FERMIONIC ISOCURVATURE PERTURBATIONS

by
Peng Zhou

A dissertation submitted in partial fulfillment of

the requirements for the degree of

Doctor of Philosophy
(Physics)

at the
UNIVERSITY OF WISCONSIN — MADISON

2012

Defended on July 20th, 2012
Dissertation approved by the following members of the Final Oral Committee:
Daniel Chung - Associate Professor of Physics
Peter Timbie - Professor of Physics
Aki Hashimoto - Associate Professor of Physics
Lisa Everett - Associate Professor of Physics

Jean-Luc Thiffeault - Associate Professor of Mathematics



UMI Number: 3525721

All rights reserved

INFORMATION TO ALL USERS
The quality of this reproduction is dependent on the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.

UMI

Dissertation Publishing

UMI 3525721
Copyright 2012 by ProQuest LLC.

All rights reserved. This edition of the work is protected against
unauthorized copying under Title 17, United States Code.

ProQuest

ProQuest LLC.

789 East Eisenhower Parkway
P.O. Box 1346

Ann Arbor, MI 48106 - 1346



Abstract

Isocurvature perturbations generated within the context of inflationary cosmology typically in-
volve fluctuations of bosonic condensates. Here we consider isocurvature perturbations from fer-
mion fields in inflation. With suitable long range non-gravitational interaction, scale invariant
perturbations can be generated in the number density of the gravitationally produced fermion. In
this thesis, the fermion relic density, isocurvature correlator, and cross correlator with curvature
perturbations are determined. The results provide new probes for theories with stable massive

fermions.
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Chapter 1

Introduction

1.1 Standard Cosmology

Cosmology, which is a study of the origin and the evolution of the universe, has witnessed fast
development during the last 30 years. Since Wilson and Penzias discovered the existence of Cos-
mic Microwave Background (CMB) in the mid-1960s, the range and precision of the measurements
have improved rapidly. Launched in 1989, the Cosmic Background Explorer Satellite (COBE) estab-
lished the thermal nature of the CMB using its spectrophotometer and determined its temperature
to a high precision of 2.725 £ 0.002K(95% confidence) [1]. Later, the angular anisotropy of CMB was
measured for the first time with the radiometer on COBE. After the effort of many ground based
and balloon-borne experiments, the measurement of the temperature fluctuation by the Wilkin-
son Microwave Anisotropy Probe (WMAP) established the scale-invariant power spectrum of the
fluctuation.

In the meantime, astronomical measurements provide important independent constraints on
many cosmological parameters. The relic abundance of the light elements, D?, He*, He”, Li mea-
sured from interstellar absorptions agrees with the calculation from Big Bang Nucleosynthesis
(BBN) and provide a precise measurement of the baryon density. The discrepancy between the
baryon density (2p and the total matter density ()4, indicates the existence of non-baryonic dark
matter. In the late 1990s, the Type la supernovae as a standard candle led to the discovery of accel-
erated expansion [2, 3], which introduced the even more mysterious dark energy into the picture.

Currently, the available observational data are well explained by standard inflationary cosmol-

ogy. The universe begins with an accelerated expansion phase, where the energy density was



dominated by the potential energy of a scalar field (the inflaton). After inflation ends, the energy
in the inflaton was converted into standard model particles during the reheating phase. The uni-
verses then cools down, during which a number of spontaneous symmetry breaking phase transi-
tions take place, such as the electroweak phase transition. When the temperature drops to around
10 ~ 0.1MeV, the primordial nucleosynthesis occurs. Finally, during the recombination era the ions
and electrons combine to form atoms, and photons can propagate without much scattering and
bring us the picture of the universe at that time. Afterwards, inhomogeneities in the energy den-
sity grow nonlinearly due to the attractive nature of gravity. These early inhomogeneities would
then form large scale structures, such as voids, superclusters, cluster of galaxies, galaxies, etc.

One active research area in theoretical cosmology involves the modeling of inflation. Infla-
tion presents an elegant solution to some theoretical puzzles, such as spatial flatness, large-scale
smoothness and unwanted relics. It also explains the origin of the primordial density inhomo-
geneities that form large scale structures. In the minimal setting of inflation, the inflaton is a single
scalar field. The quantum fluctuations of the inflaton generate scale-invariant, Gaussian and adi-
abatic perturbations!, which are confirmed by the CMB anisotropy measurements. However, it
is possible that during inflation there is more than just one inflaton field. The presence of these
additional fields can also generate density perturbations. Due to the extra degrees of freedom, in
addition to the total energy density fluctuation, the composition of the constituents in the energy
density could vary. Such kinds of perturbations in the mixture are called isocurvature perturba-

tions. In this thesis,we study isocurvature perturbation generated by fermion fields.

1.2 Review of Isocurvature Models

First, we give a more precise definition for isocurvature perturbations in the fluid description of
the universe. If there are N species of fluid elements, the total energy density perturbations causes
curvature perturbations. The remaining N — 1 degrees of freedom can be tuned arbitrarily while
keeping the curvature perturbation constant, hence the isocurvature perturbations. More precisely,
we may define the isocurvature perturbations between the i-th and j-th fluid element as
5. _ %0 %p

1] = = — — —

R AN R
1Scale invariance means the perturbations do not have a characteristic scale; Gaussian means the two-point correla-

tion function of the fluctuation determines higher order correlation functions;adiabaticity means the primordial fractional
energy density perturbations 6p/p are the same for all the constituents in the universe.

(1.1)




where p; and p; are the energy density and pressure respectively of the i-th element 2. While
curvature perturbations depend on the total energy density fluctuation of all the species, isocurva-
ture perturbations depend on the difference of the energy density fluctuation. Here we consider
the isocurvature perturbations between the gravitationally produced fermionic cold dark matter
(CDM) and radiation. During the radiation dominated (RD) era, the total energy density fluctua-
tions receive little contribution from the matter components, hence the isocurvature perturbations
do not source gravitational potential perturbations. However after matter domination (MD) oc-
curs, isocurvature perturbations will source gravitational perturbation and leave an imprint on the
CMB spectrum.

Isocurvature perturbations were proposed in the late 80’s as an alternative mechanism to gen-
erate the primordial density perturbations [5, 6]. From the measurement of the CMB acoustic peak
and the TE correlation, we know the initial condition for the cosmological perturbation is consistent
with the adiabatic initial condition [7]. However, the current bounds from CMB, large scale struc-
ture and supernovae still allow for order 10% fraction of isocurvature perturbation in the initial
condition [7, 8, 9, 10, 11, 12, 13].

Isocurvature perturbations have been studied in various scenarios, such as double inflation
[6, 14], axion [15, 16], curvaton [17, 18] and superheavy dark matter [19, 20]. The isocurvature
power spectrums are computed in these models and are used to constrain the parameter space.
Furthermore, as the precision of the CMB measurement improves, we can hope to measure or
constrain non-Gaussianities in the CMB spectrum. The simplest single field inflation does not have
large non-Gaussianities [21], whereas isocurvature perturbations in a variety of models can have
large non-Gaussianities[22, 23, 24, 25]. Hence, isocurvature perturbation and its phenomenology
has become ever more important.

Here we minimally extend the single field inflation by adding in a stable massive fermion field.
Previously, the stable massive scalar field case (superheavy dark matter) has been considered in [20,
25], in which the isocurvature 2-point and 3-point functions were computed. In that case, large non-
Gaussianities can be produced with existing observational bounds satisfied. Since the superheavy
dark matter model only requires gravitational coupling, it provides probes to any theory with a
stable massive scalar. Here, we use the same idea and investigate the cosmological effects of a

generic stable massive fermion.

2Qur definition for isocurvature does not apply to the neutrino velocity isocurvature. See e.g. [4].



1.3 Organization of the thesis

The thesis is organized as follows. In the first three chapters, we review the formal tools. In Chapter
2, we setup the model and introduce the in-in formalism. In Chapter 3, we review the renormal-
ization of composite operators in curved spacetime. In Chapter 4, we review the diffeomorphism
invariance and present the gravitational Ward identity. Then in the next three chapters, we study
the properties of the gravitational fermion productions. In Chapter 5, we study the homogeneous
average energy density. In Chapter 6, we look at the density inhomogeneities by computing the
isocurvature two point function . In Chapter 7, we investigate the cross correlation between the
isocurvature and curvature perturbations. We consider the phenomenology constraint and give a
preliminary discussion on non-Guassianities in Chapter 8. Finally, we summarize our findings and

conclude in Chapter 9.



