢} = {@(p) < ¢}, then ¢ is a levelset convex
function. By Lemma 2.7 of [CE], there exists a strictly increasing function f : R — R,

such that ¢ = f o ¢° is a convex function. Thus, we have
PR(I'g,) =g ¢ is convex .

Let 2¢ = ®%(x,), pS = w(x$) in the expanded face 7 = w(®%(L;)). Then x¢ is still the
intersection of I'\P.c and Sp V', and pf is the unique Morse critical points of ¢ restricted
on 7¢, and p¢ is in the interior of 7¢. One may easily check that the Morse index of pS is
n—1—dimr.

(3) We now prove that for large enough 7, for each 7, there is a unique critical points
p5; of ¢ on P approaching p5.

Fix a small neighborhood W, C 0P¢ near pS, and for small enough 9, let WT =
W, x (—=6,0) be the flow-out of W, under the Reeb flow for time in (-4, §), with projection
map my : WT — W,. We claim that for large enough j, dP; N WT projects bijectively
to W7, since otherwise this contradicts with P} being convex and the fiber of my being
straight-line segments Reeb trajectories. Thus, we have a sequence of smooth sections
v Wr — WT for large enough 7, such that ¢; converges to the zero section in C*.

Let f; = ol € C°(Wr,R), and a smooth function fo = 5 ¢l , where io :

W, < W, is the identity map of zero section. Since Li = Lo in CY) f; — foo in Ch
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Since f, has a non-degenerate critical point, by stability of critical points under C!-
perturbation, f; has a unique critical point of the same index as fu.

(4) Finally, we show that there are no other critical points. Let U, be the preimage
of /I/IZ under S*V — V. Let U be the union of all such U,. If § > 0 is small enough, such
that

dist(T2\U, L) > 36.

Then by GH convergence from L§ to L¢, we make take jo large enough, such that for all

j > jo and all x € L§, dist(x, L) < 0. This shows
dist(T\U, L) > dist(T\U, L) — dist(LS, L) > 26,

hence there is no intersection between L; and I'g. away from U.
(5) Since @ is a diffeomorphism, the result about L N T'g. implies the same result

about L; NI'G2, and we finish the proof of the proposition. 0

Proposition 4.5.2. There exists By large enough, such that for all B > By, the critical
points of wp on 0Psy are giwven by {p.z}r where T runs over the faces of P, such that

limg_ oo pr.g — pr-

Proof. This follows from the convergences result from Lemma 4.4.6 and Proposition

4.5.1. U

Next, we prove that the unstable manifold W for critical point pg, are cells of a
dual polyhedral decomposition of 0P. This is true not only in the combinatorial sense,

but in a more refined geometrical sense.
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Proposition 4.5.3. Let §y be large enough as in Proposition 4.5.2. Then for all
B> o, the unstable manifold Wy is a smooth manifold of dimension n—1—dim, and

contains critical point pg ., in the boundary if and only if T is in the boundary of 7'.

Proof. The statement dimension follows from the Morse index result. For any critical
point pg,, take a small enough ball B of radius € around it, then B can be stratified by
the destination of the downward gradient flow. For each facet F' adjacent to 7, there is
an open ball Ur in 0B whose points flows to critical point pg p. If a face 7" adjacent to
7 can be written as 7 = Fy; N --- N F}, for facets Fj, then points in the relative interior

of NE_,Up, will flow to ps,s. Since N¥_,Ur, contains ps,, hence there exists flowline from

PB,r to LB, L]

Now we give a more refined description of the unstable manifold. Recall from Defini-
tion 4.3.6, that we have identified rays in Mg with rays in Ng by @7 : Mg° = Ng°. We

may also make the following identification
OP 2 0P; = Mg°, OPY ~0Q = Ng°.

and define
0L 0P 5 0P, ©79:0P; 5 0Q

If 7 is a k-face of P, let 7 denote the dual (n — 1 — k)-face in P, and 7 C 0Q is
cell of the star triangulation 7. If 77 has vertices {1, -+, ax}, we define a submanifold

with boundary in 0 Pj:

U-={p€dPs: Fz,>0if and only if @ = aq,--- , a;}.
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B({p,a)—h(a))

B are summands of function 3 = Fj3;. The following lemma

where Fj,(p) =€

is easy to check.

Lemma 4.5.4. If p € U,, then dF(p) € Int cone(7").

Proposition 4.5.5. Let [y be large enough as in Proposition 4.5.2. Then for all
B > Bo, and T any face of P, the unstable manifold for ps. goes to TV under the mapping
of ®L%.

oL (Wy,) =Int 7.

Proof. Let ps. be the critical point corresponding to 7, then pg, € U, and the
unstable manifold Wﬂ_ . is contained in the union of U, for those 7’ such that DT

(1) We first prove that ®7%(ps +) is contained in the interior of the cell 7, or equiva-
lently

®,(pp.r) € Int cone(r").

Since dy is positively proportional to dFj at the critical point pg, € U:, hence by the

previous Lemma, we have

Oy (ps.r) = dip(psr) = C - dFs(pg,-) € Int cone(r).

(2) Next, we claim that for any point p on the unstable manifold Wy,

(@) (t:(=V(plary))) C cone(rV) + R - pdp.
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where ¢ : 9P < Mg is the embedding of 0Ps. For p € W, _, p C Uy for some 7/ D T,
thus

dF3(p) C cone(7V).

On the other hand
—1.(V(¢lop,)) = =V + e VEg = =00, + 1V Fp
for some ¢y, ¢y > 0. Hence
(®p)s (12 (= V(@lor,))) € R pdy + Rug - dFs(p) C cone(rV) + R - pd,.

(3) If a curve v : R — N, satisfies that lim;, - v(t) € Intcone(r), and 5(t) €
wbcone(7Y) + R - pd,, then the image of the curve is contained in Int cone(7"). Hence, we

have shown ®,(W; ) C Int cone(7"), or equivalently,
(IDQI;(W[;T) C Int7".

Since the boundary of the closure of unstable manifolds Wj  are union of other unstable

manifolds

oW = |J ws,.

T/sup T

By induction on the dimension of Wy from 0 to n — 1, we can prove that éi’lg(WB_’ L) =

Int 7V. This finishes the proof of the proposition. O
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4.6. Liouville Flow on Tropical Hypersurface

Recall our tropical polynomial is

foa(p,0) = Z eiw’o‘)*ie(o‘)e%ﬁ_ﬁh(a), (p,0) € Mg x Tpy = Mc-
a€dA

and the tropical hypersurface is
Hpa = f51(1) C Mc-,

where we modified the exponential function e” to ej, such that if x < —b, then we cut-oft
it while keeping ej convex. The exact symplectic structure on Mc- is given in subsection
432 N = —=d°¢p,w = —dd°pp. The hypersurface Hz; has induced Liouville one-form
Ay, symplectic two-form wy and the Liouville vector field X4.

Our skeleton candidate is defined as

Spne = U(ﬁ Wy ) X Trg C Mg x Tir.

T

where T g is the sub tori of T), defined by
Tro={0€Ty:(0,a) =0O(a), forall a asvertex of 75}

First, we state some basic properties of the Liouville vector field. Take any point
xr = (p,0) € Hp1, we have

Xa(z) = X)(2) + X5(2).
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where X5 () is symplectically orthogonal to THs ;. We note that Xﬂ(x) = X, (z), since

for any v € T, Hg 1,

wn(X)(@),v) = w(Xa(@) = X3 (@), v) = w(Xa (@) = X3 (2),0) = M) = Mu(v).
And X3 (z) is the horizontal lift of (fz1).(X\(z)) € Ty C.

Definition 4.6.1. The positive loci of Hg, is the subset 7, where the summand of

fs.1 are either zero or positive.
Lemma 4.6.2. If x € Hj |, then (fs1).(Xx(x)) is in the positive real direction.

Proof. We check explicitly

,a)—Bh(a (0,0) =109 (a 1(0,0) =109 (a o) —Bh(a
a€lA
h
(4.6.1) = eI /210, 0) + BN - d(p, )
a€dA

Then using X, (x) = ¢(z)pd, for some c(z) > 0, we have

(pe)—Bh(a

<dﬂil7pé%> = VB,1 <p7a>

P
€0A
) ( >-<<§,a> o)+ 3 )

a€dA
\/_ . (p.0)—h(a)
> Z E o)y (alélafAh a)) E
aEdA a€dA
> 1nf h(a) + O(B71/%)) Z e +0(e™7)
a€dA

= B(inf h(a)+O0(6717))

a€dA
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Hence for large enough /3,

(4'6'2) <dfﬁ,17pap> = <dRefﬂ717paﬂ> >Cp

where constant C' is independent of x. Hence (dfs 1, X,) is positive. OJ

Lemma 4.6.3. Let Xp,¢ be the Hamiltonian vector field of Imf, then Xy L THg .

If x € Hj,, then (fs1)«(Xims) is in the positive real direction.

Proof. Denote fz; by f for short. Take any v € T"Hg 1, we have
w(Xmmf,v) = d(Imf)(v) = Im(df (v)) = 0.

And we have

g(VRef, p0,)9(p0,, Ximy)

(463) <df7 XImf> = <dRef7 XImf> = g(VRefa XImf) Z

9(pBy: p9p) ’
If x = (p,0) € H,, then we can compute dlmf using (4.6.1),
,o)—Bh(a ,a)—Bh(a

(4.6.4) dimf =Y~ MY (g a),  dRef = > BV d(p,a),

acldA a€0A
Hence
(4.6.5) Ximg =y 2O " aig(p)a),

a€0A 12

(4.6.6) VRef = E%ﬁ?fﬁh(a) Zaigij(p)apj
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Since HEf/%al%ﬂh(a) — elpe)=Ph@)|| Lo < Cre~VP | we have || Xy — VRef|| = O(e~VP). From

(4.6.2), we have
9(VRef,87'09,) > C,  g(Xims, 87'p0,) > C + O(e™V?|57pd, ).

Since for z € Hj,, the vector ||pd,/f| is bounded above and below by a constant in-
dependent of f. Thus using (4.6.3) with estimates on g(VRef, pd,), g(p0,, Xims) and

9(p0,, p0,) , we finish the proof. O

Proposition 4.6.4. The Liouville vector field Xy, on the positive loci 7—[%1 does
not change the 6 coordinate, i.e. under the projection map mp : Mg X Ty — Ty,
(77)«(Xay () = 0 for all (p,0) € Hg,. In particular, the positive loci Hy , is preserved

under the Liouville flow (for positive and negative time).

Proof. From the following relation
Xy, = X = X, — X
An A A Ao

suffice to check that X, and Xy does not change 6 coordinates. Since X, o< pd, ev-
erywhere, hence it does not change . At a point x € ’HHB{J, X3 is proportional to
the horizontal lift of g—x € T1C by the local symplectic fibration fg i, so is Xinf, hence
X+ = ¢(x) Ximys. From the expression of Xp,; in (4.6.5), we see X,y does not change 6

as well. O

Proposition 4.6.5. For any face T of P, the submanifold Crit, = {Spp,} X Ty o is a

critical manifold of the flow X,,,.
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Proof. Here we use f = fz1, ¢ = vp, H = Hp,1 for short. It is easy to check that

Crit; is in the positive loci, and is contained in a neighborhood where the defining function

fs,1 is holomorphic. Thus, for any = € Crit,, to check X, vanishes at z, suffice to check

X, () =0 & Ay(z)=0
< ANv)=0, YveTl,H
< d°%(v) =0, YveT,H
S dp(w)=0, Yve J(T,H)=TH

& dyp € spang{dRef,dImf}.

Since z is in the positive loci, using (4.6.4) and

& 718h @ O 76}1 a
dRef = > E%MY d(p a) = d <Z e%} ( )> = dFy,.
a€dA acdA

Since dyl,,, = cdﬁg,ﬂp% for some constant ¢, and dgl|g,,, = Bdp|,, , dFs1ls.,, =

B*Idﬁ’571|pﬁﬁ, hence

dy € spang dFg C spang{dRef,dImf}.

This proves that any z € Crit, is a critical point for X, .

Proposition 4.6.6. There are no other critical point for the flow Xy, , besides {Crit, },.

Proof. Here we only sketch the proof. First, we show that there are no other critical

point outside the positive loci HF = 7-[51 by explicitly construct a tangent vector v for

each point z € H\H¥, such that d°p(v) # 0. Let 75 : Mc- — Mg be the rescaled
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projection 5 = 37! Log. Let A be the tropical amoeba, and Ag be the actual image of
ng(H). P is the compact complement of A. For each «, let I,(p) = (p,a) — h(a). For

a =0, let [p = 0. Define the piecewise linear convex function

Omax(p) = max{ly(z) : a € A}

And also define the smooth version
a(p) == B og(D | expla(p)).
acA

We then have 0 < sup, ©3(p) — Pmax(p) < Ce~ for some constants cy, ¢;. Let p = mg(x).
Define § = 8~Y/2. Let
Let xa(p) = x (M), where y(z) is a cut-off function on R that smoothly drops

from 1 to 0 smoothly as x increases from 1 to 2. And we modify the defining equation to
0= Z Xa(p) (i((0,0)=6(a)) LB((p,a)—h(a))

For any p € My define,

Ay 1= {a € A]1a(p) = Pmax(p) > —3}.

For p € Ag, A, contains at least two elements. We split the discussion into the
following two cases.

(1) If 1 ¢ Ay, then p is close to a non-compact cell I14, in the tropical amoeba A.
Let 0pI14, be the compact component of the boundary of I14,, then 9yI14, is also a face

7 of P. Let p; be the minimum of ¢ on 7, we claim that p, is the global minimum on
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II4,, since the increasing level set of ¢ meets II4, first at p,. Let py be the point on
T4, closest to p, and consider the line segment 7 from pr to p;, we then claim that ¢
restricted to v is a strictly decreasing function from pr to p,. Let vy be the unit vector in
the direction of 4. Next, we view vpy as a tangent vector at T, Mc-, we claim that vy and
Jun are already in T, H. Hence (dp(p), J(J ton)) = (dp(pn), J(J tvn)) + O(1/4/B) > 0.

2)If1e A, let A, = {l,a1,---,ax}, for some k& < n. If & < n, we may look
for vectors v € ker(ay,---, ), such that (dp(z),v) # 0. If such vector exists, then
v, Ju € T,H, hence we have shown d°p(z) # 0. If such vector does not exist, then
do(x) € spang(ag,--- ,ax), in fact dp(z) € cone(ay, -+, o). Let 0, := (0, a) — O(a), if
6., are all equal, then they have to be zero (modulo 27), since the sum of the k terms
equals to 1. If {,} are not all the same, say 0,, # 0,,. Here we assume that ., (p) all
equal to 1 in a neighborhood of p, the general case can be analyzed but is more complicted.

Then we may reduce the modulus of the two complex numbers z,,, Zq,

2 = Xalp) €0:2-0(@) Bl(pa)—h(a)

Y

while keeping their sum invariant, and all other z, fixed. This vector v satisfies {(ay,v) < 0
, (ag,v) < 0 and (o, v) =0 for i # 1,2, hence (dp,v) < 0, since dyp is a strictly positive

linear combination of «;. O

Proposition 4.6.7. For any face T of P, the unstable manifold for Crit; is Wy xTeg ;.

Proof. We note that the critical manifold Crit, is in the positive loci, where the
summands of f are positive, and the Liouville flow preserves the positivity of summand

and does not change #-coordinates.
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On the positive loci, the contracting Liouville flow
— J—w —_ lw
Xy, = —-X)+ X5 =-Vp+ (Vp)~,

where X /\L“ is the w-orthogonal projection of X, with respect to TH, and we know X /\LW
is proportional to Xpy,s. On the other hand, the downward gradient flow —V(¢|y) can
be expressed as

—V(¢ln) = =Ve + (Vo)',

where this time one take g-orthogonal projection. If f is holomorphic, then H is Kéhler
, then (V)*ts = (Vip)+~. However f is not holomorphic in the transition regions, hence
—X,, and —V(g|y) differs in the transition region, with difference bounded by O(e=V?).
Since —V (¢|x) has no critical point in the transition region, hence — X, does not either.
Since (V)1 is positively proportional to X, s, by (4.6.5), hence by a similar argument
as in Proposition 4.5.5, the unstable manifold from critical point p, along the flow —X,
after projective Legendre transformation, is the interior of the cone cone(r"). Hence, the
unstable manifold for —X,,, and for —V(p|y) are the same. This finishes the proof of

the proposition. 0
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CHAPTER 5

Variation of Constructible Sheaves: 1

Let M be a smooth manifold, A C T*M a conical Lagrangian containing the zero
section of T*M and A>® C T*°M the corresponding Legendrian. Let Sh(M,A*) =
Sh(M, A) be the differential graded category of constructible sheaves with SS*(F) C A°.
We are interested in the following question:

Given an initial Legendrian A>° C TM and a constructible sheaf F' € Sh(M,A>),
for what kinds of deformation of A>° can we find a corresponding deformation of F, such
that SS>®(F) remains in A>?

Constructible sheaves have both the simplicity of combinatorics and the flexibility
of symplectic geometry, in that the data of a sheaf can be encoded as a representation
of a quiver, and any Hamiltonian contactomorphism acting on T*°M can be quantized
to act on sheaves [IKS, |]. Hence if A*® is a smooth Legendrian, and the defor-
mation is an Legendrian isotopy, then the Legendrian isotopy can be embedded into a
contactomorphism of 7°° M, which can be quantized to give an equivalence of categories.
However, if the Legendrian is not smooth, deformation of Legendrian may not come from
contactomorphism, and not all Legendrian deformation results in equivalences of sheaf

categories.
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Example 5.0.1. Consider the following Legendrian deformation in T°°R?, represented

as cooriented hypersurface (curve) on R2.

The deformation from the middle to the right keeps the category of sheaves invariant, and

the one to the left does not. YA

To setup the problem, we need to be more specific as to what singularity do we allow
in the Legendrian, and how to describe the deformation. Here we list a few approaches,

each having its own advantange and disadvantage.

(1) One possible definition is this: A compact singular Legendrian is union of finitely
many compact smooth Legendrians, £ = Uf\il L;, and deformation is realized by
smooth Legendrian isotopy of each £;. The advantage is that only the gluing
parameter is changing and the set of components is fixed. The disadvantage is
that there is no canonical way to decompose £ as a union of smooth components.
In the above example for the picture in the middle, one write £ as union of only
two smooth Legendrians, or as many as four Legendrians.

(2) Another possible definition is: Let S = {S, : @ € A} be a Whitney stratification

of M with finitely many strata, and A = U,Ts M is the union of the conormal
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to the strata. The singular Legendrian £ is defined as a closed subset in A, and
there is an induced stratification of £ = U,L, where L, € T M which might
be empty or of lower dimension. The advantage is that, it is closely related
to the geometry on the base manifold; the disadvantage is that, even a smooth
connected Legendrian £ C T°°M may require a complicated stratification in M
due to the singularity of 7p(L) in the front projection 7p : T°M — M. To
describe deformation of Legendrian, one can consider stratification in M x R and

Legendrian T°°(M x R), and consider the restriction to the slices M x {t}.

Besides the above general cases, there are some interesting special cases as well. We

give two examples below.

Example 5.0.2 (Slice of Arboreal Singularities). Let A be a conical Lagrangian in
T*R™ with arboreal type singularity, studied by Nadler in [[N2], given by a rooted tree T
with n+1 nodes. The category of constructible sheaves are equivalent to the representation
category of the quiver from the rooted tree, and is independent of the choice of the roots

up to derived equivalence. We give two examples with n = 2.
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If we fix a linear function f : R” — R, we may consider sheaves on the slices f~!(t) for
all t € R. It is interesting to ask whether categories of sheaves on different slices are

equivalent. A

Example 5.0.3 (Hyperplane Arrangements). Let {H;}Y, be a finite collection of
affine co-oriented hyperplanes in R", where each H; is the zero locus of an affine linear
equation f; = (¢;,z) — b; for some unit conormal vector ¢; and offset parameter b; € R,

and the co-orientation is given by c;.