Chapter 2

Setup

2.1 The Model

Here we consider an inflationary model with an inflaton sector and a hidden sector. The inflaton
sector contains of a single scalar field ¢, and the hidden sector contains a light scalar field ¢ and
a Dirac fermion field ¢. The mass of ¢ is less than the Hubble expansion rate. The action can be

written as

S = SEH+S¢+S¢7+S¢
1 1,
= [vg {GMER+ [ Je" 90,0~ Vig)
1 1 o _
+[—§gwayaava - Emgcﬁ] + (i Ve, —my)p — /\m,bv,b} (2.1)

where M% = % = 1is the reduced Planck constant.
The metric can be parametrized in ADM formalism [26], 1
—N2 4 h;N'N/ - hiN/ —N72 NiN—2
_ ] ) wo_ 22
Spv = . 8 = , y o (2.2)
hiiNJ hij N‘N-2 hJ—N'N/N?
where £;; is the metric tensor on the constant time hypersurface, with the inverse metric as hi. We
use Latin indices 7, - - - for objects on the 3-dimensional constant time hypersurface, and we use

hij and K/ to raise and lower the indices. The Ricci curvature and the metric determinant can be

1We use (— + ++) sign convention for the metric, and physical time ¢ .



expressed as

1 .
R = R<3>+W(EUELE2) (2.3)
det(guy) = —NZdet(hy) (2.4)
where
1 .
E; = 5(hij—v§3)Nj—v](.?’)Ni). (2.5)
E = E;h’. (2.6)

In the fermion sector, the Dirac matrices are taken as
'yo = , Y= (2.7)

to simplify the derivation of the second order differential equation of the spinor mode functions.
{€a}a=0,.. 3 are the vielbein fields, where Latin indices a,b - - - are the vierbein labels. In a coordi-
nate system x*, they are written as e, = e (x)9y,. The covariant derivative is defined as
ny o1 be

Veﬂlp = [eu au + Ewa;bcz‘ ]l/J (2.8)

where w,, . is the spin connection, defined as
Wy:pe = <€b, vé’uec> (2-9)

and ¢ is the generator of the Lorentz group on spinor field, defined as

1
= = 2" (2.10)

Next, we consider the perturbative expansion of the action. Consider a spatially homogeneous

background configuration

o0 = (1) (211)
cd® = 0 (2.12)
g}(g) _ -1 0 (2.13)
0 a*(t)s;
with the background equation of motion
3H? = %*2+V(43) (2.14)
H = —%4’32 (2.15)

$+3HG+V'(¢) = 0. (2.16)



Thus, we can get action about the perturbations,

35(6g,6¢,0,1%) =S(g+ g, ¢+ 6¢,0,9) —S(E,¢,0,0) (2.17)

In the remaining part, we shall write 6S as S when there is no ambiguity.

2.2 Gauge Fixing

To quantize this action with diffeomorphism gauge symmetry, one can add gauge fixing terms and

Faddeev-Popov ghost terms?. For example, in comoving gauge, we have 3
o¢p=0, 7;i=0, 97;;=0 (2.18)

where

hij = a*(t)[e"]ij,  Tij = 206+ vij. (2.19)

We may use the following gauge fixing function
1
G =99, Gz/]‘ = 9d;(In h)z] — ga](lnh)” (2.20)

and add the the gauge-fixing and ghost field Lagrangian

1
Ly = 5 (GI+ )G @21)
]
e 0Gy
= T —0" 4+ L QM
Lop = Cispggd! + 00550 (2.22)

where the vector field X* is the infinitesimal gauge transformation parameter. The gauge transfor-

mation rule for 6¢ and dg are
Axop = Lx(p+p), Ax(68)uw = [Lx(§+08)|w (2.23)
which can be expanded as
Axop =X+,  Axhj=a*(2X°Hé; +0;X/ +0,X") + - -- (2.24)

where - - - represents interactions terms between ¢, 6 and dg, 6¢. Plug these into 6G/5X¥ in Ly, we

have
1
3

2Covariant gauge fixing has been widely employed, see e.g. [27, 28]
3In this section, latin indices i, j are raised and lowered by ¢; s and repeated indices are contracted.

Loy = 010°p+ (0], + 267) + - . (2.25)




Itis clear that the ghost fields are non-dynamical. In the limit & — 0, we shall enforce G; = 0,G,,; =
0, and recover the comoving gauge.

Alternatively, we may use the uniform curvature gauge, which is defined by { = 0 instead of
5¢ = 0. We only need to replace gauge fixing function G by G; = [In(a~2h)];. It is clear that the
ghost fields in this gauge are non-dynamical as well.

Actually, in this work, the graviton loop and inflaton loop do not appear at order of the loopwise
expansion we are considering, we may ignore the ghost fields in general. In other word, we use

tree level approximation for the inflaton-graviton sector.

2.3 Interaction Lagrangian

Under the tree-level approximation for the inflaton-graviton sector, we may solve the constraint
equations for N, N in terms of hij, ¢, - - - and plug the solution back into the action to get the grav-

itational interactions. In any gauge, the constraint equations are

[RG) — %(EijEif — E?)] —2NT® (2.26)
v [% (EV — EW')] + 2NIT® 4 2T (2.27)
where TH is the total matter stress tensor. The above constraint equations can be solved iteratively.
We use O to denote the n-th level contribution to O, i.e. it contains products of n simple field
variable. To get the matter-gravity interaction action at cubic order, we only need to solve the
equations for N, Ni(1), since N(?), N“(?) are coupled to the constraint equation at linear order.

Under the above consideration, the matter-gravity interaction is given by

() — %/d4x\/§T”V(2)gw. (2.28)
1)

For simplicity, we only consider the scalar metric perturbation in gy, .

In comoving gauge, denoted by superscript (C), the ADM constraints gives

' 2
ac .
N(LO) % , NIO g % +easd] (2.29)
the metric perturbations are
—Zé _¢ 4 eﬁ ay
@5) _ H (—h +eqd); (2.30)

2 .
(~fteql); a2



The free action and the matter-{ cubic interaction action are

/ dtddxade(f? — (Ygf) 231)

56C) / d*xal[ T8¢ + TO(— £+e 20 Toog]. (2.32)

In uniform curvature gauge, denoted by superscript (U), the inflaton degree of freedom is in

d¢. However, this degree of freedom can be represented using the gauge-invariant variable

H
[ = — Lo, (2.33)
; ¢

In this gauge, the ADM constraint renders

L) _

N = —eg, N d;le v2 g] (2.34)
We get the linear metric perturbation as
2¢f €&,
U i e (2.35)
a
Gﬁgli O
The free action is the same as in Eq.(2.31), and matter-{ cubic interaction action is
sG) / d*xa3 [TVl + TOle g . (2.36)
The stress tensor for scalar field is
T = g g"ﬂa,xaaﬁa +"L, (2.37)
and the stress tensor for fermion field is (in vierbein indices)
Ty = ww "y = VO @)y ] + " Re(Ly) (238)

as derived in Appendix A .4.

2.4 In-In Formalism

In-In formalism is a framework to compute the expectation value of a given observable with a
given initial state. It is often used in cosmology, where one need to compute the late time equal
time correlator for a given initial vacuum state. The in-in formalism can be formulated using path
integral and using canonical quantization. Here we only give the prescription following the refer-

ence [29, 30]
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In the path integral formulation, we consider the following partition function
Z[]Jr’ ]7] —_ /DlIJ:I:eiS*fiS*vLif JPYr—i[]¥ (239)

where the £ indices indicate the forward and backward time branches. Consider a 4-dimensional
spacetime manifold M with boundary X at very late time. Consider two copies of field configura-

tions ¥+ and ¥~ on M that agrees on 7, and define the associated action as

st — / dhe\ [ L(YF). (2.40)
M

We may introduce two copies of M, noted as M (the forward branch) and M~ (the backward
branch), on which ¥ and ¥~ live respectively. And we can glue together M and M~ together
along X, to have single manifold M. There is a partial ordering of points on M: if x,y € M,
then x precedes y if x is in the past lightcone of y; if x,y € M ™, then x precedes y if x is in the future
lightcone of y; if x € M™ and y € M, then x always precedes y.