For each subset I C {1,---, N} such that {¢; : i € I} is linearly independent, we define
a conical Lagrangian
AP = ﬂHi x cone{¢; :i € I} C T"R".
i€l
Let Z be a collection of above subsets I C {1,---, N}, then we may define a conical
Lagrangian as A® = UjezAP. It is interesting to study family of categories Sh(R™, AF)

where 7 is fixed and {¢;}, {b;} is changing. A

In this chapter, we will study quantization for Legendrian deformation using stratifi-
cation of M and M x R. In the next chapter, we will study the special case of hyperplane
arrangements variation. The study for slices over arboreal singularities will be taken up

in the future.
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5.1. Definition of Variation of Legendrians and Sheaves

Let M be a smooth compact manifold. For any ¢t € R, let My = M x {t} C M xR be
the t-slice, and j; : M; < M X R be the inclusion. We will fix a Riemannian metric on M
and use T°M and S*M interchangeably. As before, our conical Lagrangian A includes
the zero section in T*M, and A* is the corresponding Legendrian in T°°M.

Let A € T°°(M x R) be a Legendrian in the product space. We say AR is mg-
compatible for the projection mg : M x R — R, if for any (x,t;£,7) € AY, we have £ # 0.

For a mr-compatible A}, we denote its restriction at t € R by

AP = {(x,&/[&]) € T*M | 3r, such that (z,t;€,7) € AF}.

We say a mg-compatible Legendrian AR has compactly supported deformation, if there

exists [a, b] C R such that A{° is constant for ¢ < a and t > b.

Definition 5.1.1. A deformation of Legendrian (over R) is a Legendrian AY C
T°°(M x R), that is mr-compatible and has compactly supported deformation. Given
two deformations of Legendrian, A% and AT%, we say they are non-characteristic with

respect to each other, if A5G N A, = () for all t € R.

Suppose Ag® is constant outside [a,b], we use A> (resp. AT°) to denote the value of

A for t < a (resp. t > b).

Definition 5.1.2. A deformation of sheaf is a sheaf Gg € Sh(M x R), such that the
Legendrian SS*(GR) is a deformation of Legendrian. For any t € R, let Gy = Gg|p;, be
the restriction of Gy over t. Let G_ (resp. G ) be the value of Gy for t < 0 (resp. t > 0).

Let AY be a deformation of Legendrian AR C T°(M x R), if SS*(Ggr) and AF are
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non-characteristic with respect to each other, then we say G_ and G are Ag’-isotopic.
If AR has constant fiber A® = A* C T>°M, we also say G_ and G are A*-isotopic. If
G, =0, we say G_ is A®°-null-isotopic. If AF = 0, we may simply say G_ and G are

150topic.

Proposition 5.1.3. Let Gg and Fg be deformations of sheaves. If

SS®(G,)NSS®(F) =0 forall teR,

then

hom(Fy, Gy) = hom(Fs,Gs)  forallt,s € R

Proof. First, we claim that

hom, (Fy, Gi) = hompxr(Cag, [—1], hom(Fr, Gr)).

Since S5 (5:,Cpr,) NSS®(Fr) = 0, by Petrowsky theorem for sheaves ([S], Cor. 4.6), we
have isomorphism

M(CM“CMXI) ® FR 1> M“:M”FR)

Since hom(Cyy,, Cprxr) = Cpr[—1], we have

FMtFR = (FR)Mt[_lL FMtGR = (GR)Mt[_l]
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where we use the notation Fy = (jz).«(jz)"F 2 Cz ® F and I'zF = hom(Cy, F'). Thus

homyy, (Fy, Gy) = homyy, (3:" Fr, ¢ Gr) = hompxr (FR, ji.j; Gr)
= homuyxr(Fr, hom(Cypy,, Gr)[1]) = homaxr(Cas,, homy, o w (Fr, Gr))[1]

= homare(Cas, [-1], homy . r (Fr, Gr))
Next, we show that
homarr(Car, [=1], homyyr (Fr, Gr)) = [Trihom g (Fr, Gr)l
Indeed from [KKS], Eq (2.3.10) and taking global sections, we have
homg(Cy, mrihomy v (Fr, Gr)) = homarxr(Car,, homyy g (Fr, Gr))
Hence suffice to show that
homg(Cyy, Trohom g (Fr, Gr)) = Trohom g (Fr, Gr) @ Ciy[1]

This follows from Petrowsky theorem if mg, hom,, .z (Fr, Gr) is a local system, which we

now prove. Since AY N AF = (), we have A® N A = (), hence
S5%(hom(Fg, Gr)) = SS*(hom(Fr, Cpxr) ® Gr) = [SS(Gr) — SS(FRr)]™

however, SS*(F;) N SS>(Gy) = 0, that means if (p,7) € T (M x R) is in SS>°(G) for

some p # 0, then there is no 7’ such that (p,7’) € SS*°(F), hence if (p,7) € SS(G) —
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SS(F) then p # 0. In other words SS*°(hom(Fgr,Gr)) N (T, M x T*I)* = (), hence

(mr)«hom(Fgr, Gr) is a local system. This concludes the proof of the proposition. O

Example 5.1.4. Let M = R and G = C_, ;), then G is null-isotopic via a right-cusp-

like sheaf.

A A

L
e

Indeed, let x : R — R be a smooth non-increasing function, such that x(¢) =1 for t <0

and x(t) = 0 for ¢t > 1, then the sheaf

res

Gr := cone(Cy(,nz<xt)} — Ciane<—x®) =1 = Ciap)—xw<a<x®)}

is the desired deformation of sheaf. YA

Example 5.1.5. Let M = R? jg: B={x € M | |z| < 1} = M be the inclusion of

the open disk. Let f: B — R be given by

1
160 = s (7).
Let G’ € Sh(B) be sheaf given by

res

G = cone(Cyypm<1y — Ciopy<—13)[—1] = Clami<p)<1y
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and G = jg,G'.

O

Then G is null-isotopic via a sheaf Gg = (jp X idr).Gy for G € Sh(B x R) defined by

res

G = cone(Cynenxr|f@)<xt)) — Clanenxrlf@<—xt}) 1 = Ci.neBxr—x()<f@)<x®)}-

This generalizes straightforwardly to M = R" case. JAN

Proposition 5.1.6. If G is A-null-isotopic, then for any F € Sh(M,A), hom(G, F) =

0 and hom(F,G) = 0.

Proof. This is from Definition 5.1.2 of null-isotopic deformation of sheaves and Propo-

sition 5.1.3 for the constancy of hom-complex. 0

5.2. Constructible Sheaf as Yoneda Functor

In this section we explain the main idea of how to deform a constructible sheaf. First,
we recall the definition of a presheaf: a presheaf F' on M valued in chain complex takes
in open set and output chain complexes, in a way consistent with the restriction map.
If the sheaf FF € Sh(M,A) is constructible, then we may deform the open set U in a

A-non-characteritic way, while keeping F'(U) invariant up to quasi-isomorphism

(5.2.1) SS®(Cy,)NSS®(F) =0 forallte R = F(Uy) = F(Us) for allt,s € R.
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More generally, we can view F'(U) as hom(Cy, F') and deform Cy as a sheaf, say by a
sheaf-quantization @, of Hamiltonian isotopy ¢; : TM — TM. Let P, = ¢;Cy, we
call P, probe sheaves. Then we have

(5.2.2)

SS®(P)NSS®(F)=0 forallte R = hom(P, F) = hom(P;, F) for allt,s € R.

Let Af° be a deformation of Legendrian, and assume F; € Sh(M,A°) is a deformation
of constructible sheaves (see Definition 5.1.2), and P, is a deformation of probe sheaves,
then we have

(5.2.3)

SS®(P)NSS™®(F) =0 forallt e R =  hom(P, F,) = hom(P;, Fy) for allt,s € R.

Hence, if we know Fy and want to know the value of F; on certain probe sheaf P,
hom(P;, F}), we only need to deform P; back to Py avoiding collision with A along the
way. And if we know the value of I} on sufficiently many such probe sheaves, we may

reconstruct Fj.

Example 5.2.1. In this example, we illustrate how to deform a probe sheaf. Let

X =R? and A, CT*X for t € [-1,1] is given by
3

A= TiX (U{(m) e T"X | fi(x) =t,f=Adfi<x>,A>0})
i=1

1<i<j<3

where f;(x) = x1 cos0; + x9sinb;, and 0, = 7/2,05 = =57 /6,603 = —x/6.
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Let Fy € Sh(X,A_;) be the standard sheaf supported in the closed set U;{f;(x) >
—1}. We claim that as A; changes from t = —1 to ¢t = 1, F__; changes to the costandard
sheaf I} € Sh(X, A;) supported on the open triangle N;{ fi(x) < 1} at degree —2.

To verify the claim of the stalk of F}, we pick an open ball B(0,1/2) in the interior of
the triangle, shown in the right of the picture Figure 6.1. Let P = Cyj;/<0.5) be a constant

sheaf C supported on this open ball, then the stalk of F,; at 0 can be computed as

(Fi1)o = hom(P, Fyy).

Apply the unit speed geodesic flow R on the cosphere bundle S*R? with respect to the
Euclidean metric on R? for time —3, then by a result of | ] (Example 3.10), P
changes to ®_3(P) = C[-2]{jz)<2.5}, Where ®; quantizes the geodesic flow for time t.

Since SS*°(P,(P)) remains disjoint from Ay, as t € [—3,0], we have

hom(P, Fy1) = hom(®_3(P), Fy1).

Finally, as A, varies back to A_; and F; changes back to F_y, A for s € [—1, 1] remains

disjoint for ®_3(P). Hence, we get

hom(®_s(P), F') = hom(®_3(P), F) = hom(C[=2]{sj<25y, F) = To(B(0,2.5), F)[2] = C[2]
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Figure 5.2. Invariance of hom-complex hom (P, F') during deformation. The
first three picture shows deformation of the probe sheaf P whose singular
support is marked in red ,with F' fixed as F',1, then the last two picture de-
forms F keeping P fixed. Note that the SS*(P)NSS>®(F) = () throughout
this deformation.

5.3. Family of Probe Sheaves and Reproducing Kernel

Let M be an n-dimensional manifold, A>* C T>°M a Legendrian, and & = {S, }aca 2
Whitney stratification of M compatible with A>°. We will define a family of probe sheaves
{P, | p € M}, such that their singular support at infinity SS*(F,) is disjoint from A>
and hom(P,, F') compute the stalk of F' at p for any ' € Sh(M, A>).

We then assemble the probe sheaves into a reproducing kernel Iy € Sh(M x M), which
is supported on the graph of the almost retraction . The main result in this section is
Proposition 5.4.12, which says if a sheaf has singular support at infinity SS*°(F’) close
enough to A*°; then under the pushforward of the almost retraction r,F has SS®(r*F) =

A,
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5.4. Whitney Stratification

We recall the definition of almost retraction, following ([N 3], Section 2.2) closely.
A tubular neighborhood of a submanifold (may be not closed) Y C M consists of an

inner product on the normal bundle p : Ny — Y, and a smooth embedding

(5.4.1) ¢ : Ny[< e ={ve Ny|(v,v) <e} =M

of the open ball bundle determeind by some ¢ > 0. The image 7" = ¢(Ny[< €]) is requried
to be an open neighborhood of Y C M, and the restriction of ¢ to the zero-section
Y C Ny is required to be the identity map to Y C M. By rescaling the inner product,
we can assume that e = 1.

By transport of structure, the neighborhood T' comes with (smooth) tubular distance

function p : T'— Rso and smooth tubular projection 7 : 7" — Y defined by

(5.4.2) p(z) = (¢~ (2), 07 (@), (@) =ple ()

We will write (T, p, m) to denote the tubular neighborhood, and remember that 7 : " — Y
is an open unit ball bundle.

Given small € > 0, we have the inclusion
(5.4.3)

jle) :Tle) ={x €T |plx)=€¢t =T, jl<e :T<el={xeT|plx)<et—T

and similarly with < e replaced by < ¢€,> € or > ¢, or any subinterval of [0, 1].
Any Whitney stratified subspace X C M admits a compatible system of control data

consisting of a tubular neighborhood (7, pa, 7s) of each stratum X, C X. Whenever
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a < 3, that is S, C 5_5, we require

(5.4.4) Ta(mp(2)) = Ta(®),  palms(2)) = pal)

on the common domain z € T, N Tp, such that m3(z) € T,.
Fix € to be small enough. Let 7, : T,[(0, 2¢)] — T,[2¢] be a family of lines. We further

require that € is so small that different strata has disjoint tubes T, [< 2¢]. If a < 3,

(5.4.5) P8 = PaTas Pa = Pal8, Ta =TaTas Tals=TpTa

and further more, the restriction 74|z, ((0,2¢)ns;  Ta[(0,2€)] N Sz — T,[2€] N Sp is smooth
([Go], P194, property (7)).
For each chain of stratum a3 < ag < -+ < ag, and B = {ay, -+ ,ax}, we define a

homeomorphism, (as a stand-in for polar coordinate)

(5.4.6) hi : Naen(Tal(0,26)]) = (NaTu[2€]) x T](0,26).

aeB

Fix a smooth non-decreasing function ¢ : R — R, such that ¢(t) = 0, fort < e and ¢(t) =t

for t > 2¢, and ¢/(t) > 0 for t € (¢, 2¢). For each stratum S, we introduce

z, when z ¢ T,[< 2¢]
(5.4.7) M,: M — M, I, (x) =

h Y (ro(z),q(pa(z))), when x € T,[< 2¢]\S,

One can show that II, commutes with each other. Define the ‘almost retraction’

(5.4.8) reM— M, r=]]l
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Thanks to the commutativity of Il,s, the product is well-defined.

Proposition 5.4.1. (1) If p € M is not in any S, then its preimage under r is a
point in the same connected component of |S]|.
(2) If p € Sy, then for any B # «, Hgl(p) = {p'} for some p' € S,, depending smoothly

on p; and

(5.4.9) I, (p) = o (p) N TL[< ).

(8) If p € S, then there exists p' € S, depending smoothly on p, such that
(5.4.10) p) = 73 () N Tal<

Proof. A similar result is recorded in | ] 6.13.4. O

For any family of lines r,, and for any 0 < § < €, we may define r$& T.[(0,26)] —
T, [20] induced by the family of lines. We may define the corresponding 1Y and almost

retraction r®).

5.4.1. Probe Sheaves

Recall in Section 5.4, for a stratification S, we can define the control data (Ty, pa, 7o)
and a family of lines r,, that is 7w, : T, — S, is a tubular neighborhood of S,, and p,
is a distance function to S,, with certain compatibility conditions between strata. Let r

denote the almost retraction
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Definition 5.4.2. For each point p € M, we define the probe set for p to be the closed

set

(5.4.11) A, =17 (p),

and ja, be the inclusion map of A, into M. We define the probe sheaf for p to be the

costandard sheaf

(5412) Pp = jAp!(,uAp = ]D)(jAp*(CAP).

If p is in a stratum S, of dimension k for 0 < k < n, then A, is a fiber of 7, : T,[<
¢] - S, an embedded (n — k) closed disk (Proposition 5.4.1). P, has support in the
relative interior of A,, with stalk isomorphic to C{n — k]. The singular support of P, at
infinity is the outward-conormal to A,. The following proposition justifies the name for

probe sheaf.

Proposition 5.4.3. Fiz a Riemannian metric g on M, and let A,[< €] be the set of
points with distance to A, less than €. There exists a small enough 1 > ¢y > 0 depending
on (M,qg,S), such that for any constructible sheaf F' € Shs(M) adapted to the Whitney

stratification S, we have

(5.4.13) F, 2 F(A)[< €]) = hom(P,, F)

for all 0 < € < €.



103

Proof. F), can be computed by any small enough open ball around this point, thanks
to the contructibility. We claim that the costandard sheaf on A,[< €] and the one on A,

are isotopic with respect to AZ, and the isotopy is given by geodesic flow. 0

5.4.2. Reproducing Kernel

A classical reproducing kernel in functional analysis is the following, let X be a space,
H C L*(X) is a Hilbert subspace, {K,}.ex is a family of functions in H, such that
for any f € H, f(x) = (f,H,). We may equivalently define the reproducing kernel

K: X xX—R, by K(z,y) = K,(y), then we have

f(z) = / f)K (e, y)dy,  forall feH,

hence K is called the reproducing kernel for H.
Here we use the word reproducing kernel in a much looser sense: let H C V be a
subspace, then we say an operator T': V' — V reproduces H, if T'|y = idg. For example,

if V' the set of smooth complex valued function on C, and T.(f)(z) = § fw) dw

|lw—z|=¢ w—z 273’

then T, reproduces the subspace of holomorphic function (also harmonic functions).

In our case, we want to assemble these probe sheaves together into a reproducing kernel
[Ty € Sh(M x M), such that (IT,), reproduces the subcategory Sh(M,A) in Sh(M). Let
71, T be the projection from M x M to the first and second factor, and our convention

is always to use the first factor as input and the second factor as output.



104

The definition of the kernel is just the constant sheaf over the graph of the almost

retraction.
(5.4.14) [y :=Cr,, T :={(prp)eMxM]|pe M}
Recall the definition of kernel operation K, K in Eq. (3.4.2) and (3.4.4),
K :Fw my(K@miF), K, :Fw m(hom(K,mF))
Lemma 5.4.4.
(5.4.15) My, =7 =1 =11y,

Proof. r, = r since r is a proper map. The other two equal sign is by Proposition

3.4.1. U

Remark 5.4.5. We will use r, and r interchangeably from now on.

It is instructive to see the computation of a stalk of F' at p to see the relation of the

kernel and the probe sheaf.

Proposition 5.4.6. Let F' € Shs(M), p € M, then hom(P,, F) = (nF), = (r.F),.

Proof. Let F' € Shs(M), let p € M, and U, be a small enough open ball around p,

such that F(U) = F,.Then

[HA!F]p = [m21(Cr, ® WIF)]p = I‘c(r_l(p), F|r*1(p)) = F(T_l(p)a F|r*1(p))
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where we have changed T'.. to ' since r~!(p) is compact.

[HA*F]IJ = [\ F|(U) = hom(HALr;l(U)vW!I(F>|7r;1(U))

= hom(muIla| 1y, F) = hom(Crmay, F) = F(r='(U))
On the other hand
hom(P,, F) = Thom(P,,F) =T'(DP, ® F) =(C4, ® F) =T (r'(p), F|,-1())

Hence hom(P,, F) , (nF), and (r.F'), are the same. O

Proposition 5.4.7 ([N3], Lemma 6.3). 7. is canonically equivalent to the identity

operator when restricted to S-constructible sheaves

Corollary 5.4.8. If A C AZ is a closed Legendrian, then r. is canonically equivalent

to the identity operator restricted to Sh(M, A).

We want to show that r, has certain ‘straightening effect’, in that if a constructible
sheaf F' has its singular support at infinity SS°°(F) in a small enough neighborhood of
A in T*° M then r,F would has its singular support in A>. We fix a Riemannian metric
on M and induce a Riemannian metric on S*M, we also identify T°>°M with S*M. If A>
is a Legendrian in S*M, we denote A*[< ¢] the set of points in S*M whose distance to

A are less than e.
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Proposition 5.4.9. There exists g small enough, such that for any p € M
SS®(P,) NAZ[< €] = 0.

Proof. For cach strata S,, we claim there exists a €, > 0, such that SS>*(SS>(FP,))N
AZ[< €4) = 0 for all p € S,, then ¢ = min, €, satisfy the condition. We define r, =
IT sea g i Sa — Sa, then 771(S,) is a relative compact subset in S,, denoted as B,. For
any p € S,, the probe set A, is a fiber of T,[< €] — S,, where the base of the fiber is in
B,. Define

€q = min dist(752,, M, AT),
qua ( Hal(q) 8)

where since B, is a compact subset in S,, the minimum can be realized and is non-zero.

Since A, = T, (r,'(p)), and SS*(P,) C T3> M, we have
SS®(P) NAZ[< €4] = 0.

This finishes the claim and proves the proposition. [l

Proposition 5.4.10. Let ¢y be as in Proposition 5.4.9. For any constructible sheaf
F e Sh(M),
SS®(r*F) N AT [< €] = 0.

Proof. Let F be constructible with respect to a Whitney triangulation 7, which can
be further refined such that any simplices in T is contained in some stratum in S. Since F’
can be generated by the costandard sheaves in Shr(M), and that r* is an exact functor,

it suffices to prove that for any simplex 7 in 7, the costandard sheaf j.w, satisfies the
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condition in the proposition. We note that
SS*®(r* jaw,) U SS*(P,
PET

hence is disjoint from AZ[< €], hence proves the proposition. U

Proposition 5.4.11. Let ¢y > 0 be small enough as in Proposition 5.4.9. Then for

any F € Sh(M) such that SS®(F) € AZ[< €]), we have SS>(r.F) C AL, i.e.
(5.4.17) re =1 Sh(M,AT[< €]) = Sh(M,AT).

Proof. Fix any F' € Sh(M, A[< €)), suffice to show that mF = r,.F is locally constant
on each stratum of S. Let py,p; € S,, then there is a path {p;}icpo1) in So connecting

Po, p1- Consider the set of probe sheaves for point in this path, we have
SS®(Py,) N SS®(F) C SS™(Py,) NAT[< ] =0, forall t e [0,1].
Hence by the non-characteristic deformation proposition (Proposition 5.1.3),
hom(P,,, F) = hom(r*(C,,[n — k), F') = hom(C,,[n — k], 7. F)

is constant for all ¢ € [0, 1], hence r,F" has constant (co)stalk along S, for all «, thus is S

constructible. O

Next, we prove the more refined version.
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Proposition 5.4.12. Let ¢ > 0 be small enough as in Proposition 5./.9. Then for

any F € Sh(M) such that SS®(F) € A®[< €]), we have SS*®(r.F) C A, i.e.
(5.4.18) r =11 s SR(M, A®[< e]) = Sh(M, A™).

Proof. This proof follows that of Theorem 6.7 in [N3]. To show that r.F' actually
lands in Sh(M,A), one need to show that r.F has no non-trivial microlocal stalk on
AZ\A.

For each strata S,, we define Ag*™ = AZ \m, and AF™" = U,Ag™™, then

we have

SS*(r. ) NAT™ = SS%(r.F),  A®NAT™ = A,

Hence SS*(r.F) C A* is equivalent of
SS®(reF)NAT™ C A NAZ™
which in turn is equivalent of
ATTM\SS®(r. F) D AZ™M\A.

That is, for any v € AZ*™\A, we need to show that u ¢ SS®(r.F).

We induct on the number of strata of S C M. The base case S = () is clear, r is the
identity map on M.

Suppose given a closed stratum i : So — M. Let M[> €] = M\Ts,[< €], S[> €] =8N
M]> €]. Then the Whitney stratification, system of control data and family of lines are the

same for S[> ¢€]. Denoting the resulting almost retraction by r[> €] : M[> €] — M[> €.
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Since S[> €] has fewer strata than S, by induction, the push-forward induces a functor
7[> €|s 1 Sh(M[> €], A°[< €o)|mp>q) = ShM[> €], A|p>q)
Since (r.F') € Sh(M,A) and

(reF)ans, = (o)wr[> €l (Flar>a),

hence

(T*F)lM\So € Sh(M\SO, AOO|M\SO).

Thus, it suffices to show that SS*(r.F')|s, C A™|s,, or as remarked in the beginning
AN\ (SS™(reF)sy) D AG ™™\ (A™]s,)-

By taking the normal slice to Sy at p, we may assume Sy is zero dimensional.

Let u € Ag™™ \(A*|s,), a covector over p € Sp, we shall prove v is not in SS*(7.F)|s,.
Since Ty is the image of a smooth embedding of an open ball in R", hence by a diffeomor-
phism, we may assume Ty = B(0,1) C R™, p =0, and py is the standard Euclidean inner
product. Let &' = 8§ NT}, be the induced strata in 7. We may choose a linear function
u that realize the covector, and a small enough 0 > 0, such that v has no critical points

on Sz M B(0,0) for all positive dimensional strata Sj € S'. We want to prove that

cone(r,F(B(0)) — r.F(B() N{u < 0})) =0,
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or equivalently,
(5.4.19) cone(F(Uy) - F(U-)) =0

where U, = r~}(B(5)) and U_ = U, N{uor < 0}. Note r—}(B(5)) = B(qg1(5)) by
definition of the almost retraction (5.4.7). By Corollary 5.4.8, Cy_ and Cy, are A>-
isotopic. By Proposition 5.4.10, we have SS*(Cy_) and SS*(Cy, ) are disjoint from
A[< €], hence Cy_ and Cy, are A™[< €]-isotopic, in particular SS*°(F')-isotopic. Thus,

by Proposition 5.1.3, we have
hom(Cy,, F') =2 hom(Cy_, F).

This proves Eq.(5.4.19) and finishes the proof of this proposition. O

Corollary 5.4.13. Let ¢g > 0 be small enough as in Proposition 5.4.9. Let G €

Sh(M,A®[> ¢)]) and F € Sh(M,A*[< €]), then we have
hom(G, F) = hom(G, r.F)

and similarly

hom(F,G) = hom(r.F,G)

Proof. Let € be the parameter that controls the family of lines. Given a family of
lines with parameter ¢, it naturally induces the same family of lines for smaller e. let 7t
be the almost contraction with the parameter 0 < ¢ < 1, we claim that {n(fe)F Feepoars

is a variation of sheaves, non-characteristic with respect to A®[> €'], hence to SS>(G).

Applying Proposition 5.1.3, we get the desired result. ([l
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5.5. Quantization of Contactomorphism of the Legendrian Complement

In many cases studying the dual object is easier than the original object. For example,
to define the weak derivative on distribution one use integration by part and let the
derivative acts on the smooth test function. Here the idea is similar, to deform a sheaf
such that its singular support at infinity adhere to a prescribed singular Legendrian is
hard, but it is much easier to deform a probe sheaf whose singular support at infinity avoid
the prescribed Legendrian. Just like the GordonLuecke theorem about knot complement,
which says if K and K are two knots with homeomorphic complements in three-sphere
then there is a homeomorphism of the three-sphere taking one knot to the other, here
we shall prove that categories Sh(M,A°) are equivalent to each other as long as the

complement T°° M\ A$® are contactomorphic to each other.

Theorem 7. Let Ay be a variation of Legendrian in T(M x R). If for any t,s € R,

we have contactomorphism

Giys : TOM\AY — T M\AZ°.

such that for any ty,ts,t3 € R,

Lotz = Pty—ta = Pti—ts Pty —t; — Zda

and @; change smoothly with t. Then, there are equivalences of categories

Otys : SA(M,A°) — Sh(M, A7),
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such that for any ty,ts,t3 € R,

~ ~ ~ o~ ~ ~
Pto—ts * Pti—ta — Pti—tss Pty —t; — id.

Remark 5.5.1. This may seems a useless theorem in practice, since the geomet-
ric question of finding contactomorphism between non-compact contact spaces might be
harder than the algebraic question of finding equivalences of categories, however it maybe
useful to prove non-existence result on contactomorphism. Later, we will give some easy

to check sufficient conditions that implies the existence of contactomorphisms.

Let f; : T M\A® — R be a family of smooth functions, such that f; o s = fs and
fi(x) — oo as dist(z, A7) — 0 uniformly in z. For example, we may fix ty € R, construct
fi, first, then define f; = fi, 0 p1,-

For each t € R, let X; be the contact vector field on T°M\A® given by X(z) =
d@%ﬁm. And let H; = (o, X;) be the Hamiltonian function generating X;. Fix a standard
smooth cut-off function y : R — R, i.e. x(z) =1 for all z <1 and x(z) = 0 for x > 2,

and x’(z) < 0. For any R > 0, we define the truncated Hamiltonian function

Hoplw) = Hi(x) - x (%)) ,

and let X; p be the corresponding contact vector field on the entire 7% M.

For any ¢t € R, we let €(¢) be small enough, as in Proposition 5.4.3, such that

SS®(Py) NAF[< e(t)] =0, forall pe M.
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We let R(t) be large enough, such that
AFl< et)] € {fi(x) < R(1)}

This can always be achieved, since fi(z) — oo as dist(z, A{®) — 0 uniformly in z.
From the GKS construction of the quantization for Hamiltonian contactomorphism,

for each R > 0 and t¢,s € R, we have a family of kernels
K™ e Sh(M x M)
such that

R
K =Can K[ = (KE

s—t

) and K9, o K, = K

t1—to t1—t3

However, they only perform the desired quantization for contactomorphism on {f; < R}.

We will use almost retraction to finish the construction.

Definition 5.5.2. For any ¢, s € R, and any R € R such that R > R(t) and R > R(s),

we define functor

PR, Sh(M) — Sh(M), F s (IIy (K[

t—s

N(IIp )1 F

Proposition 5.5.3. If F € Sh(M,A$°), then SS™® (PR, (F)) € A,

Proof. The Hamiltonian flow gofs of X; g from ¢ to s gives a diffeomorphism { f; < R}

to {fs < R}, also give a diffeomorphism of the complement {f; > R} and {f, > R}.



114

Hence

SSP((KLNF) = ¢, (SS*(F)) € {fs > R} C AT[< €(s)].

From Proposition 5.4.12, and (Il,); = (rs);, we have

(Hp ) (B (A W F = (g (K ) F € Sh(M,AY).

Proposition 5.5.4. For any t,s € R, and any R € R such that R > R(t) and
R > R(s),
Pty t SR(M,AZ) — Sh(M, AY)

1s independent of R.

Proof. Consider any sheaf in G € Sh(M,T>*M), and any sheaf F' € Sh(M,A;).

Then we have

hom(G, @R, F) = hom(G, (IL)K}

t—sx

F)

= hom(I:G,Kf, . F)

Since as we vary R, K2, F will vary such that SS* (K[, F) remains in A,[< €(s)]. On

t—sx*
the other hand, SS*(II*G) has singular support disjoint from A;[< €(s)] by Proposition
5.4.10. Hence, by non-characteristic deformation result in Proposition 5.1.3, the hom

complex is invariant as R varies. By faithfulness of Yoneda embedding functor, we see

PR, F is independent of R. 0
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Remark 5.5.5. We will drop the R supscript from @, and simply write & ;. We

will also write IT; for ITye.

Now that we have constructed the functors ¢, s, we proceed to finish the proof of the

theorem.

PrOOF OF THEOREM 7. We only need to verify the compositions of @, ., since there

are only finitely many ¢; involved, we can fix an R large enough for all R(¢;). Consider

any sheaf in G € Sh(M,T>M), and any sheaf F' € Sh(M,Ag°) then we have

hom(G7 S/O\tzﬁtg o @tlg)tgF) - hom(G7 Htg!th%tg!HtQIHtQ!Ktlﬁtglﬂtl!F)
= h/Om(G, Ht3!Kt2—)t3!Ht2!Kt1—>t2!Htl!F)

= hom(th—»tg!HISG, iy Kty s )

Since SS™(K, 5,117, G) and SS®(Ky, 4, F) satisfies the hypothesis of Corollary 5.4.13,
we may take out the almost retraction Il;, in the last line above on the right slot. Thus,

we have

hOm(G7 Q/D\t2—>t3 o @tl—)tQF) = hom(thﬁtz!H:3G7 Kt1—>t2!F>
= hom(G7 Ht3!Kt2—>t3!Kt1—>t2!F)

= hom(G, S/O\t1*>t3F)‘

By faithfulness of Yoneda embedding functor, we have @y, 1, © O i, ' = @y, F. O
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5.6. Thickening of Legendrian: Definition and Existence

The sufficient condition in Theorem 7 is quite general, though hard to check in practice.
We now give an easier to check sufficient condition based on the singular Legendrian itself
(or rather, its tubular neighborhood) rather than its complement.

The intuitive idea is that, there should be no new self-intersection of the Legendrian
during the deformation. Since the initial singular Legendrian itself can be viewed as several
component of smooth Legendrians glued together, there are intersections (non-transversal
even) between the smooth components to begin with. There are several possible geometric
conditions, which we now discuss below. As always, we fix a Riemannian metric on M
and hence on S*M, and identify T*°M with S*M. Let R; denote the Reeb flow by time
t. We also use L C S*M to denote a Legendrian, A C T*M a conical Lagrangian, and

A C T M the corresponding Legendrian at infinity.

(1) The first possible condition is that there is no short Reeb chord emerging or disap-
pearing during the deformation. More precisely, for a deformation of Legendrian

{L,}, there exists a small € > 0 so that

(5.6.1) LN R(L,) =0, forall0<|t| <e, uniformly in s.

This condition prevent self-collision along the Reeb direction, but not when two
local pieces of the Legendrian approaches each other within the contact distribu-
tion ker(a). For example, consider two Legendrians in J*(R) with o = dz — ydz,
one with the front of z = 0, the other with front z = 23 + tx, with parameter

t € [0,1]. As t tends to 0 from above, the second Legendrian approaches the first
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one, at meets when ¢ = 0, and there is no short Reeb chord with non-zero length
between them for all ¢ € [0,1]. The resulting sheaf categories are different for
t =0and t > 0. Hence, this condition alone is not enough to guarantee the sheaf
categories to be invariant.

(2) The second possible condition is to strenghen the first one, by requiring the
singular Legendrian £, to be contained in a hypersurface H; transverse to the

Reeb flow, such that H, deformation retracts to £, and

(5.6.2) Hs N Ry(Hs) =0, forall 0< [t| <e, uniformly in s.

We call such hypersurface a thickening of L. Of course the condition of a hyper-
surface transverse to Reeb flow is not an intrinsic notion on a contact manifold,
since for any point p in a contact manifold C', any vector R not in the contact

distribution can be made into a Reeb vector by choosing some contact one-form.

We will show that the second condition above (with some Liouville flow condition on
Hs) is enough to construct a family tubular neighborhoods Uy for L, by thicken H; in
the (positive and negative) Reeb flow direction, such that there is a contact vector field
flowing across the tubular boundary OU,. This condition is enough to show that the
complement of the tubular neighborhoods {U} are contactomorphic to each other, hence
allows one to show equivalence of sheaf categories just as the Theorem 7.

In the remaining part of this section, we will first review some elementary properties
about hypersurface in contact manifold and tubular neighborhood around singular Leg-
endrian. Then, we construct a tubular neighborhood for any singular Legendrian. The

result is summarized in Theorem 8.
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5.6.1. Contact Hamiltonian vector field

Let M be a smooth manifold, T*M its cotangent bundle with the canonical one-form
a = pdgq, two form w = da = dp A dq, and the outward Liouville vector field (or the
Euler vector field) V = pd, such that tyw = a. Given a Hamiltonian function H, the
Hamiltonian flow £ is defined by t¢,,w = —dH. We will use {x for sympletic Hamiltonian
vector field, and Xy for contact Hamiltonian vector fields.

Let ¢ be any Riemaninan metric on M, then T*M has induced norm. Let T*M =
T*M\M, where M is identified with the zero section in 7*M. Let S*M = {(¢,p) € T*M |
Ip| = 1} be the unit cosphere bundle, the one-form « restrict to S*M to be a contact
form, and the contact distribution £ = ker(«). In fact, any smooth function f : S*M — R
defines another hypersurface Hy, by flowing every point in p € S*M along the expanding

Liouville vector field V' by time f(p), and let Py : S*M — Hy denote this diffeomorphism.

Then (Hy, a|p,) is also a contact manifold, contactomorphic to (S*M, as«yr) via Py, and

Pi(alu,) =€ - algu.

The Reeb vector field R corresponding for a contact one-form «, is such that
(5.6.3) tree =1, trda = 0.

Its flowline is the characteristic foliation of the hypersurface S*M with respect to w. And

R is also the restriction of the symplectic Hamiltonian flow for function |p| on its level set

Ip| =1.
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Given a smooth function H : S*M — R, the contact Hamiltonian vector field Xy is

defined by
(5.6.4) Xy=H R+ X, eRR®E, 1x,da=(H, R)a—dH

Proposition 5.6.1 ([Ge] Theorem 2.3.1). With a fized choice of contact form o there
is a one-to-one correspondence between infinitesimal automorphisms X of € = ker a and

smooth functions HM — R. The correspondence is given by
X—H=(,X), H~ Xy.

Alternatively, one can think in terms of homoegenous Hamiltonian vector field, ex-

tending H on S*M to T*M as a homogeneous degree-one function
(5.6.5) Hlp|: T"M =R

then take the usual symplectic Hamiltonian vector field {g,. This flow g, is conic, in
that it commutes with the fiberwise scaling action by R.y. However it does not perserve
the hypersurface S*M but only level sets of H|p|. Let mg«); denote the projection of
T(T*M)

sep =T (S*M) @ RV onto the factor T'(S*M), then we can recover the contact
Hamiltnonian flow Xy on S*M by restricting g, on S*M then projection away the

radial component RV. We have proved the following lemma:

Lemma 5.6.2. Let H : S*M — R be any smooth function, with Xy the contact

Hamiltonian vector field for H. Let H|p| be the homogeneous degree-one function on
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T*M with §Hlp| the symplectic contact vector field, then

Xg = 7 (Emppl | 5+ 0)-

Lemma 5.6.3.
(5.6.6) (Xg,dH) = H(R,dH)

Proof. Since Xy = HR + XL, where XL € ker(a), we have
(5.6.7)
<XH—HR,dH> = <XH—HR,dH—Oz> == <XH—HR,—LXH(dOz)> == dOé(XH—HR7XH) =0

where we have used R € ker(da). O

5.6.2. Hypersurface Thickening of a Legendrian

Let (C, & = ker(a)) be a co-oriented contact manifold with fixed contact form « and Reeb
vector field R, £ a Legendrian in C', we will construct hypersurface H containing £ such
that H is transverse to R.

Let H be any smooth hypersurface transverse to R, we identify Uy .. = H x (—¢, +€)

with a neighborhood of H via Reeb flow for small enough €, and smooth function
H:Uy.— R, (z,t)—t.

In particular, we have R(H) =1, and H = {H = 0}. We have the following property
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Proposition 5.6.4. We use the above notation.
(1) The contact flow Xy generated by H preserves H.
(2) H is an exact symplectic manifold with the one-form «|y, with the Liouville flow equal
to the restriction of the contact flow Xgly. If H is tangential to & = ker(a) at p € H,
then the Liouville flow on H vanishes at p.
(3) If L is a Legendrian contained in H, then L is an exact Lagrangian in H with a|pe = 0,
and is invariant under the Liouville flow.
(4) Let w3 : Uye — H be the projection along the Reeb trajectory, then the contact form
o 1S

a=dH + 7/ (aly).

Proof. (1) This follows from Lemma 5.6.3 and (R, H) = 1. On H, we have (X, dH) =
H(H, R) =0, hence Xy preserves the zero set of H.
(2) Since R is transversal to H and R span ker(da), we have daly = d(aly) is non-

degenerate. To compute the Liouville field, we notice that

(5.6.8) txy(da)|ly = ((H,Rya —dH )| = «

where we have used (H, R) = 1 and dH|{g—oy = 0.
(3) From the definition of Legendrian, we have T'L C ker(«), hence a|r, = 0. For any

pe Land Y € T,L, we have

(5.6.9) doy(X 1, Y) = ay(Y) = 0

hence (Xp), € (T,L£)* = T,L, hence Xy is tangential to L.
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(4) Let (z,t) € H X (—e¢,+€), we may decompose the tangent space at this point
as (0y) ® T, H. When tested against 0;, we use 0; = R to get equality. When tested
against Y € T,H, we may apply exp(—tR) to go from (z,t) to (x,0). Since Lra = 0,

exp(—tR)*a = a, we have

(5610) Q1) (Y) = [eXp(—tR)*Oé](x,t) (Y) = oz(x70)(exp(—tR)*Y) - a|H(Y)

Remark 5.6.5. The above statement still holds if H and H are only C*.

Next, we construct hypersurface containing singular Legendrian. To fix idea, we con-
sider the special case when the Legendrian £ is smooth. Locally, there is a neighborhood
U of £, and a embedding ¢ : U < J'(L), sending L to the zero section, such that
(o) = a, where JH (L) & R x T*L is equipped with contact form a i, = dz — pdq
(see e.g. Theorem 6.2.2 in [Ge]). Thus, we may work in a tubular neighborhood of £ in
JYL. The local hypersurface can be taken as {z = 0} in U, we see it is indeed transverse
to R =0,.

In the above construction, the hypersurface H is smooth and contains £ as the fixed
point for the contracting Liouville flow: —Xy = —pd, — 20, in local coordinate of J'L =
R, x T*Lyp. If L is singular, in general we cannot achieve both conditions that H is
smooth and H tangent to the contact distribution & along £. There are two options, we
either give up smoothness of H, or we allow the Liouville flow along £ to be non-zero.