If we use the free action S(:)t in the partition function Eq. (2.39), we can have the following four

kinds of free correlation functions (here we use a scalar field ¢(x) as an example):

(in|p* (x)¢™ ()linjo = (in|T{p(x)p(y)}in)o (2.41)
(inlg~ (x)¢~ ()lin)o = (in|T{p(x)¢(y)}in)o (2.42)
(in|¢* (x)p~ (y)linjo = (inlp(y)p(x)lin)o (2.43)
(inlp™ (x)¢" (y)lin)o = (inlp(x)¢(y)lin)o (2.44)

In other word, the field operators ¢ are ordered according to the partial ordering of its location of
M, if x precedes y, then ¢ (x) is placed to the left of ¢°(y). We call this ordering path ordering.

The expectation value of some observable (say, equal-time n-point function) can be expanded
perturbatively in interaction picture

(iS;t is; )N

COEDY | Dyesi s o[ i Bt (2.45)
—0 :

Next, we turn to the canonical formulation of In-In formalism, following [30]. Consider the

observable O[t; pH] = ¢ (xq,t)p™ (x,t) - - -, a products of Heisenberg picture operators, then
(in|O[t; ¢"]|in)
t
= (in|O[t; ¢"]|in) — i/i dty (in|[OL(t), HL ,(t1)]|in)

02 [ an [ dnnl(0/0, By (0L Bl + 240
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where H!

it (£1) is the interaction Hamiltonian in the interaction picture.

We shall find that for formal manipulations, the path integral formulation is more convenient.
For actual computation, the canonical formulation is more efficient, since the causal structure of

the Green’s function is more manifest.
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Chapter 3

Regularization and Renormalization of

Composite Operator

In the loopwise expansion of QFT calculation, there are ultraviolet (UV) divergences in the loop
integral. To make such integral is well-defined, we can introduce a UV regulator with parameter
A to soften the UV behavior of the propagator. Now the loop integrals are finite, but the result
is regulator dependent. This regulator dependence can then be removed by introducing counter-
terms in the Lagrangian with coefficients that depend on A. After considering the diagrams with
counter-terms, we can take the limit that A — co and have a finite renormalized result. The resid-
ual freedoms in the finite part of the renormalization constant can be fixed by the renormalization
conditions. However, there are additional subtleties in the regularization and renormalization pro-
cedure in curved spacetime and with composite operator insertion.

In curved spacetime, the classical action enjoys the diffeomorphism invariance. To preserve it
at quantum level, one need to use a covariant regulator (e.g. Schwinger proper time regulator, zeta
function regulator, Pauli-Villars regulator. See [31]). Here we shall adopt the Pauli-Villars (PV)
regulator, following [32].

Observables associated with energy density fluctuation are usually bilinear in the field operator,
e.g. 2. To define such a composite operator and have finite renormalized correlation function, one
need to have extra counter-terms other than those for renormalizing the Lagrangian.

This chapter is organized as follows. We first review PV regularization in Section 3.1. Then
we give prescription for renormalizing a composite operator in curved spacetime in Section 3.2.

Finally, we show how to renormalize the operator ¢ in Section 3.3.
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3.1 Pauli-Villars Regularization

We first review the Pauli-Villars regulator for flat spacetime following [32]. Consider a free massive

scalar field ¢ with the following time ordered propagator

4 —i .
Toew) = [ (d 4 i (3.1)

2m)4 p? + m? ¢
If we consider (¢?(x)), then it has quadratic UV divergence
d* i
2 p
— 3.2
03 = [ Gt 62)
To tame such a divergence, we can modify the propagator in such a way that it decreases faster at

large momentum. For example, we can replace

4 6

P -1
+“3ﬁ +--4) (3.3)

(P +m?) 7t > (p? 4 + o b
and choose the degree 1 to make all diagrams convergent. The parameter A is the cut-off. In the
large cut-off limit the original propagator is recovered.

In practice, to regulate the UV divergences caused by scalar field loop, we introduce a set of

scalar regulator fields x, forn =1, - - - , s with the following free Lagrangian
: 1 uv 1 2.2
Lpy = Z Cn(_ig Iy XnOvXn — EMan)' (3.4)
n=1

and introduce appropriate coupling between ), and the other fields, such that x loop contribution
would cancel out the ¢ loop divergences. The number of regulator fields s depends on how many
independent divergences one need to remove. In order to eliminate UV divergences up to some

even order 2D,we must take the C;; and regulator masses M, to satisfy

Y ¢l =-1YC'My = —m?,--- Y C,'MEP = —m?P. (3.5)

n n n
For instance, if there were only logarithmic divergences then D = 0, and we would only need one
regulator field with C; = —1. Under such a change, the free field propagator in momentum space
becomes

. ;'Jrfc*;' (3.6)

p? + m? p24+m? =" P2+ M3 '

r 2
S MZ MZ
— iZngliz -+ (=) - (3.7)
N=0 P p p

s D
- i) clgliz (—1)P <M%V> _] (3.8)
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where we used the notation M3 = m? and Cy = 1, and we shall let N = 0 denote the original ¢
field. In the last step, we used the condition in Eq. (3.5) to cancel the first D terms.

In fixed curved spacetime, the same regulator Lagrangian in Eq. (3.4) can be used. For ex-
ample, on a homogeneous FRW background metric, the physical and regulator scalar field can be

quantized as [32]
v xm] = a3 ()03 (X — #)onmCx’ (3.9)

with the following mode decomposition

xn (X, t) /d3p(aN,ﬁuN,f,(t) +c.c) (3.10)

Cxtonmd (k — p) (3.11)

lan 5]

where uy ;(t) satisfies the usual equation of motion and normalization conditions as Eq. (A8).l In
dynamical curved spactime, with metric perturbations, we can still use the Lagrangian in Eq. (3.4)

. In that case, the regulator fields are minimally coupled to gravity.

3.2 Renormalization of Composite Operator

In cosmology, we are often interested in the correlator of composite operators, e.g. the stress tensor
TH(x) or the mass term 3m?¢?. The insertion of such composite operators would cause new di-
vergences. For example, the Fourier transform of (¢?(x)$?(y)) is logarithmic divergent even in the
free theory. Thus to have finite correlators, we need to introduce new counter-terms and introduce
new renormalization conditions.

The renormalization of composite operators in fixed curved spacetime is a straightforward gen-
eralization of renormalization on the flat spacetime. Here we follow the treatment of [33] and give
the prescription. Consider the action of a matter field, for concreteness, we take it to be a massive

scalar field with quartic coupling A
— 1 2_1 20 1,4
S= /(dx)( 2(80) i 4!)\0 ) (3.12)

where (dx) = d*x,/|g|. Suppose we have some UV regulator with scale A, and we denote regu-

1 Our treatment here differs from [32] in that the physical scalar field ¢ here has no background solution, and the
regulator field x, does not mix with ¢ by mass term.
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lated action as S . Using the Pauli-Villars regulraization we have
Sy = /(dx){—l(aa)z e - e+ Yt
A 2 2 4l A
- Lo L 2
+ Cn(_ig Oy XnOvXn — EMan)} (3.13)

n=1

where A denote the set of M,,. We can define the bare partition function Z []] as:
Zall] = / DoekSati Jdx)](x)e(x) (3.14)
and the generating functional of connected diagrams W, []] as:
WalJl = =ihIn ZA[]]. (3.15)

We keep the A subscript explicit to show its regulator dependence.

We can compute the time ordered connected 1 point functions by

1 ) i
<T{U<x1> .- .O'(xn)}>conn,A = ll?[ mmxl)] o %WAU] (3.16)

However, these bare correlators are divergent as A — co while keeping m, A fixed. Thus, we

introduce the renormalized field and parameters as such

g = Zg'(A, )\r, mr)o-r (3.17)
A= Zy(A A, m)A (3.18)
m - Zm(A, /\r, mr)an (3.19)

where the renormalization constants Z; are expressed as formal power series of f:
L (1) (2) 24 ...
Zi=1+Z;" (N Ay, mp)i+ Z7 (A Ay, mp )1 - (3.20)

The goal is to choose Z; order by order in 7, such that correlators of o; are finite at each order of 7
when A — oo while keeping m,, A, fixed.

The renormalized action is given by

Sr(o'r} My, )\r)
1 2 1 2 1 4
— (dx){—i(aar) - My = IAr(Ur +) xn)
° n
1 1 1
_E(Zfzf - 1)(6‘77)2 - §(Z1%1Z§ - 1)’”%‘73 - E(Z/\Z?, — DA (o7 + ;Xn)4
. 1 v 1 2.2
+ 3 Cal=58" v xnduxn = 5Mixi)} (3.21)

n=1
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where the regulator fields is added after we split the bare action into the renormalized one and the

counter term. The renormalized W, []] is given by
W,{J] = —ihln / Dareh S (ermAn)+ [ ()a:(x), (3.22)
where we define
5’=U+2Xn, &r:Ur—i—an (3.23)
n n
Next, we consider correlators that contains composite operators. We first do it with the bare,

regulated action. For example, consider a composite operator O(x) = ¢?(x), we introduce a source

K(x) that couples to it, then we get
ZAl, K] = ehWallK] — / DoetSath [dx)](0)(x)+} [ Ko (x) (3.24)
To renormalize o2 operator, we must include in the action all local terms that is constructed

from K(x) and other field with dimension 4 or less. Here the dimension of K is

[K(x)]=4—[c?] =2 (3.25)

thus the source term is changed to

J@k@erm = s = [ Kxea +oz)

+K(x)6Zs + K(x)?6Z3 + K(x)R(x)6Z4] (3.26)

where the 4 sign reminds ourselves that at 1° order they are zero.

We can construct the renormalized W, by

Wi[],K] = —ihln/Daexp%{sr—i-/(dx)]ar—i—SK} (3.27)

From the Taylor expansion of W,[], K] w.r.t. the source, we get

G L) @x)l(dn) - )

[7e
ngk:

WrUIK] =

o

n=01=0

(x1) - T (ea)][K (1) - - K)IWE™ ({23 ) (3.28)

—

—

J

n!l!
where Wr("’l) ({x;}; {y;}) is the connected diagram with 1 external ¢ vertices and [ external 0 ver-
tices.

We list the first few coefficients in the above expansion:
WGy = (07 ()1 +0Z1) + 622+ R(y1)dZs (3:29)
z 25y1,y2
L v/8(y2)
W xyn) = (0 (0)0r ()T (1))e (1 +0Z1) (331)

(@2 (11)57 (y2))c (1 + 6Z1)* + 6Z3

WO (1, y2) (3.30)
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We can determine the divergent parts of §Z; at O(%) order, by requiring the M,, dependent parts

in Wr(o’l) Gw), Wr(o,z) Gy, y2), Wr(z’l) (x1,x2;y1) cancel out:

0 ~ (52(y1)) +0Z&° + R(yy)6Z§" (3.32)
/mm dyy ) (T2 (y1)57 (y2)>c+5zgiv?2 (3.33)
0~ (F(x1)0(x2)F7 (y1))conn treed Z§"
—%ﬁ [ @ T2 2 ()2 (2) ) (3:34)

We can determine the finite part of 6Z; by imposing renormalization conditions. For 6Z; which
are not coupled to R, Ry, R Buv and their derivatives, (e.g. 21,6723, Z3), we can go to the Minkowski
space and impose the renormalization conditions there; for 6Z; which are coupled to R, Ry, Rg v OF
their derivatives, (e.g. Zy), there is no prefered choices of renormalization conditions. We expect

the ambiguity associated with curvature related renormalization condition should have negligible

effect, if we evaluate the correlators in an asymptotically flat region.

3.3 Example: 02 operator

In this section, we determine the renormalization constants §Z; to O(%), using Eq. (3.32, 3.33, 3.34).
First look at Eq. (3.32). To compute (72 (y1))%?, we can use the short distance expansion of the

propagator. From Eq. (182) (199) (207) (208) of work ([34]), we have

. ) B A(X, y)l/Z oo d n
iloutlT)p(wlin) = ~=0—ep | Y an(ey) (50
y mzng) (v —2m20) (3.35)
vV =2m?0 '
where ¢ is half the square of the geometric distance between x,y, and
Axy) = g72(x)g 2 (1D(xy) (3.36)
D(x,y) = —det(—0%c/dx"ay") (3.37)
g = —detgu (3.38)
In the limit y — x, we get
1
m(xx) = (z-0OR (339)
1 1 1.1 u
a(x,x) = — 1R R 4 s Rupu R — 2 (2 = §)Ry, (3.40)
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If we let y — x from a spacelike separation, then we get

i{out|Te(x)(y)lin)

A(x,y)'/? 1 3
~ g L= (g —0R5 5]
;{aiio <7+ n(m?/2) + ln((7+i0)>_|_...}
x.1)1/2
- _A<8,7ry2)i {aiio (””; n(m?/2) + ln(¢7+i0)>
+(2—€)R<7+; n(m?/2) + ; n(o 4+ i0) + ;>+} (3.41)

where - - - represents terms that are non-divergent when o — 0.

After these preparation, we can now compute (77 (y7))47 :

(out|o? (y1)|m>d”’
S
~ 31/1Lr31€<T(7 ; Txn(x)xn(y))
— T (x/y)l/z Al 1 2 1 2 1 .

—l—(é—C)R(v—i—;ln(M /2)+ 51 (a+zo)+;)+~--}

1 & 1
— 167T2NZ_:OCN1{—M%,lnM%\]+(6—§)RlnM]2\]} (3.42)

Thus, we can eliminate M,, dependence by choosing Z; and §Z4 by

1 142
67, = W(Z_:c M lnMN+y2> (3.43)
5z, = L ic_l(é—l)lan—wt (3.44)
i lor \ = N e/ N '

where py, 14 are finite constants.
Next we use Eq. (3.33) to compute Z3. Since §Z3 is dimensionless, it contain log divergence

with curvature independent coefficients. Hence, we can perform the computation in flat spacetime

[ #T@(0) + Exa0)20() + D ita (1)) .45

— (71-)2/ d4P C_1¥ ’ (346)
- 2o \ & '

Ico 1 MY + My In My (3.47)

- 32,I22C MM M2 M2,
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To cancel out such My dependence, we can choose

1 M2 + M2, M?
875 = —— cole =N M n 2N 3.48
3 64712(1\%:4 N e e, M, T (3.48)

where p3 is a finite constant.
To compute §Z; at one-loop level, we can use Eq. (3.34). As the case for Z;, we can perform the

computation in flat spacetime. We can get

2 2 2
57y = 627’12(%4 Sl ?ﬁg - ﬁg In 12:4/1 %A; + ) (3.49)
To summarize, we have fixed the divergent part of the renormalization constants. The remain-
ing finite part p; should be determined by renormalization conditions, which reflects the physical
degrees of freedom in defining this operator. We note that due to the diffeomorphism invariance,

these counter-terms would also work to cancel out the 1-loop divergence in the correlator (c2c?)

X7y
or (027,,).
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Chapter 4

Diffeomorphism Invariance and Ward

Identity

Diffeomorphism invariance reflects the simple fact that the form of physical laws does not depend
on the coordinate choice. Just as Ward Identity in QED ensures the cancellation of the radiative
correction to the photon mass, Ward Identity in general relativity ensures the shift-symmetry of ¢
variable. In this chapter, we first review the diffeomorphism invariance for classical field theory
at full order and at perturbative order, then we review the implication for correlation function in

quantum field theory on a fixed curved background.

4.1 Classical Diffeomorphism Invariance - Gauge transformation

Classical differmorphism invariance requires that the action

Slg, o] = Senlgl + Smlg, o] (4.1)

to be invariant under the transformation
§ — ¢'§ 4.2)
c = ¢'c (4.3)
where ¢ is the metric tensor ¢ = g,,dx!dx" , o is a matter field and ¢ : M — M is a diffeomor-
phism of the spacetime manifold M. We use ¥ to denote the metric and field configurations, i.e.