We only give results in the first direction.
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Definition 5.6.6. Let £ be a singular Legendrian in a contact manifold (C,«a, & =

ker(a)). We say (H,U) is a local C*-hypersurface thickening of £ in U if

(1) U is a tubular neighborhood of £, H is a C'* hypersurface in U, and £ C H,
(2) H is transverse to the Reeb vector field R,

(3) ag := a|ry vanishes exactly on L.

Proposition 5.6.7. Let L be a compact singular Legendrian in S*M , then there exists

a Cl-hypersurface thickening of L.

Proof. We first prove a local version. For any p € £, we identity a neighborhood U of
p with a neighborhood of origin J'R™ with contact form o = dz—3 ", y;dz;, hence suffice to
construct a hypersurface containing a singular Legendrian in J'R". We write LN U as £
as a local singular Legendrian in J'R™. Take the Lagrangian projection 7 : J'R™ — T*R™,
then 7(L£) is a singular exact Lagrangian L in T*R™ near the origin. If 7 : £ — L is not
bijective, then there is a Reeb chord corresponding to the self-intersection of L, since the
Reeb chords has lower bound on length, we may shrink the neighborhood around the
origin so that there is no Reeb chord. Note that since 0 € £, we have 0 € L.

We now define a function f: L — R, such that

f(0)=0
df|rr = (ydz)|rr.
In fact, for any point (x,y) € L, f(x,y) is the z-value of the corresponding point in £

under the Lagrangian projection h. Our goal here is to extend the definition of L to a

neighborhood of the origin in 7*R", with additional condition that for any (z,y) € L and
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any (vg, vy) € Tz (T*R™), we have

<df(l’, y)7 (va Uy)) = <a7 (Uwa Uy)> = Zyz(vx)l

In other words, we prescribe the first derivatives of f along L. This extension problem can
be achieved by the Whitney extension theorem (see e.g. [?], Theorem 2.3.6), which gives
a C' function F(x,y) with prescribed first derivative on L, and smooth away from L.
Then the local hypersurface H is defined by {(z,y, F(z,y)) | (z,y) € W} for sufficiently
small neighborhood W of the origin.

One still need to glue the locally constructed the hypersurfaces together. This can be

done by standard partition of unity and we omit the detail here. O

5.6.3. Convex Tubular Neighborhood of Singular Legendrian

Given a Cl-hypersurface H transverse to the Reeb flow, we may construct a C* Hamil-
tonian function H locally near H, such that {H = 0} and R(H) = 1. The Hamiltonian
vector field Xy is well-defined, but will be only be C°. The C? vector field — Xy vanishes

on £ and is a local attracting basin.

Proposition 5.6.8. There ezists a function p : U — [0,1) (possibly for smaller U),
such that
(1) plz =0, plov =1 and plinc is positive and smooth with no critical point

(2) Xy is gradient-like for p, i.e. (Xu,dp) > 6(|Xg|?+ |dp|?) for some positive §.

Proof. Suffice to construct nested family of smooth hypersurfaces transverse to Xy

converging to L, then let p be defined with these as level sets. 0
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The next proposition says we can smooth the construction while keeping the attracting

property of vector field —Xg.

Proposition 5.6.9. Let (C,«) be a contact manifold with fized contact one-form c.
Let L be any singular Legendrian in C, and (H,U) be a C hypersurface thickening of L,
and p : U — R a defining function for L satisfying properties in Proposition 5.6.8. Then
for any € > 0, we may find a smooth Hamiltonian function ﬁ, such that Xz 1s gradient

like for p on {x € U : p(x) > €}.

Proof. We take a smoothing H of H, that is C''-close to the original # but may no
longer contain £, and define a Hamiltonian function H and vector field X 7. Then X5 is
a vector field C° close to Xy, hence the transversality of X to level sets of p with p > €

can be perserved if H is close enough to H, since {p > €} is a compact set. U

We collect the above construction into the following definition and Theorem.

Definition 5.6.10. Let (C,«) be a contact manifold with fixed contact one-form a.

A convex tubular neighborhood of a Legendrian L is the following data (U, p, H, H):

(1) U is an open neighborhood of £, that admit a deformation retract to L.

(2) p: U — [0,1) with continuous extension to U, such that p|; = 0, plogy = 1 and
pluo\c is smooth and with dp # 0.

(3) H:U — R is a C'-function, such that Xy is gradient-like for p,

(4) H={x € U: H(xz) = 0} is a C'-hypersurface thickening of L. (c.f. Definition

5.6.6)
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Theorem 8. For any singular Legendrian L, there exists a convex tubular neighbor-
hood (U, p, H,H) for L. For any non-zero level set p~'(c) of p, there is a smooth contact

vector field Xz transverse to it.

Proof. This follows from Proposition 5.6.7 and 5.6.8, and the existence of smooth

transverse contact vector field is due to Proposition 5.6.9. 0]

5.7. Quantization of Variation of Thickened Legendrian

In previous subsections, we saw that any singular Legendrian there exists a convex
tubular neighborhood in the sense of Definition 5.6.10. However, as the singular Legen-
drian varies the neighborhood may not be able to vary continuously. We show that if
there exists a continuous deformation of the convex tubular neighborhoods as well, then
there exists a contactomorphism of the complement of the convex tubular neighborhoods,
and we can quantize the variation of Legendrians.

First we define what is a variation of a convex tubular neighborhood for a variation
of Legendrian. Here it is more convenient to work in 7*M x R instead of T*(M x R),
and similarly 7*°M x R instead of T°°(M x R). Given a variation of Legendrian A in

T>°(M x R), we define L(AF) C TM x R by

LAZ) i= UperA® x {t} € S*M x R

Definition 5.7.1. Let A be a variation of Legendrian in 7°°(M x R), and L =
L(AF) C S*M x R. A wvariation of convex tubular neighborhood for Ay is the following

data (Ug, pr, Hr, Hr), where Ug is a tubular neighborhood of Lg, Hg C Ug is a hyper-

surface, and pg, Hr are functions on Ur. Let U; = Ur|s<arxfsy, and pg, Hy, H; be the
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restriction of pg, Hg, Hg on Uy, then we require (U, p;, Hy, Hy) to be a convex tubular

neighborhood of L and is constant for ¢ << 0 and ¢ > 0.

Theorem 9. Let AY be a variation of Legendrian in T(M x R). If AY admits
variation of convex tubular neighborhood (Ug, pr, Hr, Hr), then there exists equivalence
of categories

Diys : SA(M,A°) — Sh(M, AYF)

that is identity when t = s and compatible with composition:

(5-7-1) g/p\tlﬁtg o @toetl = @to%w’ @tﬁt = Id.

We prove the above theorem analogously as in Theorem 7. The only difference is one

need to construct contactomorphism across different ¢.

5.7.1. Construction of the slice reproducing kernel

Let M be a smooth compact manifold. For any ¢ € R, let M; = M x {t} C M xR be
the t-slice, and j; : My — M x R be the inclusion. Let A C S*(M x R) be a variation
of Legendrian, with slice Legendrian Af® € S*M,. Let Sg be projection image of A in
M x R and S; the image for Aj°.

Let Sg be equipped with a minimal Whitney stratification
SR = U SOM
a€Agr

and S; be equipped with the induced stratification S;, = S, N M, and let A, C Ag

consists of « such that Sy, # 0. We assume that the restriction of the projection map
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mr : M X R — R to each stratum S, with positive dimension is non-singular. Let
{t1,-+ ,tn}, t1 < ta--- < ty, be the projection images of the zero-dimensional strata,
which we assume to be distinct, and let {5 = 0,¢y;1 = 1. Then the stratification S; is
topologically constant over intervals (¢;,¢;11). (cf [N1], §3.7).

Fix at € R, let (Ty, pas Ta, Ta)aca, be a control system with a family of lines, for
the Whitney stratification &;, as in §5.4. Let r; be the almost retraction for M;, and let
[Tase = Cr() be the reproducing kernel for Sh(M;, Af°) as in §5.3.

Let €, denote a lower bound between the distance of the singular support of the probe
sheaves in M, defined by r; and the Legendrian A{®, as given in Proposition 5.4.9. We
note that €, does not have a uniform lower bound over ¢t € R, it may tends to zero as
t—t;fori=1---N.

For each A, let (U, pt, Hy, H:) be a convex tubular neighborhood of £;, as defined
in Section 5.6.3, varying smoothly and compactly in ¢. Let Flt(q, p) be the homogeneous

degree-one extension on 7*M;, and f](q,p, t) = f[t(q,p) the function on 7*M x R. We

may extend ¢ to be 1 outside U.

5.7.2. Symplectic fibration over R; x R,

Let E = T*M x R; x R, be the total space, B = R; x R, be the base. Here R; is the
deformation direction, and Ry is the direction that generates the Hamiltonian flow.
Let T"M = {(q,p) | ¢ € M,p € T;M}. Let wr-pr = dpAdq be the standard symplectic

form (up to sign), and let

(5.7.2) Qp = T yywrar — dH(q, p, t) A ds.



129

be a two-form that restricts to each fiber of E;; of (¢,s) € B is non-degenerate. This
gives mp : E — B a sympletic bundle structure.
The Qg orthogonal complement for each fiber of £ defines a horizontal distribution

in TE, called the symplectic connection. The horizontal lift is given by
8t»—>8tETE, 8S|—>85+536TE

where our sign convention is t¢, (w) = —dH. Indeed for any vertical tangent vector

Y € TE|,, we have
(5.7.3) (Y, 0, +€5) = wrn(Y, ) — dH(q,p,t)(Y) = 0
For each r € (0, 1), let

(5.7.4) Cao(r) = nf{{Xm,, p(q,p, 1)) | (¢,p,t) € U, plg, p,t) =7} >0

(5.7.5) Cs(r) = sup{[(9, p(q,p, )| | (¢:p,t) € U, p(q,p,t) =7} >0

and let Cy(r) > 0 be large enough, such that Cy(r)Cs(r) — C3(r) > 1.

Definition 5.7.2 (Admissable for level 7). We say a tangent vector ad; + b0s € T'B
is admissible for level r, if b > Cy(r)|a|. If a smooth path on B has all its tangent vectors
admissible for level r, we say the path is admissible for level r. A piecewise smooth path

is admissible for level r if its each smooth component is.
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Proposition 5.7.3. For any piecewise smooth path ~y : [0,1] — I x R, the symplec-
tic parallel transport from T*M'y[[)] to T*M,ym 18 conic, and induces a contactomorphism
(isotopic to identity) from S* Mg to S*M,py. Furthermore, if v is admissible for level r,

then it will send S* Mo\ [< ] into S* M, \ASy[< r].

Proof. For any (q,p,t) that p(q,p,t) = r, we have
(5.7.6) (a0 +bXg, p(q,p,t)) > |a|Cs(r) + bCa(r) > |a|(Cs(r) + Cy(r)Ca(r)) > |a| >0

Hence for a point in U with initial value p above r, its value will never get below r along

the parallel transport trajectory. U

Paths in B can be translated in the s variable, hence an admissible path of level r
from t, to t; means a level r path from (o, so) to (t1,s1) for some 1 > 5.

Paths can be concatenated in the obvious way. By definition, piecewise smooth level
r path will concatenate into piecewise smooth level r path.

The space of all level r path with the same endpoints (¢, sg) and (¢, s;) are con-
tractible.

Fix any r € (0,1). We may shrink €}, such that €, < r for all t € R.

For any ¢t € R, there is a large enough 7; > 0, such that the a straightline path ~;
from (¢,0) to (t,7T;) sends A°[> €] into A°[> r]. We may choose T} as

~ wf{(Xu,, pe(0,0)) | (4,9) € Us, pi(a,p) € [, 7]}

(5.7.7) T,

For any #,t; € R, we may build a path ., from ¢, to ¢; admissible for level r. For

example, we can take the straightline from (to,0) to (1, |[t1 — to|Ca(r)).
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To summarize the above construction, we make the following definitions:

Definition 5.7.4. (1) For any t € R, let 7; be the straightline path from (¢,0) to
(t,T3); ¢+ be the contactomorphism induced on S*M that sends A°[> €] into A[> r];
and K; € Sh(M x M) be the GKS kernel for ¢;.

(2) For any t, s € R, let ;s be the straightline path from (to,0) to (1, |[t1 — to|Cu(r));
¢1-ss be the contactomorphism induced on S*M that sends A°[> r] into A[> r]; and

K, s € Sh(M x M) be the GKS kernel for ¢;_,.

Proposition 5.7.5. Fix ty,t; € R. Let v,, v be two level-r path from ty to t1. Fiz an
isotopy in level r path hy (1) : [0,1]x[0,1] — B, where u € [0, 1], such that hg = a4, h1 = Vp-
Let K, be the I-parameter family of kernels in Sh(M;, x My,) with parameter in u, such
that K, is the GKS quantization of the sympletic parallel transport over the path hy o .

Then, for any F' € Sh(M,A°[< 1)), p € M, uy,uy € [0,1]), we have
hom(Kyy Py, F') = hom(Ky, P4y, F)

Proof. The one-parameter family of probe sheaves K, F,;, over parameter v defined
a variation of sheaves in Ag°[< r]), hence is SS°°(F)-non-characteristic. O
5.7.3. Constructing the parallel transport kernel

As before, we denote the reproducing kernel for slice t by I1;, and K; and K;_,, are the GKS
kernels defined in Definition 5.7.4. We use subscript ¢ — s and s < t interchangeably.

We define kernel ®;,,,, by

(578) (I)tlFto = Htl o Kttl © Kfoktl’
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recall K represent the transpose of the kernel (cf. Section 3.6)
Proposition 5.7.6. If F' € Sh(M,,, AZ[< r]), then &y . [ € Sh(M,,, Ag°).

Proof. Since (K'), = K', we have

(5.7.9) Oty tpeF =g 0 K 0 Ky F

o¢t1™ °

Then since K is adjoint to K', and SS®((K,)\F) = pSS®(F), hence SS*((K,)'F) =

@ 1SS (F), and we have
(5.7.10) SS™(K; o Ky F) = ¢, odt, SS®(F).

Since ¢yes, sends Af°[> 7] into A°[> 7], then ¢; ., pullback the complement Af°[< r]

into A°[< 7). Similarly, ¢;,' (Af°[< 7]) C Af°[< € ]. Hence, we have

(5.7.11) K; oK, , F € Sh(M;,A°[< €, ])

0411
Apply Proposition 5.4.12 to (ry, )., we get

(5.7.12) re G, 0 Ky o F € Sh(My,, AY)

0+t

Next, we prove Eq (5.7.1).

Proposition 5.7.7. Given an isotopy of level r paths

h * Vtge—t1 © Vi1 © Virto © Vo ™7 Vta—to © Vio
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and given any G € Sh(M), we have

hOm(G, (Ptg(—tl* @) ¢t1<—t0*F) = hOm(G, @tg(—to*F)

natural in G. Hence there is an isomorphism Py, 4, 0 Py pg F' — Pyt F-

Proof. The proof is analogous to the proof of Theorem 7. We will be brief here.

hom(G7 CI)t2<—t1* © CI)tH—to*F)

= hom(Ktﬂ—tz! © Ktzl o H;tkg (G)v Htl* o Ktll ° Kéo(—tlF)
= hom(KtletQ! © KtQI © H;sz (G)7 Klzl © Kio(—tlF)
= hom(Kt(){—tﬂ o Kt1! o Ktl(—tQ! o KtQ! o H;sz (G>7 F)

12

hom(Ktm—m! o Kt2! © H:;Q (G)7 F)

= hom(G, q)t2<—t0*F>

where in the third line above, we applied Corollary 5.4.13, to drop Il;,. on the right slot;
and in the fifth line above, we apply the Proposition 5.7.5 to quantize the isotopy that
changes the composition ¢, © ¢y © Pryt, 10 Gpyct,. This proves the first statement,

and a standard Yoneda faithfulness argument gives the second statement. 0

This also conclucdes the proof of the Theorem 9.
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CHAPTER 6

Variation of Constructible Sheaves: 11

In the last chapter, we studied two sufficient conditions on deformation of Legendrians
in T°°M, such that the corresponding sheaf categories are invariant. While being quite
general, those conditions are still hard to verify in practice. Here we consider a special
case of Legendrian deformation, Legendrians supported on affine hyperplanes on R" (c.f.
Example 5.0.3).

Results from this section will be used in the proof of non-equivariant coherent-constructible
correpondence, and in the proof of Fukaya-Seidel category equivalent to constructible sheaf
category on a torus, since in both cases we need to vary the singular support on the torus
A7 by changing the function © (see the notation section in the introduction for the
definition of A7 g).

The main idea is illustrated in the following example.

Example 6.0.1. We still consider the following deformation of sheaves on R2.

~ -
~ F -

T -

Figure 6.1. As the Legendrian moves, the sheaf F' changes to F”.
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The generators for Sh(X,A_;) and Sh(X,A;;) are shown in Figure 6.2. It is clear
that hom(P;, P;) = hom(P;, P}) for all 4, j, hence there is an equivalence of categories. F

is quasi-isomorphic to the following chain complex
Fg(Po%Pl@PQ@Pg—)P4@P5@P6)

with Py at degree —2 and maps given by the obvious restriction maps, and F” is quasi-
isomorphic to a similar complex with P, replaced by P/. Hence F is sent to F’ under the

equivalence.

Figure 6.2. The generators for Sh(X, A_) (first row) and Sh(X, A1) (sec-
ond row), as standard sheaves supported on closed set marked by the shaded
regions. Under the deformation of Legendrian, P; changes to P;.

Our main theorem in this chapter is the following

Theorem 10. Let M be a smooth compact manifold, AF € T*°(M x R) a variation

of Legendrian. If M x R admits a Cech covering with product open sets {U; X I;};, such
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that on each patch the Legendrian deformation is diffeomorphic to admissible deforma-
tion of hyperplane arrangements on R™, then the sheaf categories are invariant under

deformation.

We will first study the deformation of affine hyperplanes (by translation only) as the
local picture. Then we study how to glue the local sheaves (of complexes) into a global

sheaf. Finally, we prove the theorem by patching the local sheaf deformations.

6.1. Affine Hyperplanes on Vector Space

6.1.1. Legendrian supported on affine hyperplanes.

Let V = R™ be an n-dimensional real vector space, V* be the dual space. Let (,) :
V x V* — R denote the canonical pairing.
Let vy, - -+ , v, be nonzero covectors in V* and Q = {1,--- ,m}. Let S be a collection

of subsects of €2, such that

(1) S = L}_ySk, where Sy, is a (possibly empty) collection of size k subsets of €.
(2) So = {0} and Sy = {{1},--- ,{m}}.

(3) If oy € S, then {v; : i € o4} are linearly independent.

(4)

4) If o4, € Sk, then any non-empty subsets of oy, is also in S.

Then S is a partially ordered set, with oy < o5 if and only if o1 C 0.
Pick m real numbers by, --- ,b,, € R. Using the co-vectors v; and the ‘offsets’ b;, we

may define the closed half-spaces (); and their boundaries H; for for all 1 <i <m

Qi ={r eR": (z,v;) > b}, H;=0Q; ={xeR": (z,v;) =b;}.
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For each o € S, we define the closed ‘corners’ )., and their ‘spine’ H,
QU:in7 Ho:mHi-
S €0
Note that H, # 0Q,. We define Qy =V and Hy = V.
For any o € S, let
vy =conef{v; | i € o} = {Zaivi |a; >0} CV*
i€o

be the closed cone, with vy = 0. And we define the conical Lagrangian

A:UAUCT*V where A, = H, x v, CV x V* =< T*V.

oceSs
Finally, let

L, =Leg(A,) and L = Leg(A),

be the corresponding Legendrian for the conical Lagrangians A, and A. For example,
if 0 = {i}, then £, consists of unit covectors with foots on H; and pointing in the
v; direction. And if ¢ = {i,j}, then £, consists of unit covectors with foots on the
codimension-2 affine linear subspace H; N H;, and pointing in the direction within the
cone spanned by v; and v;.

Let b = (by,---,by) € R™, and we will write the subscript b explicitly, as in H,
and L,, when we want to emphasize the dependence on b. We call the above data,
{(vi, b;) }iz1,....m» S, & hyperplane arrangement, and denoted by H,p s, or sometimes only

H, if v, S are clear from the context.
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We will consider the category of constructible sheaves on V| with singular support
contained in Ay, denoted as Sh(V,A;), or Sh(V, L;). As the offset parameter b changes,
the Legendrian £, also changes, and we are interested in how a sheaf F' € Sh(V, L)
changes along with 0.

For a generic choice of b, the hyperplanes have transversal intersection, then as b
undergoes a small perturbation, the stratification induced by L, has the same structure,
hence the constructible sheaf F' has a natural continuation. As b changes along a path
through a critical moment by, when a non-generic intersection occurs, then some strata
will disappear as b approaches by from one side, and some new strata will apear as b leaves
by from the other side, the question then is how to define F' on the new strata.

The idea is to resolve F' using sheaves that each admits an obvious deformation as b
changes. One choice of such sheaves are standard sheaves supported on the closed sets
Qs for o € S. More precisely, let j, : Q, = V be the closed embedding, and Cg, be the
constant sheaf with stalk C on @), then we define

C ifzeq,
P, = (js)«Cq,, withstalksatz (P,), = :

0 otherwise
The problem then reduces to the two following steps:
(1) Show that all the sheaves can be generated using {P, | o € S}, and
(2) Show that as b chanages, the full subcategory with objects {P, | o € S} is invariant.
If o C 7, then @, D @, then there is a restriction morphism between the standard

sheaves P, — P.. These morphism are induced by the poset relation of S, and is stable
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under changes of b. However, there may be other morphisms, which is sensitve to b, as

the following examples shows. In this case, the step (2) above would fail.

Example 6.1.1. Consider the following Legendrian, given by four co-oriented hyper-

planes H; for : = 1,--- ,4 and the corner at 1,2 and 3, 4.

N,
H / P, —
By / "i‘ﬁ
; N Py : T
4 \ T~y
/

The standard sheaves are

P07 Pla"'7P47 P127P34

where Py = Cg2, P; supported on the half-space @); for¢ =1,--- ,4, and P;; supported on
QiNQ); for ij = 12,34. The solid arrows in the diagram (and their compositions which are
not drawn) represent the homs induced by restriction morphism, e.g. Hom(P,, P;) = C
is generated by the restriction morphism Py — P;. These morphisms are stable under

changes of the offset parameter b. The dotted arrows represent other homs

hOm(Plz, P34) = F(RQ,hO_W(Pm P34)) = F(RQ,

1111l
TT
~—

=~ C*([0,1] x [0,1],{0,1} x [0,1];C) = C[-1].
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The dashed arrows are not stable under changes of b. For example, if we shift the horiz-

tonal wedge to the left, then we get

Py

> Py

P2 »

0
i P

3 \
Psy

P

Here P, — P34 is given by restriction, since Q34 C Q)s. A

Here we do not know if the {P,} generates the sheaf categories associated to the two
Legendrians; even if they do, by matching the generators will not induce an equivalence
of categories, since the morphisms between the generators changed as b changed. This

motivates the following conditions on the hyperplane arrangments.

Definition 6.1.2. We say a hyperplane arrangment H, 5 ¢ is admissible, if there exists
a fan ¥ in V*, such that the set of cones in ¥ has a one-to-one correspondence with

{o € S}, by 0 = v,.

We will sometimes denote the cone v, by o, to be consistent with usual convention.

Remark 6.1.3. In the example above, the cones v 2y and vz 4 have intersecting
interiors, hence cannot be fit into a fan, thus the hyperplane arrangment is not admissible.

As pointed out in [N 3] by Nadler, the change of the hom space is related with the change
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of the short Reeb trajectories starting and ending on L£,. In this case, as the Legendrian
moves from the first picture to the second one, the Reeb chord from L34, to Ly}, the
interval from H3 N H, and ending perpendicularly on Hs, disappears and is replaced by a
Reeb chord from Lygy to Ly3.43.

The above condition is first studied by | ] as condition (Z1) in Theorem 5.2,
the (Z2) condition there is automatically satisfied by condition (4) in the definition of S.
They considered more general situations, which allow for multiple hyperplanes with the
same co-vectors. The simpler case we study here will serve as the local model, e.g. in a

small open ball, hence we do not allow for multiple occurence of a cone in .
The following two results from | | will be used.

Proposition 6.1.4. If H,, s is an admissible hyperplane arrangment with fan .

Then for any cones o, 7 € X, we have the following hom-complex

C-pyor ifoCrT
hom(P,, P;) =

0 otherwise.

where py_, : Py — Pyr is the canonical restriction morphism. In particular, the hom-space

1s independent of the offset parameter b.

Proof. This follows from | | Proposition 3.3. Here we note that, o C 7 if and

only if @, D Q. O
Proposition 6.1.5. The category Sh(V,Ay) is generated by {P,, | o0 € ¥}.

Proof. This is proved in | ], Theorem 5.2. O
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Explicitly, any sheaf F' € Sh(V,A;) admits a resolution using P,’s:
(6.1.1)

[F] = ( = P P ®hom(P,,, P,,) @ hom(Pyy, F) = €D P,, @ hom(P,, F))

o1<02€S8 o1 €S

6.1.2. Universal deformation space for hyperplane arrangements

Let H,p,s be an admissible hyperplane arrangement with fan ¥, where v = (vy, - -+ ,v,,) €
(V*)™ and b = (by, -+ ,by,) € R™.

Let V=V xR™and V, =V x {b} 2V for ecach b € R™. Let 1, : V =V}, < V be the
inclusion, and 7y : V — V be the projection. We define the closed half-spaces and their

intersections

Qi={(x,b) €V XR™: (,v)) 2 b}, Qo=[)Qi

1€o

and similarly

ﬁl:{(fﬂ,b) eV xR™: <.’17,’Ui> :bl}:é’@“ ﬁa:ﬂ?[i'
i€o
Let V* be the dual space of V and let Tys V* = V* be the projection. We lift v; € V*

as

?}Ji = (Ui> _ei) eV* x (Rm)* = ‘7*

Then as v; spans cones in X, we may define the lifted fan S e V* as

S ={0,:0€8} where 0,=cone{d;:icoc}
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Then we have an admissible hyperplane arrangments H = ﬁggzo ¢ with fan 3. Let the

conical Lagrangian A and the associated Legendrian L be defined as
A= U H, xT, CT*V, L =Leg(A).
oceS

Let ]5(, be the standard sheaf on the closed set @g. By Proposition 6.1.4, we have

- - C ifoCr
(6.1.2) Hom(P,, P,) = , foranyo,7€S.

0  otherwise

And by Proposition 6.1.5, Sh(v, K) is generated by {15(, | o € S}.

Proposition 6.1.6. With the above notation, the restriction functor
i SRV, A) = Sh(Vy, Ay)

1s an quasi-equivalence of dg derived category, where v, : Vi, — V in the inclusion.

Proof. ¢; sends the generators ﬁT to P, while preserving the morphisms and their

compositions, hence induces an quasi-equivalence of dg derived category. 0
We denote the inverse of ¢; by
&= ()" Sh(Vy, Ay) — Sh(V, A),

that sends generators {P;,} to generators {P;}.
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Corollary 6.1.7. For any by, by € R™, we have an equivalence of category

@In—)bg = €p O LZQ : Sh(‘/, Ab1> — Sh(‘/, AbQ)

such that

Dy, p, =id,  Ppyp, © Poysig = Py sy,

where compositions are from left to right, and = means natural isomorphism of functors.

Proof. ¢, _,;, is a composition of equivalence of categories. In particular, it sends

generators Py, to P;;,, and induces isomorphism

C ifeCTt
hom(Po,bl> PT,bl) = hom(Pcr,bza PT,bQ) = )

0  otherwise
such that the restriction morphism F,; — P:;, for b; goes to the corresponding restric-
tion morphism for by, if o C 7.
To be more concrete about the natural equivalence, for F' € Sh(V,A;), we consider
the resolution g : [F] = F asin Eq. (6.1.1). Then ®;, ;,(F) is defined by first build the
resolution [F], then replace P,p, ® -+ by Py, ®--- for all ¢ € ¥ in the above resolution.

Thus we have the natural equivalence 7 : ®,,_,;, =[] = id:

ne . CI)b1—>b1(F) = [F] — F = ld(F)
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We note that M = f o = [-] - SK(V,A) = Sh(V,A) is naturally equivalent to id,

with n : M — id. Then

€, ONOL}
_ * * * 3 : ko
(I)blﬁlh o (I)b2ﬁb3 = €p; O Lp, O €py O Ly, = €p; © Mo Lpy —> €p, O id Olp, = (I)blﬁb:,).

6.1.3. Cut-off and Extension functor

So far we have discussed sheaves on a linear space V. This can be used as a local model
for the Legendrian deformation over the torus 73, under study here. Thus, we need to
be able to go back and forth between sheaves defined on the entire linear space V', and
sheaves defined on a ‘extendable’ open set U of V', where extendable is going to be defined
shortly.

Let H,p.s be an admissible hyperplane arrangement on V' with fan . Let iy : U — V

be an open inclusion of an open subset U of V. The cut-off functor is the restriction
iy Sh(V,A) — Sh(U, Aly).

However, if U is too small, say contained in an open stratum of the stratification given
by A, then Sh(U,Aly) = Loc(U) is a local system on U, and i}, would fail to be an
equivalence of category. Hence we are interested in open sets U such that i}, admits an

inverse €,

€y - Sh(U,A‘U) 1) Sh(‘/, A),

and we call these open sets U extendable (for H,p.s).
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One special case is easy to consider, that is when the hyperplanes H; in H,; g all
pass through the origin of V. In this case, sheaves in Sh(V, A) is invariant under the R+
dilation action on V', and any convex open set U containing the origin is extendable.

Let Hy = Hyps be an admissible hyperplane arrangement, S, = S(A,,5) be the
induced Whitney stratification with S* the set of dimension k strata. Then all the strata

are convex polytopes, some possibly non-compact.

Proposition 6.1.8. If U is a convex open set that intersects with all the strata of S,

then U 1is extendable for H.

Proof. Let S|y denote the stratification of U by {S,NU | « € A}. By the proposition
hypothesis, for any o € A, S, N U is convex and non-empty. Let P,y denote standard

sheaves with stalk C support on S, NU, then

C ifS,NUD(SsNU)
hOm(PmU, P@U) =

0  otherwise.

If S, D Sp, then S,NU DS, NU D SsNU. Conversely, if S, NU D (SsNU), then

SaNSs # 0, hence S, O Sz. Hence we have
hom(PayU, P@U) = hom(Pa, Pg)

Let Sh(V,S) be the category of constructible sheaves on V' with stratification S, and

Sh(U,S|y) the corresponding restriction. We first claim that

;2 Sh(V,S) = Sh(U,S|v)
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is an equivalence of category. Since both categories are generated by standard sheaves
supported on convex strata, and restriction matches the generators and preserves the

homs and compositions, hence ¢ is an equivalence. Let €y be the inverse functor of %,

e : Sh(U, S|y) = Sh(V,S),

and be called the extension functor.

Since Sh(V,A) is a full subcategory of Sh(V,S), we have a fully-faithful functor

iy Sh(V,A) = Sh(U, Alp).

To show it is essentially surjective, we want to show that ey applied to sheaves in
Sh(U, Aly) will land in the subcategory Sh(V,A).

For any stratum S,, let x € S, and § € T V[,\A|,. Let y € S, NU. Since S,
is a convex polytope, hence £ € T§ V|, = Ts V|, and (t) = ((1 — t)x + ty,§) for
t € [0,1] is a path from (z,&) to (y,£) in the smooth part of T V. Let ' € Sh(U,Aly),
and 7 = es(F) € Sh(V,S). Since the cohomology of the microlocal stalk of F” is
locally constant along the path «, and vanishing at (1) = (y,£), hence it vanishes at

v(0) = (z,€). Thus F' € Sh(V,A). 0

Proposition 6.1.9. Let U be a conver neighborhood of 0 € V. Then there is a

neighborhood W of 0 € R™, such that for any b € W, U s extendable for H,p.s.

Proof. For any b € R™, and any subset I C {1,---,m} such that {v; | i € I}
are linearly independent, we define the intersection of hyperplanes Hr, = NierH;p. Let

xrp € Hrp be the points that is closest to 0. For example, if b = 0, then 2;0 =0 € V for
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all Hyo. Let r(b) := max; |z |, then r(b) depends on b continuously, 7(b) =0 <= b=0
and 7(Ab) = Ar(b).
Claim: for any r > r(b), B(0,r) intersects all the strata of S, s.

Indeed, if S, is a closed strata (minimal under inclusion relation), then S, = Hj,
for some intersection of hyperplane, and B(0,7) NS, 3 2, hence is not empty. For
any stratum Sg, there exists a minimal strata S, C Sg, hence B(0,7) N Sz # 0, hence
B(0,7) NSz # (. This finishes the proof of the claim.

Let 7 be small enough, such that B(0,r) C U. Take W open neighborhood of b small
enough, such that for all b € W, r(b) < r. Thus for all b € W, U intersects all the strata
of Sy .5, hence is extendable for H, s by Proposition 6.1.8. This finishes the proof of the

proposition. ]

Corollary 6.1.10. . Let U be an open set in 'V and W be a contractible open set in
R™, such that for any b € W, U 1is extendable for H,ps. Then for any bi,by € W, there

s a canonical equivalence of category

Dy, b, v =€y O €p, O LZ2 o Sh(U, Ay, |v) = Sh(U, Ap,|v)

such that

(bb1—>b1,U = lda ¢b1—>b2,U o ©b2—>b3,U = ®b1—>b3,U7

where compositions are from left to right, and = means natural isomorphism of functors.

Proof. This follows from the definition of ‘extendable’ open set, and the Corollary

6.1.7. 0
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6.2. Gluing Sheaves of Complexes

Let X be a topological space and let % = {U;}ica be an open cover of X index by a
finite set A. In this section, we want to build a sheaf (of complexes) F' on X from sheaves
F; on U;, together with some gluing data.

The complexity arises when the restrictions of sheaves on different patches, Fj|y,nv,
and Fj|y,nu;, are not isomorphic as sheaf of set, but only isomorphic in the dg derived
category. For example, if x € U; N Uj, then on the stalk level, one only has zig-zag
of quasi-isomorphism of chain complex of C-vector spaces (F;); arlso, (F}), in Sh({z})
means (F}), sl B, arso, B, ks .- By, arso, (F})z in Shpaive({2}) , instead of an
honest (bijection) isomorphism of chain complexes (F}), =, (F})z-

In the remaining part of the paper, we will always work with dg derived category

of sheaves Sh(X), with quasi-isomorphism denoted as F T Gor B G, meaning

isomorphism in H(Sh(X)).

6.2.1. Gluing Sheaf of Sets

First we review the simpler case of gluing sheaf of sets, where the gluing data are honest
isomorphism with tricycle condition on the nose. We specify the following local data: for

each i € A, let F; be a sheaf on U;, and for each 7,5 € A, let

iso

UiﬂUj 7 F]

Yisj - Fi U;NU;
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be an isomorphism, such that for distinct triples i, j, k € A, such that U; N U; N Uy, # 0,

we have tricycle condition
©isj O Pjsk O Phy; = 1d (F})s Iso (F})s, Vz€ U;nU; NUy.

Then, we may define the global sheaf F' as the equalizer, that is for any open set U C X,

we define

FU)=eq| [[EUNnU) == [[F(UNUNTy)

i#]

6.2.2. Cech Resolution

Let F' be a sheaf over X, valued in sets or chain complexes. We have the following Cech
resolution of F' (e.g. see Kashiwara-Schapira [KS], §2.8). Fix a total ordering of A (for
the purpose of having correct signs), and for each subset I C J, we let Uy = N U;, then
Uy c Uy when I D J. Let jy : U — X be the inclusion, and let j;7Cy be the constant
sheaf with stalk C supported on the open set U, and for U C V let pyyv : j;nCy — j11Cy

denote the canonical morphism. Then we have a resolution of Cx:

Py = (H‘g@lel!(chz i>69‘7‘U10!(CU10 —>O> ! I, C A, ’[k‘ =k+1
Il IO

where P corresponds to the direct sum over I, and the differential on direct summand

Py, is given by
k
dlp, = Z(_UJPUI,;%UI,C_W where Iy, = {vg,v1, -+ Uk}, 090 < V1 < -+ - < U

J=0
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Using ' = F @ Cx or F' = hom(Cx, F'), we get resolution of F' by replacing Cx with

P,:

%.(%,F) = F@Po = < i> @jUIQ!Fh][Q i> @jUjl!F|U11 - O) )

Iz I

and

. , d , d
C*(%; F):=hom(P,, F) = <O — @jUI1*F|U11 N @]UIQ*F|U12 N ) 7
Il IQ
for all I, C A, and |I| =k + 1.

6.2.3. Local Data on Cech Cover

Here we define the necessary gluing data for sheaf of complexes.

Let P(A) be the partially ordered set
PA)={I|0#£1cC AU #0}.

with ordering I < Jif I C J. Let P(A) also denote the category with objects being

elements in P(A) and morphism being I — J if I < J and the obvious composition.

Definition 6.2.1. A path v in P(A) is a sequence of composable morphisms I, —
Iy = -+ — I. We say a path ~ is non-degenerate if none of the morphisms in it is an

identity-morphism. The length of a path is the number of arrows.

Definition 6.2.2. The Cech data of sheaves of complexes with respect to a finite open
cover {U,}ica is the following data (F = {F;},h = {h(7)}),

(1) For each I € P(A), let F; be a complex of sheaves over U;.
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(2) For each non-degenerate path v = (I — J) of length 1, there is a isomorphism

in the dg derived category of chain complexes
h([% J) : FI’UJ = FJ

(3) For each non-degenerate path v = (I = [y — --- — I, = J) of length k£ > 2,

there is an element A () in Hom' " (F}|y,, Fy), such that

where h(Iy — --- — I;) is an abuse of notation for h(ly — --+ — L)|y, €

HOm%];k<FIO‘UJ7 FI]' ’UJ>

Example 6.2.3. If F is a sheaf of complex over X, then it induces the following
canonical Cech data:
(1) For each I € P(A), F; := Fly,.
(2) For each non-degenerate path v = (I — J) of length 1, let h(I — J) : Fy|ly, — F
be the identify morphism, since Fi|y, = (Flv,)|v, = Flu, = Fy.
(3) For each non-degenerate path v = (I = Iy — --- — Iy = J) of length k > 2, let
h(y) = 0.

A

The following proposition show that given a Cech data of sheaves of complexes, we

may construct a global sheaf of complexes (or complex of sheaves).
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Proposition 6.2.4. Let X be a topological space with a finite open cover {U;}ica, and
let (F,h) be a Cech data of sheaves with respect to this cover. Then there ezists a complex

of sheaves F := Fry, such that for each i € A, there is a quasi-isomorphism

~

v, — F;.

7

P F

Proof. We give the construction of the global sheaf first. We will write F for F*,
and understand sheaf as sheaf of complexes. The hom-complex is in the category of dg

derived category of sheaves over X. Let

F = <@flad_zdlaJ>a Fr=jnFil = |I], di; € Hom'(F;, Fy)
T

icJ
where the sums are over I € P(A) and over I,J € P(A). The restriction isomorphism
Wi+ Flu, — F; is given by its restriction on the direct summands:
id if I = {i}
Vil i1y, = :

0 else

(Step 1: sign conventions). To specify d, such that d*> = 0, we need to treat the signs
carefully. Fix any linear ordering of A, and let any subset of A be equipped with the
induced linear order. If I = {vy,--- ,v;} is a set with linear ordering, with v; < --- <y,
we identify I with the sequence (or k-tuple) (vy - --vg). If I; and I are two sequences that
are disjoint as sets, then let I; U I, denote the concatenation of the two. If J is a linear

ordered set, and I C J, then let J — I be the complement of I in J equipped with the
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induced linear ordering. For an ordered set J, let 3(J) be the permutation group acting

on J.
Let () # I C J be a nested pair of linearly ordered sets. Let o(I,J) € X(J) be the

permutation, that ‘pushes I to the left inside J’,
ol,J): J—=1TU(J-1).

Let # I C J C K be a nested triple of linearly ordered sets. Let o(/,J, K) € 3(K) be

the permutation that
oI, JK): K—ITU(J—-1)U(K-J).
Then we have relation
o(l,J,K)=0(,J)oo(J,K)=0(J—1,K—-1)oo(I,K).