¥ = (g,0). Two configurations are equivalent, noted as ¥ ~ ¥/, if we can find diffeomorphism ¢

such that ¥ = ¢*¥'.
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A special case of diffeomorphism is the exponential map exp(eX), where € is a small real num-
ber and X is a vector field. If T is a tensor, we can Taylor expand exp(eX)* T with respect to €:

exp(eX)* T =T +eLxT + %e2EX£XT+ e (4.4)

In perturbation theory, we choose a background configuration ¥(?) and consider perturbations

0¥ on top of it. The action for the perturbation can be obtained as
S[6F; ¥ ) = S[¥© 4 69 — 5[], (4.5)
Under the diffeomorphism ¢, the perturbation §¥ transforms as
6 — ¢ (YO +5¥) — v, (4.6)

To be able to do power counting in perturbation theory, we introduce a formal parameter A.

The A dependent configuration ¥, can be written as
¥, =% Ay 4 2293 ... (4.7)
and the A dependent diffeomorphism ¢, can be written as [35],
A6 A e n
P\ = ---exp(ﬁX ))oexp(jX )Y oexp(AXM) (4.8)

where X(?) is a vector field. The diffeomorphism can be worked out order by order in A,

¥y = YO LAYV 4 £, ¥

1 1
A28 4 £ D + S Lx Lx ¥ O+ 2 Ly ¥ O]+ (4.9)

And the action S[¥,] is invariant under the above diffeomorphism at each order of A.

A local object f[x; 6¥] is said to be n-th order gauge-invariant, if for any diffeomorphism ¢,

Flx@i¥y — ¥ O] — flx; ¥y — ¥ = oA, (4.10)

4.2 Quantum Diffeomorphism Invariance - Ward Identity

A symmetry in a classical field theory is preserved at the quantum level, if the regulator preserves
this symmetry and if the functional measure is invariant under this transformation. The quantum

symmetry is reflected in the transformation of the correlation functions.
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For example, consider a scalar field on a given manifold (M, g). The two point function is

99()s = [ D #O9(x)9(1) @)

The two point function only depends on the metric field g and points x, y. Intuitively, the symmetry

says for any diffeomorphism ¢ : M — M, the metric field and the points changes as
g 8=(97)gx =9, y—7=0@) (412)
then the two-point function should remain invariant, i.e.

(@(x)p(y))s = (@(X)P(F))s- (4.13)

Ward identity is the infinitesimal version of this relation.

Let ¢ = exp(eX), then

§ = exp(—eX)'g=9—€eLxg+--- (4.14)
S@9) = S(e¢)—e [ dxyBy T Lx(gu + (@.15)
¢(x) = o(x) +elxp(x)+--- (4.16)

Plug this into Eq.(4.13) and Taylor expand with respect to €, one get

i [ 2B LX) T s + (Ex@adid + (B:Lx(@)g =0 @17)

Or equivalently, using

Lx (g = VuXy + Vi Xy, (4.18)

and perform integration by part, we get

. v 1 av d 1 Qv d
1V;t<sz (Px(l’y)g = —54(x —z)8 w(‘l’x(l’ﬁg + 7y54(1/ —z)8 W«Pxfpy)g (4.19)

V8x V8

Eq.(4.19) is derived for path ordered vacuum expecation value, we can specialize to the in-in case

(we keep the external operator inserted on the forward branch)

. . v . 1 I I )
Vulin|TE gl ling = =0t —2)gy G inlgid g lim)g
1 0
+——8*(y —z2)g™ in|g ¢ |in (4.20)
\/g—y (]/ )gy y,x< |(P ¢y| >g
iV (in| TS @i @y lin)g = 0 (4.21)

The fact that Eq.(4.21) has no contact term is easy to understand, since T!™ is inserted on the

backward time branch of the manifold, it can never contact points x and y.
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The above Ward identity was derived for bare correlation function. To get renormalized version,

we note that

Pp(x) = Zppr(x) (4.22)
() = 2 8SA _ 2 O(Sr+Spv.+Sct)
B \/g(T)JgW(x) g(x) oguv(x)

= THp]+ T[]+ Th, = (T")r(x) (4.23)

where the renormalized (T#"), includes the regulator contribution and the counter-term contribu-

tion. Plug them into Eq.(4.19), and cancel out factors of Z¢, we get

. 0 d 0 0
lvy<(va)r¢x,r¢y,r>g = \/%gng@x,r%ﬁg + \/y;giygng@x,r%ﬁg (4.24)



24

Chapter 5

Dark Matter Relic Abundance

Gravitational particle production (as reviewed e.g in [36, 34]) and string production (see e.g. [37,
38, 39, 40, 41, 42, 43, 44]) are generic phenomena for quantum fields in a curved spacetime back-
ground and are analogs of particle creation in strong electric fields (see e.g. [45, 46]). In the case of
Friedmann-Robertson-Walker (FRW) cosmology without inflation, it was found [47, 48, 49, 50, 51]
that the production of fermion and conformally coupled scalar fields near the radiation dominated
(RD) universe singularity occurs when the particle masses m are comparable to the Hubble expan-
sion rate H, with a number density n ~ m? that dilutes as a3 due to expansion. The fractional relic
density of these particles at the time of radiation-matter equality is Qx ~ (mx/ 109GeV)5/ 2 [52].
Hence, the requirement of Qx < 1 puts an upper bound of 10° GeV on the stable particle mass.!

In contrast, in inflationary cosmology the previously unbounded rapid growth of H as one
moves backward in time towards the RD singularity is replaced by a nearly constant H, during the
quasi-de Sitter (dS) era. In such cases, the possibility of superheavy dark matter in a wide range
of masses including m > H, was emphasized in [19, 55]. In fact, natural superheavy dark mat-
ter candidates existed in the context of string phenomenology before the gravitational production
mechanism was appreciated [56, 57]. Furthermore, many extensions of the Standard Model also
possess superheavy dark matter candidates (see e.g. [58, 59, 60, 61, 62, 63, 64, 65, 66, 67]), which
can have interesting astrophysical implications (see e.g. [62, 68, 69, 70, 71, 72]). In such contexts,
analytic relic density formulae have been computed in the heavy and the light mass regimes for
conformally coupled scalars [73, 74]).

In this chapter, we turn our attention to the gravitational particle production of long-lived Dirac

IPhysics quite similar to this is reported in [53, 54].
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fermions in inflationary cosmology. Gravitational particle production of Dirac fermions has been
studied numerically within the context of specific chaotic inflationary models [55]. Our purpose
is to clarify the analytic computation and to derive a universal result for the light mass scenario
that is nearly independent of the details of the inflationary model. Our result is identical up to an
overall O(1) multiplicative factor to that obtained for conformally coupled light scalar fields in [74],
despite the fact that the Dirac structure naively imposes a different spectral (momentum scaling)
property on the equations governing the particle production.? In comparison to the conformally
coupled scalar case, no special non-renormalizable coupling to gravity nor possibility of tadpole
instabilities concern the fermionic scenario in the light mass limit because the fermion kinetic op-
erator is conformally invariant and fermions cannot obtain a nonvanishing vacuum expectation
value.

We also derive the particle production spectrum for the heavy mass scenario and find it to be
identical to the result of [73] (again up to an O(1) multiplicative constant) despite a different mo-
mentum dependence of the starting point of the equations. As expected, the heavy mass number
density falls off exponentially. In contrast with the light mass limit, this case is sensitive to the de-
tails of the transition out of the inflationary era. To emphasize the simplicity and the novel analytic
arguments of the light mass scenario, we relegate the heavy mass results to an appendix.

It should be noted that the production of fermions in inflationary cosmology has been exten-
sively considered during the recent past, but most analyses have focused on the non-gravitational
interactions. For example, [75, 76, 77, 78, 79, 80, 81, 82] focused on both numerical and analytic
analyses of fermion production during preheating. [83] considered the production effects when
the fermion mass passes through a zero during the quasi-dS phase. The effects of radiative cor-
rections that modify the fermion dispersion relationship and its connection to particle production
were considered in [84]. Gravitino production has also been considered by many authors (see
e.g. [85, 86, 87, 88, 89, 90]). The main thrust of this work differs in that it focuses on the minimal
gravitational coupling and derives a simple bound analogous to Eq. (44) of [74]. Indeed, our results
will aid in future investigations similar to [65] which would benefit from a more accurate simple
analytic estimate of the dark matter abundance.