For any permuation o, let (—1)? = £1 be the signature of o.

(Step 2: define d). Now we define d;_, ;. For I = J, we have
dioy = (—D)Hay, .
For I C J with |J — I| =1, we have
diy = (=)= (=) EDp(T — 7).

where h(I — J) € Hom®(F;|y,, Fy) is the quasi-isomorphism specified in the Cech data.
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For I — J with |J — I| = k > 2, we have
droy = (=)= 0D N (<1)7h(y,)
oex(J-1I)

where v, = (I§ — I{ — --- — I7) is a non-degenerate path in P(A) from [ to J and

I7 = T'U (first @ terms in o(J — I)).

)

(Step 3: checking d*> = 0). We claim that, for any I — J,
Z digkodgy =0
KICKCJ

where the composition is from left to right.

drrdr—y +dr—ydyy

= ) (D)D) (g 0 hive) = (1) (v 0 dF)
cex(J-1I)

— Y ()N (=1)%d(h(y,))

ocex(J—I)

= D D IR = o ) o (I e )

oen(J-1I) i=1
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where the double sum of terms S0 S° (=1)/(=1)7h(I] — o I7 oo = I7) s zero, as
it is the differential of a top-dimensional cycle in the relative simplicial chain of the k-
cube C ([0, 1]%,9[0, 1]*), where [0, 1]* is equipped with the canonical triangulation into k!
simplices.

Next we rearrange the sum of the permutations o, by summing over ¢ with fixed I7

first.

drrdr 5y +di dyy

= > Z > (- (—1)7 (=1 Igege - A(I§ — -+ = I7 ) = K)

ceX(J-1I) i=1 KeP(A)

oh(K — Iy — -+ — I7)

I DD DENED DI Lt A PR EY I

K:ICKCJ o eS(K—1I) oreS(J—K)

S I S EE R B

K:IICKCJ oLEX(K-I)
> (=) (=) ED (1) 7R ()
oREX(J-K)
- drg o dgy.

K:I

iN

KCJ

This finishes the proof of the claim that d? = 0.
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Given the claim, we have d? = 0. Indeed, let (d?);_; denote the component that goes

from F; to F;, then

(

&2, =0 if 1=,

()= = Z dixdis =\ dpordryg +dissdy sy =0 if [J—1| =1,

K:ICKCJ

kZK:IcKC!]dI—ﬂ(dK—U:O lf|J—]| 22

where the case I = J follows since F} are chain complexes, |J — I| = 1 since d;_,; are
quasi-isomorphism, and |J — I| > 2 follows from the claim.

(Step 4): Finally, we verify that v; is indeed a quasi-isomorphism. First, we note that 1
is a closed degree 0 morphism, that is ¢);odr = dp,01;. Then, suffice to the check the claim
at the stalk level. Fix any x € U;, then suffice to prove that the cone of ¢, , : 7, = Fj

. —dr, T
K*® = cone(v;,)[—1] = | Fo ® Fi[-1],

0 dr
is acyclic. We will use the spectral sequence of a filter complex to show this (| ]

§II1.7.5). Consider a finite decreasing filtration FPK® p >0

;

Dicpa) Fra ® Fio[-1] ifp=0

FPK® =

\GBIEP(A),HIZP—H Fla ifp=>1
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—dp,, T}

0 ZIGP(A) dir

At Ey page, we have dy = , the cohomology of Ej is

BV B (Bodo) = B HYFadu).
TeP(A),I#{i} | I|=p+1

At E, page, we consider the horizontal differential d; = ZICJ,|J—I|:1 dr_;. Let Ef’q =
HY(F} . drr), for I # {i}. Let P(A), consists of I such that # € U;. Then P(A), can be

decomposed as
P(A), = P(AY, U P(AY, U P(AY! = {{iYy U{T |i € IYU{I |i € 1,1 # {i}).

There is a bijection from P(A)” to P(A)Y”, sending I + I U {i}. On the otherhand, for
|J —1I|=1,d;; =h(I — J) are isomorphism on the cohomology. Hence, for each fixed
q, the chain complex (E7? d;) admits a contraction homotopy

dil,, ifiel

g: EP — grhe g|E11,q =

0 else,

Then d; o g + g o d = id. Hence, for each ¢, £*9 is acyclic, and
Eg,q = Hp’q<E17d1) =0.

Thus, K*® is acyclic, and ;, is a quasi-isomorphism. This finishes the proof of the

proposition. 0]
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Example 6.2.5. Let Fy be a sheaf of complex over X and (F,h) be the canonical
Cech data induced by Fy. Then the reconstruction in the above proposition reduces to

the Cech resolution hom(P,, Fy). A

6.2.4. Equivalence of Cech data

Let (F,h) be a Cech data associated with the open cover % of X. Sometimes we want
to replace the local sheaves F; by certain nice resolutions ﬁl, the next proposition gives

a recipe for changing the gluing data ‘by conjugation’.

Proposition 6.2.6. Let (F,h) be a Cech data associated with the open cover % of

X. Suppose for each I € P(A), we have the following quasi-isomorphisms,
friFr &= Fr:gr, grofr=idg +das, frogr=idp +dB;

where fr,gr are degree-zero closed morphism, and oy, B are degree-(—1) morphism, and
composition is from left to right.
Then for any path v = (I = Iy — -+ — I = J), we may deﬁneﬁ(]o == L) =

Jr, Oﬁ(Io — -+« = I};) o f1,, where

k—1
h(log— = T)=>_ > h(ly---1,)0By, oh(I, -+ I,,)o- -0y, oh(L,, - I).

m=00<r;<---<rm<k

Then (ﬁ,%) is a Cech data. And there is a quasi-isomorphism ¢ : Fg = Frn-

Proof. First, we verify that & satisfies the condition (2) and (3) in the definition of

Cech data. The condition of quasi-isomorphism in (2) and the condition of degree in (3)
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are easy to check. We now check the differential condition in (3).

dh(ly = - — Iy))

k—1
= Y Y gnodhllo— L) 0B, oh(l, - I,) o

m=00<r1 < <rm<k

-0 fr, oh(l., ---I)| o fr,.

If d hit 8, then we have df;, = (f;, o g1, — isz,-)v and denote the corresponding terms
as ‘f o g-type or ‘id’-type terms. If d hit h(---), then we have ‘h(- T -+ )-type and
‘h o h’-type terms. By a straightforward yet tedious calculation, we find that ‘id’-type
term cancels with h o h’-type terms, and ‘A(- - - I )’-type term become 71( T )-type
term, and ‘f o g’-type term become hoh type term. This finishes the proof that (ﬁ,ﬁ) is
a Cech data.

Next we define 1) : F=F P = Frn. Recall that as sheaf of graded vector space, we

have

F=&@ 7 = 7.
)

IeP(A I€P(A)

Then ¢ = ), ;¥ is given schematically as

1

¢=gO(1+q05+q060q05+---)Zgom

where the composition is from left to right, and
(1) g: F — F component-wise by g; : F; — Fi,
(2) ¢: F = Fisgiven by dr = drg+q, or ¢ = e ;dF 17,

(3) 5 : F — F is given component-wise by [ : F; — Fj, a degree-(—1) morphism.



161

In the above notation, we have

~ 1
df:df,o+q:df,o+gomoqof

where f: F — Fis given componentwise by f; : Fr — .7-?.

To show that 1) indeed is a chain map, we need to show

dzov) =1 odr

The left hand side is (suppressing o sign, and let dy = dzg,do = dro)

~ 1 1 1 1 1
(d0+gl —qBQf) 9 —qp :gdol —qpB 97 —95Qfg1 —qp

Since (dy + q)? = 0 and d% = 0, we have

dogB = —(qdo + ¢°)B = —¢°B — q(doBB + Bdo — Bdo) = —¢*B — q(fg — 1) + ¢Bd,.

Hence [dy, ¢8] = q(1 — fg — ¢B), and we have

1 1 1 1 1 1

1_q5]=1_qﬁQ(1—fg—qﬁ) = q—l_qﬁqul_qﬂ

d
ldo, 1—qgf 1—¢gp

Thus we have

1 1 1 1

dFov = —qﬂqul—q6+gl—qﬁqul—q5

g;dwg ! q—9g
1 —qp 1—qp 1
1

1 —qp

=9 (do+q)=vodF

Thus 9 is indeed a chain map.



162

Finally, we want to show that v is a quasi-isomorphism, or K = cone(?) is acyclic.
Let K be equipped with a decreasing filtration K = F°K > F'K O ---, where FPK
contains component of Fr and F; with |I| > p+ 1. The spectral sequence sequence has

EP? =0, hence K is acyclic. O
6.3. Deformation of Constructible Sheaves: Existence and Uniqueness

We have seen in the first section how to deform constructible sheaves whose singular
supports lies in the conormal of co-oriented affine hyperplanes and their intersections. In
this section, we show that if a deformation on a manifold is locally of the above type,
then local deformations can be glued together uniquely to give a global deformation.

First, we state a uniqueness result about sheaf extension.

Proposition 6.3.1. Let AY be a variation of Legendrian in T°°(M x R). Suppose
ArFAL is disjoint from Tj\‘“{t}(M x R) away from the zero section for all t, then the
restriction functor

1y Sh(M x R, Ag) — Sh(M x {t}, A;)
is fully faithful, where v, : M x {t} < M x R is the inclusion.

Proof. Suffice to check on the hom space between objects. Let F, G € Sh(M xR, Ag),

hence the hom-sheaf has the following bound on singular support
SS(hom(F,G)) € SS(G)FSS(F)* C ApFAL.
By the assumption of the proposition, we have

SS(hom(F,G)) N Ty (M X R) C Tipp(M x R).
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Hence section of hom(F,G) can propagate from a thin strip M X (t —€,t + €) around any

slice M x {t} to the entire space M x R, thus we have

hom(F,G) = (;hom(F,G) = hom(i; F, 1;G),

where the last step follows from a similar argument in Proposition 5.1.3. U

Corollary 6.3.2. With the same setup as Proposition 0.5.1. Fix any ty € R, if F}, €

Sh(M,Ay?) and Gg, Hr are two sheaves in Sh(M, Ag) such that we have isomorphism

@:Gtol}FtO, w:Hto 1>Ft07

then there is unique isomorphism ® : Gg = Hpg.

Proof. Since hom(Gg, Hg) = hom(Gy,, Hy,), we can extend the isomorphism ¢~ 'oy :
Gy, — Hy, to ® : Gg — Hpg uniquely. The cone cone(®) restricts to the slice ¢y is trivial,

hence the entire cone is trivial, thus ® is a quasi-isomorphism. 0

Next, we prove that one can glue the sheaf deformation over local patches, hence

proving the theorem 10.

PROOF OF THEOREM 10. Given any slice M x {t} C M x R, and any sheaf F, €
Sh(M x {t}, Ay), we may cover M x {t} by finitely many open patches % (t) := {U; |
t € I;}, and fix €(t) > 0 small enough, such that I(t) = (¢t — e(t),t + €(t)) C I; for all

1 with ¢ € I;. Since locally F;

v, can be represented by chain complexes of standard
sheaves in U; with singular support in A|y,, as in Proposition 6.1.5, and these standard

sheaves in U; can be extended to the open patch U; x I;, hence we can extend F|y, to
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U; x I(t). We also do so for all the intersection of patches in % (t). Then for the sheaf F;
on initial slice M x {t}, with respect to cover % (t), we may build the set of local Cech data
(Definition 6.2.2) as in Example 6.2.3. In other words, we resolve F; as a chain complex
of sheaves supported on Cech covers and their intersection, such that each building block
can be extended from ¢ to the open neighborhood I(t) of t and their hom’s are preserved
during the extension, hence we can extend the chain-complex of sheaves itself, which is a
resolution of F;. This way, we extended F; from M x {t} to M x I(t). Since U, I(t) covers
R, and the variation of Legendrian is compactly supported in R, hence we may extend F;

to the entire M x R. By Corollary 6.3.2, we know such extension is unique. 0
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CHAPTER 7

Twisted Polytope Sheaves and Coherent-Constructible

Correspondence for Toric Variety

7.1. Introduction

Toric varieties are certain compactifications of the complex torus (C*)™. They provide
many interesting examples, and can be studied in various ways, using algebraic geometry,
symplectic geometry or combinatorics.

For example, let Xy be a smooth projective toric vareity corresponding to a fan 3, and
L an ample line bundle with a lifting of the (C*)"-action. Then there is a convex polytope
Ay in R" where R" is identified with the dual Lie algebra Lie(7™)" and T" = (U(1))" is
the maximal compact real subgroup of (C*)"™. The convex polytope A, can be understood

in the following ways,

(1) Algebraically, Ay is the convex hull of the characters appearing in the weight
decomposition of H°(X, L) under the (C*)"-action.

(2) Symplectically, Ay is the moment polytope of the Hamiltonian action 7™ on
(X,w), where w is a symplectic 2-form with [w] = ¢;(L).

(3) Combinatorially, Ay is the intersection of half-spaces @, = {x € R" | (z,v,) <
a,}, one for each compactifying divisor D, of X given by a vector v, € Z", and
a, is the vanishing order of the invariant (meromorphic) section along the divisor

D

p-
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In the case where L is not ample, the corresponding polytope becomes a ‘twisted polytope’,
as explained in Figure 1.2. The name originates from the paper of Karshon and Tolman
[KKX'T], where they generalized the moment map to the case where w is degenerate.

The above correspondence between equivariant line bundles and twisted polytopes

enjoys a categorification under the name of (equivariant) Coherent Constructible Corre-

spondence (CCC).

Theorem 11 (| . If X is a proper toric variety, there is a corresponding
conical Lagrangian Ay, C T*R™ and an equivalence of derived (or rather, triangulated dg
categories)

K Perfr(Xs) = She.(R", Ax)

where

o Perfr(Xyx) is the triangulated dg category of perfect complezes of torus-equivariant
coherent sheaves on Xx.
o She.(R™ Ay) is the triangulated dg category of constructible sheaves on R™ which

are compactly supported, whose singular supports lie in Ay.

The equivariant CCC implies that there is a quasi-embedding for the non-equivariant

case:

Proposition 7.1.1 ([Tr]|,Proposition 2.4, 2.7). Let 7 : R* — T™ = R"/Z"™ be the

projection. Then there exists a functor & and commutative diagrams

P@T’fT(Xz) N—H> Shcc(Rn,AE)

lforget lﬂ!

Perf(Xy) —=— Sh(T™,As)),
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Remark 7.1.2. When Xy is smooth, the homotopy category of Perfr(Xs) (resp.

Per f(Xs)) coincide with the usual D°Cohr(Xs) (resp. D*Coh(Xx)).

Remark 7.1.3. Under the quotient map 7 : R™ — 7™ all the upstairs objects in R"”

are unadorned, and downstairs objects in T™ have overlines.

And it is conjectured that this quasi-embedding is a quasi-equivalence. The conjecture
has been verified in certain cases by Treumann [Tr], Scherotzke-Sibilia [SS] and Kuwagaki
[ ]. Recently, it has been fully proven by Kuwagaki [ ] in the generality of toric
stacks, using gluing descriptions of oo-categories on both sides.

In this paper, we prove the non-equivariant CCC for smooth projective toric varieties,

by showing the k-images of line bundles generate the constructible sheaf category.

Theorem. Let Xy, be a smooth projective toric variety of complex dimension n, then

there is an quasi-equivalence of category
% : Coh(Xg) = Sh(T™, As)

where Ay, is a conical Lagrangian in T*T".

The key part of the proof is as following. For any point § € T™, there is a constructible
sheaf ?[9} on T" as the R-image of a certain line bundle (c.f. Definition 7.5.1), such that

for any sheaf F' € Sh(T™, Ay), its stalk at the point  can be computed by

(7.1.1) Fy = hom(Pg[—n], F).
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This immediately implies that if F' satisfies hom(&(L), F') = 0 for all the line bundles L
on Xy, then F = 0. In other words, the stalk functors in Sh(T™, As) are co-represented
by R-images of line bundles on Xy. We thank David Treumann for the suggestion of
co-representing the stalk functors.

The quasi-isomorphism (7.1.1) is due to a non-characteristic deformation argument

for constructible sheaf. We define a 1-parameter family of sheaves { P, };cj0,1), such that

(1) Py = jpCp, where B is a small enough convex open set around 6, such that
Fy = T(B, F) = hom(P,, F).
(2) Py = Ppg[—nl.
(3) For t € (0,1), take the linear interpolation between P, and P;, and show that
SS=(P)NAy = 0.
By the non-characterstic deformation lemma', hom (P, F) is invariant during the defor-

mation, hence we get (7.1.1).

Example 7.1.4 (Expanding family of twisted polytope sheaves). The example of
Hirzebruch surface Fs, see Figure 7.1. Here we describe the sheaf P upstairs in R?,
where P,y = m.P, and m : R? — T? is the quotient map. The point we want to
probe is at x = (—0.5,0), marked in black. The green, blue, red and black curves are the
boundaries of the twisted polytopes in the interpolating family P,. The green and blue
ones are still open convex polytopes, the red and black ones are twisted. We marked the
direction of the singular support for the sheaf P,.q corresponding red curve, and note that
S5 (Prea) NA® = 0). JAN

1One needs to be careful about the endpoint ¢ = 1, since SS>(P;) N K;O # (). The non-characteristic
deformation lemma for sections over open sets, Proposition 3.5.1, avoids this problem.



169

Fo
Figure 7.1. Expanding family of twisted polytope sheaves on R2.

Remark 7.1.5. The collection of line bundles as the %-preimages of {Ppg} is a finite
collection, since sheaves in Sh(T™, Ay) admits a finite stratification depending only on
As. In the case of P", they turn out to be O(1),---,O(n + 1), and form an exceptional
collection. However, for general toric variety, even smooth Fano ones, the collection of
line bundles cannot always be an exceptional collection [?, ?].

However, for any collection of line bundles Ly, --- , Ly, Craw-Smith [CS] considered
the endomorphism algebra A = End(®Y.,L;) and defined a bound quiver of sections
(@, R) associated with A. It would be interesting to study our collection of line bundles

using this quiver approach.

7.2. Review of Toric Geometry

An n-dimensional smooth projective complex manifold X is toric if there is a holo-
morphic (C*)"-action with an open dense orbit X° on which (C*)" acts freely. The com-
plement of the open orbit D = X\ X is a simple normal crossing divisor with irreducible
torus-invariant components.

We first review the standard setup and notation for the combinatorial data used for

defining a toric variety. Then we explain the relationship between equivariant line bundles,
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toric divisors, and twisted polytopes (as a collection of labeled vertices). Finally, we
review ‘twisted polytope sheaves’, the corresponding constructible sheaves for equivariant
line bundles under the equivariant CCC.

The data of a toric manifold can be expressed combinatorically using a fan. Let
N = 7" be a rank n lattice, with Ng = N ®z R. Let M = Hom(N,Z) be the dual
lattice and Mg = M ®z R be the dual vector space. Let (—, —) : Mg x Ng — R be the
dual pairing. Let T); = Mg/M be a real n-dimensional torus, and 7 : Mg — T be the

quotient map. We recall the following definitions.

(1) A convex polyhedral cone 0 C N is a set of the form o = cone(S) = {3, cq At |
Au > 0}, where the cone generator S C Ny is a finite subset. A cone o is rational
if there is a generator S for ¢ such that S C N. A cone is strongly convex if it
does not contain any non-trivial linear subspace of Ng.

(2) Let 0 € ¥ be a cone, we define the dual (closed) cone 0" as

o' :={x e M| (z,y) >0,Vy € 7}

We also define o+ = {x € M | (z,y) = 0,Vy € 0} C Mg, and 0° (resp. (¢")°) as
the relative interior of o (resp. o).

(3) A face of a cone o is the subset H,, No for some m € ¢" and H,, = m*. We use
o(r) to denote the collection of r-dimensional faces of o.

(4) A fan ¥ in Ng is a finite collection of strongly convex rational polyhedral cones
o C Ng, such that (a) if o € ¥ then any face of ¢ is in X, and (b) if 01, 09 are
cones in X then oy N oy is a face in both o7 and 9. We use 3(r) to denote the

collection of r-dimensional cones in X..
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(5) A fan ¥ in Ny is complete, if its support |X| := U,exo is the entire Ng. A
complete fan ¥ is smooth, if each maximal cone o € Y(n) is generated by a
lattice basis of N.

(6) A smooth complete fan X is projective, if there exists a convex piecewise linear
function ¢ : Ng — R, such that the maximal linearity domains of ¢ are the

maximal cones of 3. (cf. Proposition 7.3.6)

See Example 7.4.10 for a fan of P2.
Assumption: We will always assume X to be a smooth projective fan.

The affine toric variety X, is then defined by

X, = Spec(C[o¥ N M])

where C[g¥ N M]) is the group ring of the abelian semi-group oY N M. If 7 C o is a face
of o, then ¢¥ C 7V, hence C[o¥ N M]) — C[r¥ N M]), and X, — X, is an open inclusion.
We may equip ¥ with a partial ordering, for 7,0 € ¥, 7 < 0 <= 7 C 0. Then Xy, can

be glued together from affine open pieces X,, as a colimit of schemes

Xy, = colim,ex X,

7.3. Toric Divisors, Support Functions and Twisted Polytopes

For each ray p € ¥(1), let v, € pN N be a minimal ray generator, A\* : C* = N ®;C*

as the one-parameter subgroup, and D, = {lim;_,o A% (¢) - x | x € X°} the torus-invariant
divisor, or, a toric divisor. We write > , for a summation over the rays p € (1) when

there is no danger of confusion.
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Let D =3 a,D, be a toric R-divisor on Xy, a, € R. If a, € Z for all p, then D is
an integral toric divisor, or toric Z-divisor. There are two equivalent ways to describe a

toric divisor, either using a support function @pp on Ng, or a twisted polytope xp on Mg.

Definition 7.3.1 (Support function). A support function for X is a continuous piece-
wise linear function ¢ : Ng — R, such that for each maximal cone o € 3(n), the restriction

¢|o is linear.

e A support function ¢ is integral if it sends N to Z.

e A support function ¢ is convez, if for any =,y € Ng

ot + (1 —t)y) < to(x) + (1 —t)p(y).

e Furthermore, we say ¢ is strictly convez, if the strict inequality holds whenever

x,1 is not contained in the same cone.

Definition 7.3.2 (Twisted polytope). A twisted polytope for ¥ is an assignment of

element in Mg to top-dimensional cones in X2,
X:2(n)— Mg, 0~ Xo,

such that if o,7 € ¥(n) then (x5, ) = (Xz,:) On N T.

e A twisted polytope x is integral if the function y, € M for all o € ¥(n).

e If  is a twisted polytope, then for any cone o € ¥, we define x, € Mg/o+ by

Xo = Affine Hull({x, | 7 is a maximal cone containing o}) C Mg.
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e For any ©x € Mg, let x + = denote the translated twisted polytope that sends

0 Xo + z for any o € X(n).

Remark 7.3.3. The data for a twisted polytope is a collection of the vertices, labelled

by X(n).

Proposition 7.3.4. Let 3. be an n-dimensional smooth projective fan. Then we have
a canonical equivalences among the following three types of objects. (1) A toric R-divisor
D= Zpapr, a, € R.
(2) A twisted polytope, x : X(n) — Mg.
(8) A support function, ¢ : Ng — R.
In particular, integral toric divisors corresponds to integral twisted polytopes and integral

support functions.

Proof. (2) & (3). Given x, we may define ¢ by ¢(z) = (x»,z) if x € o for some
maximal cone o € ¥(n). This is well-defined since if z € o N 7, then (x,,z) = (x+, T).
Conversely, given ¢, then for each maximal cone o, the linear function ¢|, determines an
element in Mg, denoted by x,. The continuity of ¢ ensures (x,, ) = (X+,) on o NT.

(1) & (3). Given a toric R-divisor D = >~ a,D,, for each p € X(1), we define
¢l, - p = R by v, = a,. Since the cones of ¥ are simplicial, there is a unique piecewise
linear extension of ¢ to Ng that is linear in each cone of Y. Conversely, given ¢, let
a, = p(v,) for each p € X(1).

The claim on integrality is straightforward to verify. This finishes the proof of the

Proposition. 0
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Remark 7.3.5. (1) If D is a toric R-divisor, we let xp and ¢p be the corresponding
twisted polytope and support function. (2) If x is a twisted polytope for 3, and ¢ is
the corresponding support function, then y, € Mg/o+ corresponds to the linear function

¢lo 10— R.

Proposition 7.3.6. Let Xx, be a smooth complete toric variety. Let D = Zp a,D, be
an integral toric divisor. Then
(1) D is base-point free if and only if pp is convex.

(2) D is ample if and only if ¢p is strictly conver.

Proof. | ], Chapter 4 and 6. O

Definition 7.3.7. If D = Ep a,D, is ample, we define the open convex polytope Ap

as the interior of the convex hull of {x, | 0 € ¥(n)}. Equivalently, we have
Ap ={zx € Mg | (z,v,) <a,, forall pe X(1)}.

7.4. Constructible Sheaves and Twisted Polytope Sheaves

Let M, N be dual rank-n lattices, and > a smooth complete fan in Ng. We define the

conical Lagrangians Ay, in T* My as *

(7.4.1) As = |J(o" + M) x 0 C Mg x Ng = T" M.
ogED
20ur definition differs in sign convension from that in | ]. If we change ¥ to —X in this paper,

then the definition agrees.
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We denote the push-forward of Ay, to T*T); by Ay, or directly we have

(7.4.2) As = (@ /o N M) x o C Ty x Np = T*Tuy.

oEY

Definition 7.4.1 (Standard Shard Sheaves). For any cone o € X, ¢ € Mg/o+, we

define the closed subset Q(o,c¢) C Mg and the standard sheaf P(o,c) as
Q(o.¢c):==c+0’' C Mg, P(0,¢) = 700,0:Coro,e)-

Definition 7.4.2 (Twisted Polytope Sheaves on Mpg). Let x be a twisted polytope
for 3, let D be the corresponding toric R-divisor. The twisted polytope sheaf P(x) on Mg

is defined by the following chain complex of sheaves, with Cj;, at degree —n,
d d d dn
P(x):==(Cu, = P Plor,x0) = P Plo2xe) = B Plowxo)
o1€X(1) 02€%(2) on€X(n)

where dy, for k =1,--- ,n is given in the following way:

de= Y $gn(Ck1,0k) ooy,

0—-1CO%k

where the sum is over o,y € ¥(k — 1), 03, € X(k), and

pUk—1—>0'k . P(O_k‘—l?XO'k_l) % P(0k7XUk)

is the canonical restriction, and the sign sgn(oy_1,01) = %1 is chosen such that d* = 0

(see the following remark).
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If D is any toric R-divisor, x = xp the corresponding twisted polytope, we sometimes

write P(D) for P(xp).

Remark 7.4.3. We can be more concrete about the sign choices sgn(oy_1,0x). One
way is to fix a linear ordering of the rays (1), then a k-dimensional simplicial cone oy,
can be identified with the ordered set o3(1) = {p1 < p2 < -+ < px}. f o041 = 0 — {p;},
then we set sgn(oy_1,01) = (=1)7~!. Another way is to fix the orientations of all cones in
¥ once and for all, and sgn(oy_1,0x) = £1 depending on if o;_; agrees with the induced

boundary orientation of oy.

Example 7.4.4. Consider the example of P!, where 3(1) = {Rv;, Rvy}, where v; = 1
and v, = —1. We still need to fix the ‘offset parameters’ y; for each v;. We consider the

following three cases

(1) xX1=-Lx2=1, then

P(x) = (Cr = Clo1,00) @ Crone1)) = Cii g

(2) X1 = Oa X2 = Oa then

P(X) = ((CR — C[0,oo) ¥ C(_oop]) = (C{Q}

(3) X1 =1,x2 = -1, then

P(x) 2 (Cr = Cpi,00) © Cooo,-11) = C[1 (1)
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(1) (2) (3)

Figure 7.2. Twisted Polytope Sheaves for P!

where we briefly abuse notation and denote by C,4 the constant sheaf supported on the
subset A. The supports of the standard sheaves in the chain complexes also shown in

Figure 7.2. JAN

Since Mp is a vector space, we have the addition operation v : Mg X Mg — Mg. The

addition operation induces the convolution product x for sheaves Sh(Mpg)
Fl * F2 = ’U!(Fl X FQ)

We have the following properties of twisted polytope sheaves.

Proposition 7.4.5. Let X be a smooth projective fan, D = Zp a,D, a toric R-divisor,

and P(D) the twisted polytope sheaves on Mg. Then

(1) If D is integral, then there is a unique up to isomorphism equivariant line bundle
Ox (D) on Xx, and

r(Ox (D)) = P(D).

In particular P(0) = j03«Cqoy is the skyscraper sheaf at point 0.
(2) If D is an ample divisor, then P(D) is a costandard sheaf supported on a simpli-
cial convex polytope, with each facet corresponding to a ray p € 3(1), and each

vertex corresponding to a maximal cone o € 3(n).
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(3) If =D is an ample divisor, then P(D) is a standard sheaf supported on a simplicial
convez polytope. P(D) = a,.D(P(—D)), where a : Mg — Mg sends v — —zx.

(4) P(D) has compact support in Mg. For any v € My, the stalk P(D), has coho-
mology in degrees between —n and 0.

(5) If D = Dy + Dy, then P(D) = P(D1)* P(Ds), where  is the convolution product
on Mpg.

(6) Let x be any twisted polytope, then (—) x P(x) : Sh(Mg, As) — Sh(Mg, Ayx) is

an equivalence of cateogry. The functor (=) * P(x) has an inverse (—) x P(—x)

Proof. The results are given in [?, Tr], with straightforward adaptations from integer

to real coefficients. O

Lemma 7.4.6. Let D = > a,D,. If a, is not an integer for any p € X(1), then

SS>®(P(D)) N A = 0.

Proof. From the chain complex definition for P(y), we have
SS(P(x) € | 85(P(o,x0)) = |J (o +071) x 0
oeX o€en

If (z,p) € SS(P(x)) N As and p # 0, then there are non-zero cones o, 7 € X, such that

(f,p) S ((Xo’ +O'J_> X 0’) ﬂ ((M+Tl> x 7_) .

Hence p € 0 N 7.Thus o N 7 contains at least a ray p € (1), otherwise p = 0. Consider
(z,v,). Since z € X, + o+, we have (r,v,) = a,. On the other hand, z € M + 7+,
hence (x,v,) € Z. This contradicts with a, ¢ Z for any p € ¥(1). Thus the lemma is

proven. 0
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Definition 7.4.7 (Twisted Polytope Sheaves on Ty). Let x be a twisted polytope
for ¥, P(x) the twisted polytope sheaf for y on Mg, then the twisted polytope sheaf for

x on Ty is

where 7, = m since 7 is proper on Supp P(x).

Remark 7.4.8. For any lattice point x € M, the shifted polytope x + x defines the

same twisted polytope sheaf, P(x) = P(x + ), since 7 = w0 (- + x) : Mg — Th;.
The following is stated in [Tr].

Proposition 7.4.9. If D is an integral twisted polytope, then the non-equivariant

CCC functor & sends Ox(D) to P(D).

Example 7.4.10. Consider the following two dimensional fan ¥, with ray generators
vy = (1,0),v2 = (0,1),v3 = (—=1,—1). Let D = Dy + Dy + D3 where D; is the toric
divisor for the ray v;, then pp is a strictly positive function on Ng, such that ¢p(v;) = 1.
The vertices for the twisted polytope xp are (1,1),(—2,1),(1,—2) in Mg. The twisted
polytope sheaf P(y) is the costandard sheaf supposed on the interior of the shaded region.

The blue hairs indicate the singular support SS>(P(x)) at infinity.
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7.5. Proof of the Main Theorem

Let P be the full dg subcategory of Sh(Mg, As) spanned by the integral twisted
polytope sheaves on Mg, and let P be the full dg subcategory of Sh(Th, As) spanned by
the integral twisted polytope sheaves on T);.

The follow proposition is the heart of this paper. We first define the probe sheaves for

the stalk over x € My and 0 € T),.

Definition 7.5.1. For any x € Mg, let the integral toric divisor Dy, be defined by

Dy = Y (e, v)) + 10D, Py = P(Dyy).

p

For any 6 € T);, we may fix any lift  of # in Mg, then define
Py i= m. Pl

Since different lifts of x differ by an element in M, hence the push-forward is independent

of the choice of the lift. (cf. Remark 7.4.8. )

Proposition 7.5.2. For any point 0 € Ty, there is a unique twisted polytope sheaf

?[9} on Ty, such that for any sheaf F € Sh(Ty, As), the stalk at 6 can be computed by
79 = hom(ﬁ[g}[—n],F).

Proof. Fix any € 7~(6). For any sheaf F' € Sh(Ty;, As), let F = 77 'F = 7'F.

Then we have canonical isomorphisms
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and

hom(Pig[—n], F) & hom(m Py [—n], F) 2 hom(Py[—n], 7' F) = hom(Py[-n], F).
Hence it suffices to prove that for any fixed x € Mg, we have
(*) Fy = hom(Py[—n], F).

Since ¥ is smooth projective, there exists an integral ample toric divisor

A=>"a,D, a,€Ls.

p

Then the twisted polytope sheaf P(A) is supported on A 4, with stalk C[n|. Since a, > 0,
we have 0 € Ay.

Fix €y > 0 small enough, depending only on x and Ay, such that for any 0 < € < ¢,

where A Dgyted; = T+ €A 4 is a shifted open convex polytope around x. This is possible
since F' is a polyhedral constructible sheaf, and A4 is a convex set. In particular, we may

shrink ¢, and further assume that
€0a, + (z,v,) < |(z,v,)] +1, forall pe3(l).

Fix R > 0 a large enough integer, such that Dy + RA is an ample integral toric

divisor. Let A D, +RA be the corresponding open convex polytope.
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For any s € [0, 1], we define a 1-parameter family of ample divisors D;, interpolating

between x + (R + €)A and Dy, + RA.
Dy =3 4uDp g = (1 5)((,0,) + (R + c)a,) + s(({z,0,)] + 1+ Ray),
p

and let

Ag:=Ap, and Ps:= P(Dy).

Since |(z,v,)| + 1> (z,v,) + €a, > (z,v,), and there is no integer in the open interval

((z,v,), [(x,v,)] + 1), hence for any s € (0,1),
(x,v,) + €a, < aps — Ra, < [(x,v,)| +1, and a,s ¢ Z.
Thus from Lemma 7.4.5 ,
SS®(P)NAY =0 forall se (0,1).
Apply the non-characteristic deformation result in Proposition 3.5.1, let

Ao, t<0

Ayagn, t>0

we have for any sheaf G € Sh(Mg, Ayx),

F(Al, G) = F(US€(071)AS, G) = F(At, G) for all ¢t € [07 1)
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Since Dy are ample divisor for all s € [0,1] (since ample cone is convex), and P(D;) =

Jaawa, = jaaCa, [n], we have

['(As, G) = hom(ja,Ca,, G) = hom(P(Ds)[—n|,G), for all s € 0,1].

Finally, we use convolution * is an equivalence of category on Sh(Mg) to get

F,2T(x+eAs, F) = hom(joren 1Cotenys F)
>~ hom(Jeren tCoren, * P(RA), F x P(RA))
>~ hom(P(Dy)[—n|, F x P(RA))
>~ hom(P(D;)[—n], F x P(RA))
>~ hom(P(D; — RA)[-n], F)
= hom(P(Dy)[—n], F).
This finishes the proof of the Proposition. O

Now we prove the main theorem stated in the introduction section.

PROOF OF THE MAIN THEOREM. First we claim that there exists a semi-orthogonal

expansion

Sh(Tur, As) = ((P)*, (P)).

Since k is an quasi-embedding, hence

Coh(Xz) & R(Coh(Xy)).
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Since line bundles generates Coh(Xy), hence

R(Coh(Xz)) 2 ®(({L : line bundles})) = (P).

Kawamata proved that Coh(Xy) admits an exceptional collection [?], hence (P) also ad-
mits an exceptional collection. By Proposition 2.6 and Corollary 2.10 in [BK], (P) is
saturated and is left and right admissible. In other words, the semi-orthogonal decompo-

sition in the claim exists.

From Proposition 7.5.2, we have (P)* = 0. Hence Sh(Ty, As) = (P) = Coh(Xy). O

Example 7.5.3. We consider two toric surfaces, with some twisted polytopes P,
shown in Figure 7.3.

(1) Let Xy = P2 The red, blue and yellow twisted polytopes are O(3),0(2), O(1)
respectively.

(2) Let Xy = F3, with ray generators (1,0), (0,1), (—1,—-3),(—1,0). This is a smooth

non-Fano projective toric surface. The red polytope corresponds to the anti-

canonical bundle, with all a, = 1. Indeed, it is non-Fano since the anti-canonical

bundle is twisted. The yellow polytope is ample.
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Figure 7.3. Various probe sheaves Py (shown as colored twisted polytopes)
on My for different = (shown as solid dots).
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CHAPTER 8

Lagrangian Thimbles and Vanishing Cycles

In this chapter, we will build a fully-faithful functor from the Fukaya-Seidel category
for a Laurent polynomial (with certain condition) to a category of constructible sheaves
on a real torus with certain singular support condition. Then we will show that this is an
equivalence of category.

Results from previous chapters will be used here, the result about Liouville skeleton
for a regular fiber of the Picard-Lefschetz fibration will be used to push the vanishing
cycles into a neighborhood of the skeleton; the autoequivalence of the constructible sheaf
category induce by changing singular support conditions will be used to study the effect
of changing the phase angles of the coefficients of the Laurent polynomial.

More precisely, we will proceed in the following three steps. We use the same notation
of lattices M, N and Newton polytope () as in the introduction. For clarify, we chose an

identification M = Z™ and hence Ty, = T™.

(1) Prove that any Lagrangian thimble ending in #H can be extended canonically
to a asymptotically conical Lagrangian, which after an identification between
(C*)* = T*T™, gives an object in Fuk(T*T™, Ar). Consequently, we prove there

is a canonical embedding of

Oy : FS((CH)", f) — Fuk(T*T", Ar)
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(2) We show that there is a monodromy action of Z4 = 7 (T) on both FS((C*)", f)
and Fuk(T*T™, Ar) = Sh(T™, A7), compatible with the above embedding ®7.

(3) We show that the image of the distinguished real thimble, under the monodromy
action of Z*, generates the target category Sh(T", A7), hence ®7 is an equiva-

lence of categories.

8.1. From Thimble to Asymptotically Conical Lagrangian

Recall that our tropical polynomial is defined as

fruo(z) = Z R—@) ,=if(e) a
a€dA

We choose the regular value at R~0e=#(0) = ¢=#0) Without loss of generality, we may

choose 0(0) = 0. Let

Hrno = [rno(l)

denote this regular fiber. Let fr 0 be Abouzaid’s tropical localization for value 1, and
Hrsho = fgi’hﬂ(l). For simplicity of notation, we will drop h, # from the subscript.

First, we introduce the parameter space (C*)# of hypersurfaces defined by equations
with monomials from the set A, and define the descrimant locus, secondary polytope,
distribution of the critical values following the book | | and the paper | ]. We
will explain the reason for introducing the triangulation when @) is not a facet-simplicial
polytope.

Then, we begin the construction of an asymptotically conical Lagrangian from a thim-

ble. Here by a thimble we mean the sweep-out by the symplectic parallel transport from
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a singular fiber of fr to the regular fiber Hp = f}gl(l) along a vanishing path in C. We

now begin a sequence of deformation of the vanishing cycle S and then the thimble D:

(1) First, we deform the fiber Hr = Hpro to Hr1, and parallel transport S into Hp .

(2) Then, we apply the contracting Liouville flow in Hp; to contract the vanish-
ing cycle to a small enough tubular neighborhood neighborhood of the skeleton
Skel(Hp,1). Here we use the special Kéhler potential, hence the skeleton is home-
omorphic to the RSTZ-skeleton.

(3) Finally, we prove that the thimbles can be deformed along the way through

admissible Lagrangians, following | ] section 2.

Finally, we will extend the deformed thimble to infinity through a one-parameter
family of hypersurfaces Hp; with R running from the fixed value to co. We note that
this is different from let the regular value of f runs to infinity. We illustrate the difference

by the following example.