In Sec. 5.1, we discuss the intuition behind the general formalism for the gravitational produc-

2 Although the aim of [74] is to consider a hybrid inflationary scenario, it also contains a universal result, equation
(44), applicable to generic inflationary scenarios. There is also a misprint in [74] in stating that the situation is for minimal
coupling rather than for conformal coupling.
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tion of massive Dirac fermions in curved spacetime. In Sec. 5.2, we discuss the generic features
of the spectrum and derive the main result, which is that for a given mode with comoving wave
number k, the Bogoliubov coefficient magnitude |Bi|> ~ O(1/2) if H(y7) > m when k/a(y7) ~ m.
We test this analytic result within a toy inflationary model in Sec. 5.3, and discuss the dependence
on reheating and the implications for the relic density in Sec. 5.4. Appendix A contains a collection
of useful results for fermionic Bogoliubov transformation computations. Appendix B.1 contains a
complementary argument (which relies more on the spinorial picture of the fermions) for the uni-
versality of the Bogoliubov coefficient in the light mass region. Appendix B.2 contains the particle

density spectrum for the heavy mass limit.

5.1 Fermion Particle Production: Background and Intuition

To compute the particle production of Dirac fermions in curved spacetime, we follow the standard
procedure as outlined for example in [36, 34] to calculate the Bogoliubov coefficient B between the
in-vacuum corresponding to the inflationary adiabatic vacuum and the out-vacuum corresponding
to the adiabatic vacuum defined at post-inflationary times. The details of this formalism and our
conventions are presented in Appendix A, with the expression for By given in Eq. (A.45).
However, to obtain a better intuitive picture of the particle production mechanism, here we
present general physical arguments regarding the expected features of the spectrum. We begin by

considering a Dirac fermion field ¥ described by
L =¥V, ¥ —m¥Y (5.1)

minimally coupled to gravity. As the action § = [ d*x,/gL is conformally invariant in the {m —
0, i — 0} limit (with 8gy (x) = —20(x)gyuv(x)), physical quantities are necessarily independent of
the FRW scale factor a to leading order in /i. Hence, the leading 7 order Bogoliubov coefficient
is zero in the ma/k — 0 limit, since it is the metric that drives the particle production (i.e., it plays
the role of the electric field in the analogy of particle creation by strong electric fields). This implies
that particle production can only occur in significant quantities for non-relativistic modes.>

We next point out that the Dirac equation with a time-dependent mass term results in mixing

between positive and negative frequency modes, similar to the case of the conformally coupled

3We neglect possible conformal symmetry breaking effects associated with preheating [77]. In that sense, there is a mild
implicit model dependence here.
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Klein-Gordon system with a time-dependent mass. To see this explicitly, consider the Dirac equa-

tion for the spinor mode functions u 4 g that follows from Eq. (5.1):

o, | =" : e (5.2)
ug k —am ug

which is our Eq. (A.23) from Appendix A. Here u 4 p span the complete solution space (they con-
tain both approximate positive and negative frequency solutions in the adiabatic regime). Here
we are working in conformal time, which is related to the comoving observer’s proper time via
dt = a(n)dy. From Eq. (5.2), we see that the rotation matrix that diagonalizes the right hand side
is a function of the time-dependent quantity am. Hence, the Dirac equation as a function of time
mixes approximate positive and negative frequency solutions leading to non-vanishing particle
production.

To estimate the Bogoliubov coefficient, we can compute the effects of the time-dependent mix-

ing matrix i € O(2) as follows. We begin by inserting 1 = &’/ into Eq. (5.2) to obtain

Up am k Uy

iUo, |UTU = U uu (5.3)
ug kK —am ug
u u' w 0 u’
— UUT | A | wio, | M| = ‘ A, (5.4)
up up 0 —we up

in which we = V'k? + m?a? and the primed basis is defined to be

u’ u
A ul . (5.5)
up Ug

The Dirac equation is diagonal in the primed basis except for the appearance of the mixing term

0 mHkyp
T_ 4 K2 +m?
uaﬂu —_— 2 mHkp 7 (5'6)
 g+m?

with k, = k/a. From this result, we see that during inflation the mixing term approximately
vanishes for a fixed comoving wave number k as a — 0, while after inflation it is the largest when
H is the largest. Using this result, it is straightforward to show that the Bogoliubov coefficients due

to mixing take the following form:

: mk iy
pIIX dtik% e e, (5.7)
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in which wy = 4 /k% + m2. One may still ask whether there are any other sources of positive and
negative frequency mixing since the diagonal terms of Eq. (5.4) are time dependent, just as confor-
mally coupled scalar fields contain w? = k? + m?a? in their mode equations. The answer is no if
the fermionic particles are defined as modes that exactly satisfy the condition

u'y Vk2 + m?a? 0 u'y

idy = . (5.8)
A 0 —Vk? 4 m?a? uly

For example, the adiabatic vacuum positive frequency modes are defined to be

u 1 iR m2
N e it (5.9)
up 0
Eq. (5.9) corresponds to a zeroth order adiabatic vacuum in which the adiabaticity parameter € 4 is
defined as

Hk
eq= — P (5.10)

(k,% N m2)3/2'

in accordance with the usual conventions [36, 51, 19, 91]. This parameter vanishes in the asymptoti-
cally far past (near when the in-vacuum is defined) and in the far future (near when the out-vacuum

is defined). Eq. (5.9) coincides with

HA V wzgm —i [Tdy'w
— e’ (5.11)
g Vo
in the basis of Eq. (5.2).
To summarize, the zeroth adiabatic order vacuum Bogoliubov coefficient is approximately given
by Eq. (A.57). Compared to the conformally coupled bosonic case (see e.g. [73]), the long wave-

length fermionic particle production is suppressed due to the appearance of kj, in the numerator.

5.2 Light Mass Case and Generic Features of the Spectrum

In this section, we present a universal result for the spectrum in the light mass scenario that is
nearly independent of the details of the inflationary model. We shall show that under a specific
set of conditions, the Bogoliubov spectral amplitude (evaluated with observable particle state basis

defined at time t) takes the approximate form

Bk(1)]> ~ O(1/2). (5.12)
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Scale

ky,=k/a

'
Time

Figure 5.1: The evolution of the physical scales H(t), ky(t) and the corresponding time points.
Modes with comoving wavenumber k make the transition from relativistic to non-relativistic at
time t;. The Hubble rate drops below m at t,;, and the end of inflation is at t,.

An alternate argument emphasizing more of the spinorial nature of the fermions is presented in
Appendix B.1.

For Eq. (5.12) to hold generically, the following conditions must simultaneously be satisfied. The
fermions that are produced must be light (to be made precise below). After the end of inflation, the
modes that are produced must become non-relativistic during the time when the expansion rate is
the dominant mass scale. Finally, t must be a time when particles with k, = k/a are non-relativistic.

The evolution of the relevant physical scales is shown for clarity in Fig. (5.1). Here ¢, denotes the
time of the end of inflation, t,, is defined by H(t,,) = m, and t; stands for the time when k(t) = m.

The two conditions under which Eq. (5.12) holds are ¢, > t; > t; and t > t;, in which t; marks the
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beginning of inflation (not shown in the figure).
To show this more explicitly, we begin by noting that the modes that can be significantly pro-
duced by the FRW expansion satisfy k, < m, since relativistic modes are approximately confor-

mally invariant. Furthermore, during the time that k, < m, Eq. (A.57) takes the form
t k t, ot " "
Br(t) ~ / dt’%H(t’)e_Zlﬁ dtlw (1) (5.13)

Let us consider Eq. (5.13) for the time period with H(t') > m, such that H?> > w,%. Here we take
k to be consistent with k, < m; more precisely, ma(t) > k > ma(t;), where t; is the time when
the initial vacuum is defined, which is typically at the beginning of inflation.* In this regime, the
largest contribution to By arises from the time f; when k, = k/a is at its largest while remaining

non-relativistic: i.e., k/a(ty) = m. When these conditions are satisfied, Eq. (5.13) results in

Bx(t) ~ O (k/a(t")) , (5.14)

m

which we see is indeed of O(1).

Our result indicates that the fermion creation saturates the Pauli exclusion principle, since | |2
represents the phase space density of the fermions created. The conditions leading to this result can
be intuitively explained as follows. To have such a maximal production, we cannot excite k, > m
modes because of conformal symmetry. Furthermore, we cannot excite k, < m modes because the
violation of energy conservation is of order FAx ~ (Hkp)k,/(mH) ~ (k,/m)k,, where F is the
force due to the expansion of the universe and Ax is the distance over which the particle travels
under this force. In addition, the force can act on the virtual particle only on a time scale shorter
than the lifetime of the virtual state, which is of order 1/m. This is equivalent to the condition that
H > m for this picture of particle production.