Example 8.1.1. Let @ be the convex polygon in R? defined by
Q) = conv(04), 0A:={(1,0,1),(-1,0,1),(0,1,1),(0,—1,1),(0,0,—1)},

i.e an upside-down pyramid. For any Laurent polynomial f(z,y, z) with Newton polytope
Q, if the value R of f runs to infinity along the real line, then rescaled amoeba of f~1(R),

1.e.

1
Ar = 1o (Hlog |2l Jog [=a], og 24]) | £(2) = B} € R?
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tends to the tropical amoeba corresponding to the PL function h Q — R such that
/H(O) = O,E|aQ — 1. This h induces a star subdivision of @ based at 0, but not a
triangulation.

On the other hand, if we choose a coherent star subdivision 7 of () induced by h, and

TRE =D ncoa R ™M™z then as R — oo, the rescaled amoeba

1
Ap = @({bg|Zl|:10g|z2|710g|23|) | fra(z) =1} CR®

will tend to the tropical amoeba corresponding to h. There is a nice skeleton supported

on fg}t(l) for all large R. A

Remark 8.1.2. If the polytope @ is facet simplicial (we don’t require the verties of
the facet to be a Z-basis), and we take T to be the star triangulation generated by faces
of Q). Then the above construction can be much simplified. We do not have to take the
regular fiber of f at R and deform the thimble ending on the fiber, instead one can let
the thimble runs to co and prove that the vanishing cycle automatically concentrate to
the skeleton of the fiber of co. This method will break down, if the cone over faces () is
not simplicial, since as the value of f goes to infinity, one is essentially considering the

equation
R—h(a) e—i@(a)

[0}

we may view f(z) itself as a tropicalizing parameter, and the weight of the vertices are
all 1. The resulting polytope subdivision of @) is not a triangulation, and the tropical

skeleton is not defined.



190

The (new) method adopted here has two additional advantages. First, we can choose
the triangulation 7, and the resulting sheaf category should be all be equivalent (through
a non-canonical equivalence). This change of skeleton (by changing h, or equivalently,
the triangulation 7) is less well understood on the constructible sheaf side. Secondly, by
extending a Lagrangian thimble with boundary to a conical Lagrangian, we may consider
the sequence of nested Fukaya-Seidel categories F'S; < FS; < --- (the inclusion is
not canonical due to auto-equivalences), by considering more and more critical values,
as done in | |. One can build corresponding conical Lagrangians Aj, Ay, - -+ and get
equivalence on the filtered level. This would not be possible if we were to allow the value

of f to run to oo.

8.1.1. Deformation of Lagrangian Thimbles with boundary

Let (M,w) be a symplectic manifold. First, we state a result of Weinstein neighborhood

theorem for Lagrangian with boundary.

Proposition 8.1.3 (] ], Lemma 2.1). Let (L,0L) be an exact Lagrangian with
boundary OL, and E be an oriented rank 1 sub-bundle fo the symplectic orthogonal com-

plement of TOL such that the pairing

TLlpr ® E — R

induced by the symplectic form is non-degenerated and yields the appropriate co-orientation
on OL. In side a sufficiently small neighborhood of L in N, there exists a full dimensional
submanifold with boundary (Vr,,0Vy), such that the inclusion (L,0L) C (Vy,,0Vy) satisfies

the following properties:
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(a) The restriction of TOVy, to OL contains the sub-bundle E.
(b) There exists a symplectomorphism (Vi,,0Vy) — (T*L,T*Ll|sr) identifying L with the

zero section of its cotangent bundle, such that the following diagram commutes

(VL, 8VL) ? (T*L, T*L|3L)
(L, 0L)
Proposition 8.1.4 (] |, Lemma 2.2). Let L' and L be two Lagrangian manifolds

of M which have the same boundary. Let Vi be a submanifold of L in Proposition 8.1.5.
If L' is transverse to OV, and there is a neighborhood of OL' in L' which is contained in
V1, then there exists a Lagrangian submanifold L" which satisfies the following conditions:
(a) L" is Hamiltonian isotopic to L.

(b) L" agrees with L' in a sufficiently small neighborhood of OL'.

(c) L" agrees with L away from a larger neigbhorhood of the boundary.

Moreover, L" is independent, up to Hamiltonian isotopy, of the choices made in its con-

struction.

Next, we start moving the fiber Hp, = fgls(l) from s = 0 to s = 1. By Abouzaid’s
result, the 1-parameter family of hypersurfaces {Hgs}s are all symplectic hypersurfaces,
and in fact for each s, fg s is a symplectic fibratio near value 1. In particular, we obtain a
symplectic connection. To be more precise, let U be a small enough neighborhood around

1, and we consider the fibration

fr—: X =(C")"x0,1] = C x [0,1],
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restricted to U x [0,1]. The ambient two-form w is the pull-back from the one (C*)"
defined by 2i90p. The path in the base, along which we define the parallel transport is

1 x [0,1]. Let Yg, be the horizontal lift of —%. We have the following bound on Y.

Proposition 8.1.5 (] |, Lemma 4.11, 4.12, 4.13). Yg is a bounded vector field,
hence integrates to a locall diffeomorphism near the fiber Hgr s. The flow generated by Yrg s
restricts to a symplectomorphism between Hro and Hp .

More over, there exists a Hamiltonian time-dependent vector field Yy, ; on (C*)", which
is supported in a neighborhood of Hr s, and which integrate to a symplectic flow 5 that

maps Hro to Hrs.

Definition 8.1.6. Let f : X — C be a symplectic fibration near value 0. We say a
Lagrangian (L, L) is an admissible Lagrangian with respect to f ending in f~(0) with
ending direction v € (—m, ), if the following holds:

(1) 0L C f~40).
(2) f(L) agrees with the half-line R - €® near 0.

Let L, L’ be two admissible Lagrangians with respect to f, ending in f~'(0) with the
same ending direction v € (—m, ). We say L, L' are Hamiltonian isotopic through admis-
sible Lagrangians, if for any small § > 0, there exists a Hamiltonian isotopy {L(t)}scp.]
with L(0) = L, L(1) = L', such that
(1) OL(t) C f~(0).

(2) f(L(t)) is contained in the cone {R.y-¢e? | 0 € (v — 6,v + &)} near 0.

Proposition 8.1.7. Given a Lagrangian thimble Dgro with respect to the Lefschetz

fibration fro, ending on vanishing spheres Sgo in the fiber Hrpo, with vanishing path
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v :10,1] — C from a critical value to 1, such that (1) = v € T1C pointing to the right
half-plane, there exists an admissible Lagrangians disks Dr 1 with respect to the Lefschetz
fibration fr1, ending on an exact Lagrangian sphere Sg1 in the fiber Hp 1, with the same

admissable direction v, and Dg, is Hamiltonian isotopic to 1 (Dry).

Proof. Recall ¢, : ((C*)",Hro) = ((C*)*,Hp;) is a symplectomorphism defined in
Proposition 8.1.5. Let Frs = frs o s, then ng(l) = Hpofor all s. The Lagrangian
disk Dg is admissible for Fr g, but cutting [0, 1] into sufficiently fine intervals with end
points 0 = sp < s1 < --- < sy = 1, and apply Proposition 8.1.4, we can define a family
of Lagrangians ﬁR,si with the same boundary Sk that is admissible for all F ;.

More precisely, for each s € [0, 1], we symplectic parallel transport the vanishing sphere
Sk along a small straight line segment from 1 to 1 —ev with respect to the fibration Fp q,
define that as £;. The rank 1 sub-bundles F; along S , used in the construction of the
neighorhood of £, in Proposition 8.1.3, can be chosen to be the horizontal lift of tangent
vector Jv with respect to Frs. By successively apply Proposition 8.1.4 for a sufficiently
fine partition of [0,1], we can get Dg.,, to agree with L,,.

Finally, we define Dgy = 11 (5371). This finshes the proof of the proposition. O

Proposition 8.1.8. Any Hamiltonian isotopy of Sg1 inside Hpr 1 induces an Hamil-

tonian isotopy of the Lagrangian Dgry through admissible Lagrangians.

Proof. Let t € [0,1] parameterize the Hamiltonian isotopy. Let H; : Sg1 — R be
the time-dependent Hamiltonian inducing the isotopy. Using the Weinstein neighborhood
Proposition 8.1.3, we can extend the Hamiltonian isotopy of the boundary to a compactly

supported Hamiltonian isotopy of the zero-section. 0
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Remark 8.1.9. Since Sg; is diffeomorphic to S"7!, for n > 2 any Lagrangian iso-
topy of Sg; is automatically a Hamiltonian isotopy. The Lagrangian isotopy induced
by Liouville flow on any exact Lagrangian L is also automatically Hamiltonian, since

tx,w|L = Al = dH by the definition of exact Lagrangian.

Combining the results in this section, we have the following deformation result of

thimbles.

Proposition 8.1.10. Let Dgr; be an admissible Lagrangian with respect to fr1 ending
on the fiber Hg 1, with ending direction v € T1C. Then for any € > 0, Dg; is Hamiltonian
isotopic to an admissible Lagrangians Dy, with ending direction v where the boundary is

contained in an e-neighborhood of the skeleton Skel(Hp1).

Proof. We apply the contractible Liouville flow & x, on the compact Lagrangian
Sg,1 for time ¢ € [0,7], such that ®y (Sg1) is contained in an e-neighborhood of the
skeleton Skel(Hg,1). Since Sg; is an exact Lagrangian, the Lagrangian isotopy generated
by the Liouville flow is an Hamiltonian isotopy. Using Proposition 8.1.8, we can extend
the Hamiltonian isotopy of the boundary to the Lagrangian Dp ;. By a similar argument
as in Proposition 8.1.7, we can partition the time segment [0,7] to sufficiently small

segments, such that the Lagrangian at the endpoints time are admissible. 0

8.1.2. Extension of the Deformed Lagrangian Thimble to Infinity

In the previous subsection, we have deformed a Lagrangian thimble Dgy with respect to
the holomorphic Picard-Lefschetz fibration fro to an admissible Lagrangian Dg; with

respect to fg1, such that the boundary Sg; = 0Dp; is close to the skeleton of fg;.
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In this section, we will consider a family of hypersurface H,; parametrized by r €
[R,00), and parallel transport Sg; along the way. We will prove that U,¢[r,0)Sr,1 sweeps
out an asymptotically conical Lagrangians.

We recall the result from Abouzaid, adapted to our notation here.

Proposition 8.1.11 ( | | Proposition 4.9). After rescaling the symplectic form by

log(r), the pairs ((C*)",H,1) are symplectomorphic for all r € [R, 00).

We will refine the result on the symplectic parallel transport in the neighborhood of

the Liouville skeleton A,y C H,1. Let Z,; be the horizontal lift of —;{Jg’;lw that is, we

want

. afr,l o 8X7"71704(Z> —i(a),.—h(a) L
(8.1.1)  (fr1)e(Zp1) = Fonr = SO loar + Xr1,a(2) M) e WMD) 2

and Z,1(p) € (TyH,1)*, where L means the w-orthogonal. First we find the parallel
transport vector Z,; on skeleton A, ;.

For any p € H,, and v € T,(C*)", we define the following decomposition
v=ol4ovt, Wl eTH,,, ote(TH)

Recall the Liouville structure on (C*)™ is given by A = —d@p = >, 0,,0p(p)db;,
which corresponds by Legendrian transformation to A = Y. p;d6; on T*T™. The Liouville
flow on T*T™ is then radial ), p;0,,, and since the Legendre transformation takes rays to
rays, the Liouville flow on (C*)"™ also has integral curves as rays, i.e Xy = b(p) Y. piO,,

for some positive function b(p).

Proposition 8.1.12. On skeleton A1, we have Z,; < Xy .
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Proof. First, we claim that if p € A,;, then —gﬁg‘ﬂp € Ry and Xy(fr1), > 0.

Recall that on skeleton, all the ‘relevant’ summand in f,; are positive and real. And the

cut-off function x;.1.4(2) = xa(p/logr). Hence

O fr1 pi p _
__In — E N N h (p,0r)—log Th(cx)
Ologr aeaA{aow Xl Xl @) €
1
> inf -
=z Jof @) = iog7 S [ Pxalles
C
> inf h(a) — ——
a€dA log r

hence is positive for » > R for large enough R. Since X, is proportional to the radial

vector field ) p;0,,

1

(logr ;piapi)wcr,l)’p
_ E : Pi P P (p,a)—log rh(c)

B A7 o —£2— a 7 P .
*€dA [(logT)Q piXelgts X (1ogr)<logr O‘J ‘

' ’ - - C
> f E — (poy—logrh(a) _ _©
= alenaA h(a) + [Xa(log,r)<<logr,04> h(@)):| e logr

acdA
C
> ] . B
- aleanA h<a) 1Ogr EX

where 0 < €, < 1 depending on the transition-width of the cut-off functions y, and can
be made arbitrarily small.

This shows Z,; is proportional to X3 at the point p. 0

Corollary 8.1.13. The flow-out of skeleton A, is a conical Lagrangian Rs, - A, 1, in

particular the flow Z,; takes skeleton to skeleton.
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Proof. The flow out of skeleton by Z,; = Xi- = X, — X Q, however X /|\| is the Liouville
flow of the hypersurface, which is tangent to the skeleton, hence the flow-out by Z,; is
the same as the flow-out by X, again the same as the flow-out by the radial vector field,
denoted as pd,. Hence the flow-out of the skeleton A,; by Z,; is a conical Lagrangian
Roy - Aps.

Under the Legendre transformation defined by the quadratic potential ¢p, the conical
Lagrangian R - A, is exactly A7 .

Since skeleton in H, ; is the intersection H, 1 MR- A, 1, we see the flow takes skeleton

to skeleton. ]

Next, we show that a point in H,; in the neighborhood of the skeleton A, ; will tend
towards the skeleton under the flow, after proper rescaling. Let A%, C Mg® x Ty be
the skeleton at infinity defined by (Rsg - A.1)/Rso for any r. Choose any Riemannian
metric on Mg® x Ty, with distance function denoted by dist™(—,—). And let 7 :

Mg\{0} x Tpy — Mg° x Ty denote the projection map.

Proposition 8.1.14. For any point (pr, ¢r) of Hr1 in a tubular neighborhood of the
Liouville skeleton of A1, let (py, ¢,) denote its image in H,, under the symplectic parallel
transport for the family of hypersurfaces {H,1}r>r. We have

lim dist™ (7> (pr, ¢), AT) = 0.

r—00
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Proof. We first change the notation a bit. Let h = 1/logr and p = hp. Let Sj :

Mg x My — Mg x My be the rescale map, (p, ¢) — (hp, ¢). Then we define

Hp = SpH,1 ={(p,¢) € Mg x Mr |1 = Z Xa(p. eHda)— w(a)eh_l[@’a%h(a)}}.
a€dA

dh

Suppose /i decreases with ¢ as 7

= —h, we will first produce a curve (p(t), #(t)) € Hn)
then we will project the tangent vector at ¢ = 0 to its symplectic-orthogonal component.

Since on the skeleton, we have

hence if ¢ [P)=)] > 1/10, then x4(p) = 1, and we have |(5, o) — h(a)| = O(h). We

will find a curve (p(t), ¢(t)), such that for a-term dominating', we have

R (LR ORNEI))

Ldplt).a) _ djlt).a) _

= h(t)"((p(t), @) = ha)) + A() == dt

Hence, we may choose a solution for p(t), such that (d/dt)p(t) = O(h). Thus, we have

(1) = SR = B + ().

Next, we can take the symplectic orthogonal complement.

[P = B () + O() = B (X |y + O(M)

'Here we are being loose in definition. One way of defining a-term dominating is xo > 0, but this is too
large. A more useful definition is to have x, > 0 and 0 > h(a) — (p, &) < h¢ for some € < 1. We also
ignore dy, terms, since when x, drops from 1 to 0, the corresponding term el (Pia)=h(a)] = O(h*).
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Here X is symplectic orthogonal projection for the rescaled hypersurface Hy, and
X=X, -xl.

Hence the symplectic transport vector Z,; at (p, ¢), when push-forward by (Sp)., can be
written as X, — X )ll + O(h), note that X is radial hence does change the projection image
to Mg®, hence only the contracting Liouville vector field X3 on the fixed size amoeba
Ay ={p€ Mg | 1=, Xa(p)e! 1PN} will affect the direction.

Thus, we have shown outside of O(h) small neighborhood of critical manifold of X ﬂ on
Hy, we have X )U dominating the O(h) term. Hence for any fixed arbitrarily small § > 0,
we may first take h small enough, such that for a point p € H; that is J-distance away
from the rescaled skeleton Ay, the vector X ﬂ dominate the O(#) term, then we flow p for

large enough time till it is contained in the d-neighborhood of the skeleton Aj. O

8.2. Monodromy Action

In this section, we allow the coefficients in the polynomial f to have arbitrary phase
angle, i.e.

Trno(z) = Z o~ i0(@) p—h(a) o
a€0A

Recall A is the vertices of the star triangulation 7, and 0A = A\{0}. In particular, we will
consider loops of § € T4 = Map(A,T) based on 0 € T4 and the generated monodromy.

It is conceptually clear to think of the parameter space of the coefficients A — C*.
Consider the fibration

T4 (C" x (CHA = (CH4
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where we have a sub-bundle, such that over the fiber ¢ = (c,) € (C*)?, we have the
hypersurface {f.(z) = 0} C (C*)", denote the fiber by H..

Let ® C (C*)? be the descriminant loci where the fiber H, is singular. Given a Laurent
polynomial, is to give an affine line embedding ¢; : C* — (C*)4, the critical value are the
intersection of ¢ (C*) ND.

We identify (C*)4 = R4 x T4. By choosing ¢, = R™M®e=#) with fixed h and
varying 0(a), we are considering a point in R* near infinity, and a torus 7#. By theorem
of GKZ, the projection of the discriminant loci ® to R™ cut the boundary R" into conical
chambers, each chamber corresponds to a triangulation of @) with vertices in A, and
chamber-crossing occurs when the triangulation changes. Hence for large enough R, we
are deep in one chamber and the torus {h} x T4 by varying § will be disjoint from D.

The embedded affine line ¢£(C*) is given by an affine linear embedding
W:RXT%RAXTA.

For large R, it intersects the walls of © at well separated places. In other words, the
critical values of f shows up in almost concentric circles | ].

As we vary 0 € T though a loop, the embedding ¢ has invariant R-factor, hence there
is no collision of critical values, and R remains a regular value. Thus, any vanishing path
from a critical value of f to the regular value R can be uniquely deformed as vanishing
path with fixed regular value when 6 varies.

Thus, we have defined the monodromy action of 7;(7“) on the set of Lagrangian

thimbles.
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8.3. Essential Surjectivity of .

In this section, we work with Sh(1T™, A1) instead of Fuk(7T*1™, A1), since the sheaf
language is more convenient.

Consider # = 0 first. There is a distinguished real thimble in F'S((C*)", fg ), which
goes to the skyscraper sheaf Cy. We apply the monodromy action Z4 to Cy to get a class
of sheaves, called ‘twisted-polytope-sheaves’.

First, we will show that twisted polytope sheaves co-represent the stalks in Sh(T", A1),
that is for any point z € T", there is canonically a twisted polytope sheaf P, €

Sh(T™, Ar), such that for any sheaf F' € Sh(T", Ar), we have

F, = hom(Py), F).

The proof proceeds by taking a costandard sheaf of a small open ball around z, then
expand it non-characteristically with respect to the conical Lagrangian A+ until it cannot
be expanded further, then the probe sheaf also changes from the costandard sheaf to a
twisted polytope sheaf. It is entirely analagous to Propositionp:stalk.

On the other side, we define the set of thimbles obtained by applying the monodromy
operation of Z# on the real thimble as ‘monodromy-generated-thimbles’, denoted as {Z* -
Thimbleg }. At this moment, we do not know whether ({Z*-Thimbleg}) = F'S. However,
since the F'S category is generated by an exceptional collection formed by a distinguished
set of vanishing cycles, then by Proposition 2.6 and Corollary 2.10 in [BK], hence ({Z -
Thimbleg }) is saturated. Hence the image under the embedding, ({Z4-Co}) C Sh(T™, A7)

is saturated and is left and right admissible. Since ({Z*-Cy})* = 0 by the co-representing
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stalk property, we have

Sh(Tn,AT) = <{ZA . C0}> C (I)T(FS) - Sh(Tn,AT)

Hence the above inclusions are actually equivalences.
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