As Eq. (5.14) is independent of H, the result is insensitive to the details of the inflationary model.
This insensitivity holds as long as the dominant contribution to B (t) arises from the time period
with H(#')/m > 1. However, H(t') /m > 1 clearly fails if ' > t,,. Thus, there is a mild inflationary
model dependence, although it is largely insensitive. This is clear because the fermion mass can
be made arbitrarily small compared to the expansion rate for any inflationary model. As we shall
see in Sec. 5.4, a stronger inflationary model dependence arises from the dilution factor a(t,,)/a(t),

which typically is a function of the reheating temperature.

“The condition k > ma(t;) comes from the requirement of setting the adiabatic vacuum condition, which only applies
for modes with subhorizon wavelengths.
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Given that there is a general restriction that |8;|> < 1 from quantization conditions, here O(1)
must mean a number less than unity.> To remind ourselves of this fact, we will refer to this O(1) < 1

number as O(1/+/2). Putting all the conditions together with Eq. (5.14), we find
|Br(t)[2 ~O(1/2) forty >ty > t;and t > t. (5.15)

A more explicit restriction on k that is consistent with the requirements of Eq. (5.15) can be written
as follows:

ma(ty) 2 k > ma(t;) and ma(t) 2 k. (5.16)

Egs. (5.15) and (5.16) are the main results of this section.

For modes with k > ma(ty), |Bx|? is smaller since Eq. (5.13) is suppressed by an additional
factor of H/m. The exact high k behavior of B is sensitive to the adiabatic order of the vacuum
boundary condition as well as the details of the scale factor during the transition out of the quasi-
dS era. However, what is generic is that the spectral contribution to the particle density no longer
grows appreciably when k > ma(t,,). Hence, we can define the critical momentum k, = ma(ty,),
which satisfies

ki/ae = (He/m)* "am, (5.17)

where we have parameterized the energy density after the end of inflation as p & a7, Integrating
over d°k/(27a)? to obtain the energy density of the fermions, for an order of magnitude estimate

we can introduce a step function @ (k. — k) as follows:

1
oy (t) ~ 4 x 4’%;3 / kKO (ke — k), byar) < tw <1, (5.18)

in which t,,, is the time at which k = ma(t;). Assuming that the lower limit of Eq. (5.18) contributes

negligibly to the integral, we obtain

m* (a(tn)\®
Py (t) ~ 4 x 122 ( a(t) ) , (5.19)

which contains the mild inflationary scenario dependence discussed previously.

5.3 Example of Fermion Production in a Toy Inflationary Model

To test the analytic estimation of Sec. 5.2, we now numerically compute the particle production

in a toy inflationary model with instantaneous reheating occurs (i.e., in which the quasi-dS phase

>The Bogoliubov coefficients satisfy |az |+ [B_; |* = 1, while Eq. (5.14) effectively neglects this constraint.
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connects instantaneously to the RD phase). As is well known, such non-analytic models have
unphysical large momentum behavior [36], which for our purposes can be dealt with simply by
cutting off the integration of the spectrum. We find there is an upper bound on the fermion mass if
m < H, during inflation, similar to the case of fermion production in pure RD cosmology [52]. We
shall turn to the more realistic case in which the inflationary era exits to a transient pressureless era
during reheating in Sec. 5.4.

Let us consider a background spacetime which is initially dS with a Hubble constant H, that is
followed by RD spacetime. Although the junction between the dS and RD eras is instantaneous,
the scale factor a(t) and the Hubble rate H(t) are continuous across the junction. In particular, if
we set the junction time at the conformal time # = 0 and we set the scale factor at the junction time

to be a,, the scale factor and Hubble rates can be written as

() m) " w0

a(n) = (5.20)
2He (1+4) 1> 0(RD),
in which
H, 7 <0 (dS)
H(n) = ) (5.21)
()" >0,

indicating that the leading discontinuity in a occurs at second order in the conformal time deriva-
tive.

To compute By using Eq. (A.45), it is necessary to fix the boundary conditions for the in-modes
and the out-modes. For the in-modes, we require that in the infinite past, when a certain given
mode’s wavelength is within the horizon radius, its mode function must agree with the flat space
positive frequency mode function. In other words, as a(r7) — 0,

in

u w—a(y)m A
A I % il (5.22)
w—a(y)m
up 2w

k.

The in-modes” analytic expressions during the dS era thus take the form

in P (1 1
A Fat)e TR ) (5.23)
N k)i T (14i1) (1) k '
w )\ VEGE L G

(5.24)
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Figure 5.2: The Bogoliubov coefficient amplitude |B;|? as a function of k/ (a.H,) for various ratios
of the fermion mass to the Hubble expansion rate during the dS era.

where Hél) are Hankel functions of the first kind. Similarly, for the out-modes, as k/a > H(z) in
the RD era, we require the mode functions to agree with the flat space positive frequency mode

functions, i.e., as a(17) — +oo,

out ( )
wa(n)m
“ - 2 e i Wy’ (5.25)
w—a()m
up 2w
kn

The out-mode analytic expressions during the RD era are given by

out

-zc in/4 [ 2

1A — D ic(e™ Ay (5.26)
—IC+iZ . in/4 2m

up o VCe 1M ID (e ,/—H(m)

in which C = (k?/a2)/(2mH,) characterizes the ratio of the momentum to the dynamical mass
scale and the D, (x) are parabolic cylinder functions.

The numerical results for |B|? are shown as a function of k/(a.H,) for various choices of the
fermion masses in Fig. 5.2. From these results, we first note that it can be determined that for
heavy masses m > H,, e.g. m/H, = 1 or 3, the infrared end of the spectrum behaves as |B;|> ~

(1+exp(2tm/H,))~!. Further details of the heavy mass case are given in Appendix B.2. As the
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heavy mass situation is likely to be more sensitive to the abrupt transition approximation made in
this section, we restrict our attention here to the light mass case in which m < H,.

For the light mass case (e.g. m/H, = 107° in Fig. (5.2)), we can see there are three ranges of
k that each have qualitatively different behavior. For k/a. > H,, the modes are still inside the
horizon at the end of inflation, and the spectrum falls off as | By \2 o k~°. In contrast, for /mH, <
k/a. < H,, the modes are outside of the horizon at the end of inflation and remain relativistic at
the time when m = H(#) during RD. In this case, the spectrum falls off as |B;|> o« k. Finally,
for k/a, < /mH,, the modes are outside the horizon at the end of inflation and have become
non-relativistic before m = H(y) during RD. This results in a constant spectrum of |B|? ~ %, in
agreement with the results of Sec. 5.2. Generically, if the scale factor a(7) is sufficiently continuous
[50, 91], the spectrum will fall off in the ultraviolet region faster than k3, such that the total number
density n ~ [ d%k|By|? is finite. The majority of the contribution arises from the region in which
k/a. < /mH, where |B|? ~ 1, as anticipated in Sec. 5.2. The number density for particle masses

in the range of m < 0.1H, is numerically determined to be (recall that #,, is defined by H(1,,,) = m)

n(n) =4 x 0.005m> (‘;(Z;l)))s (5.27)

which again agrees with the analytic estimate of Eq. (5.19).

5.4 Inflationary Reheating Dependence

We now consider the more realistic situation in which there is a smooth transition region between
the dS and RD phases. When inflation ends, there is typically a period of coherent oscillations
(a. < a < ay,) during which the equation of state is close to zero (see e.g. [92, 93, 94]). During that
period, the expansion rate behaves as H o a~3/2 and not a2 as during RD. This difference will lead
to an effective dilution of the dark matter particles by the time RD is reached. More precisely, the
fermion number density will be diluted as 1/4> as long as the fermion plus anti-fermion number is
approximately conserved. As we shall see below, the integrated dilution is typically a function of
the reheating temperature during inflation.

Accounting for the dilution, in this section we estimate the relic abundance of fermionic parti-

cles (fermions plus anti-fermions).® The dilution consideration breaks up naturally into two cases:

6This requires the fermion self-annihilation cross section rate to be smaller than the expansion rate throughout its
history. Such weak interactions generically can be achieved for sufficiently large particle masses [19], which are allowed as
long as the inflationary scale is sufficiently large.
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gy > a(tm) and aq, < a(ty). The former case corresponds to the situation in which the dominant
particle production occurs during the reheating period, while the latter case corresponds to the
complementary situation, which we shall see below is unlikely to be physically important.

Let us begin with the case of a4, > a;;, which corresponds to

2 2
\/gh _ TI’h Qx 1/2
He > m > Hypy ~ =5 M, ~ \ 109 Gev (100) GeV, (5.28)

where H 4, is the expansion rate at the time radiation domination is achieved. In this case, we have

2 3
py (teq) ~ 0.03m* (Hfh) (‘lﬂ‘) ) (5.29)

m ﬂeq

in which we have used the fact that H o a~3/2 during reheating. We thus find the relic abundance

today of fermionic particles to be

2 m 2 Tth
Qph 3(1ollcev) <109Gev>‘ (5:30)

This matches Eq. (44) of [74] (up to a factor of order of a few, part of which is expected from counting
fermionic degrees of freedom), which was computed in the context of conformally coupled scalar
fields. The match is interesting because the analog of Eq. (A.57) for the conformally coupled scalar
field case has a different k/a dependence that converts into an effective m dependence due to the
conformal invariance of the fermionic kinetic term. Eq. (5.30) also agrees with the model dependent
numerical results of [55] up to a factor of 10. The related ratio of the fermion energy density to the
radiation energy density at matter radiation equality, py (feq)/pr (teq), is the same as Eq. (5.30) up
to a factor of 10.

For the case with Ay < dm, We have

3
a
p¥(teq) ~ 0.03m* <m> , (5.31)
Lleq
which leads to
t 5/2 —1/4
) (5 (1) -
pR(teq) 108 GeV 100
which up to an order of magnitude is (). However, since this applies only for
T 2 1/2
rh 8x
"< (109 Gev> (100) GeV, (5.33)

the relic abundance is negligible in this case. For example, a m ~ 1GeV benchmark point will

render Qy ~ 1020,
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Chapter 6

Isocurvature 2-Point Correlator

In Chapter 5, we have seen massive fermion particles can also be produced gravitationally during
inflation and serve as dark matter candidates. The produced fermions will not necessarily be ho-
mogeneous. We want to know how much density perturbation will be produced in this way. Since
fermion is not coupled to inflaton directly, this density perturbation will be of the isocurvature
type.

The phenomenology of multifield inflationary models has been extensively studied (see e.g. [95]).
Our models differs from the usual curvaton model in that fermion does not come from the curvaton
decay, rather the light scalar field’s inhomogeneous VEV modulate the fermion’s non-perturbative
production.

Through the study of a Yukawa theory, we have found the following results

e Without Yukawa interaction, the correlation between number density perturbation is unde-

tectable at CMB scale.

o With Yukawa interaction and a light scalar field, the scalar field’s perturbation will modulate

the fermion production via changing the fermion effective mass.

These result can be understood intuitively as this. At leading order, the scaling dimension of ¢
dictate its Green’s function decays as a(t) > at late time and large separation during inflation. In the
Yukawa model, the fermions density will preserves the information of the scalar field’s fluctuation
at the ending time (my = H(7.)), just as the CMB photons captures the density fluctuation of the

recombination time.
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This Chapter is organized as follows. In Section 6.1, we setup the formalism for the computa-
tion. In Section 6.2, we present the leading order result, i.e. diagram (a) in Fig (6.1). In Section
6.3, we present the next leading order result. Finally, in Section 6.5, we discuss the fermion loop
correction to the scalar propagator during the de Sitter era. In Appendix C.1, we give the late time
large separation limit for the fermion correlator. In Appendix C.2, we demonstrate how to find
the dominant Feynman diagram by comparing the scaling behavior of the propagators. In Ap-
pendix C.3, we use Bogoliubov transformation to compute the particle production contribution to

a loop diagram.

6.1 Setup

In this section, we first define a quantum operator that corresponds to the isocurvature variable
in the classical cosmological perturbation theory. Then we introduce the relevant counter-terms
to renormalize this composite operator. Finally, we expand its two-point function using the in-in
formalism.

The full action is given by Eq. (2.1). In this section, we first approximate by ignore the inflaton
sector and ignore the gravitational interactions. The fermion field ¢ and scalar field ¢ are evolving
on a quasi de Sitter background. This is assuming that during inflation, ¢ and ¢ are energetically
unimportant. The effect of the inflaton fluctuation and the gravitational coupling is considered in
the next Chapter.

In classical cosmological perturbation theory, one can define the following gauge-invariant ob-
ject (see, e.g. Ch 5 of [96])

Co(q,t) = A(g't) - H(Sog’ J 6.1)

where the scalar metric perturbation is parameterized as

—E aF;
S ,
o8y = l (6.2)
aF; a? [Aéi]‘ + B,ij]
and O = O + 60 is a diffeomorphism scalar field. Then under a gauge transformation parametrized

by e = (€%,a729;(€%)), we have
AA = —2HeY,AB = —a%es (6.3)

1
AE = —2¢% AF = E(e0 — &5+ 2He®). (6.4)

ASO = —€%0 (6.5)
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which can be obtained from A(J gﬁ)) = —Eeyaﬂ &uv- Thus, one can easily check

Alo(g,t) =0 (6.6)

Let py represent the energy density of the fermion field, with py = py + Jpy separation. Then

we can define

6s = 3(Cyp —Cp) (6.7)
A

Gy = 2—2‘5% (6.8)

Cp = ?—I;&P (6.9)

Since {y and (y are first order gauge invariant, Js is first order gauge invariant. In comoving gauge

where d¢ = 0, we have

H
0g = —3+-0 (6.10)
S By Oy

To promote Js ,we need to define py as an operator and py(t) as a c-number function of time,
then épy = py — Py will be naturally defined. From the physics intuition that ¢ particles will be
produced gravitationally during inflation and behaves as cold dark matter (CDM) after m > H(t),

we can expect that at late time (oy) > (py) . Thus we make the following approximation,

oy ~ py +3py = Ty = mpyp (6.11)

where we used the on-shell fermion stress tensor (in vierbein indices)

i_ —
Top = Elp(')’(aveb) - ’Y(aveb))tp (6.12)

and the EOM for . The function py(t) can be defined as

pp(t) = (inlpylin) ~ m in|fylin) (6.13)

We shall further use the approximation that

ZiPe(t) = =3H(py + py) ~ ~3Hpy (6.14)

Plug in p and p into Eq. (6.10), we get d5 ~ % The subtraction of () in the numerator
removes the self-contraction diagrams, thus one get only connected diagrams about 1. In prac-
tice, if we compute the spatial Fourier transform of correlators with g insertion, the () in the
numerator does not contribute at non-zero momentum. Thus, we may take
bg == II:JIIJ

{$y)

(6.15)
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in the following computation.
Since Py is a composite operator, we need to renormalize it by mixing it with operators of

dimension 3 and lower. The renormalized field operator (¢9)y , is

(P)xr = (Px)r(x)r(1+6Z1) + ‘5Z2(‘7x,r)3 + 5Z3(Ux,r)2

+($Z4U'x,r + 075 + 5ZéD(Tx,r +0Z7R + 5ZSRUx,r (6.16)

Thus we may define the renormalized partition function,’

7K = / DoDyDexp {; /C @) (6 Los+ Kx,,(lplp)x,r)} 617)

and the renormalized generating functional W, [K;]
i
exp[z Wi [K/]] = Z/[Ky]. (6.18)

Our goal in the remaining part of this section is to evaluate

(F9)r (e = ( ° ° iww) (6.19)

/&Ky /80K

for x0 = y° = t, at a sufficiently late time when particle production has ended. The spatial sepa-

K=0

ration |X — 7| is large enough such that their common past history I~ (x) N I~ (y) lives deep within
the inflationary era.
The relevant diagrams are given in Fig. (6.1), where diagram (a) is the LO contribution which

will be considered in Section 6.2, and diagrams (b-e) will be considered in Section 6.3.

6.2 Leading Order Result

In this section, we evaluate the diagram (a) in fig. (6.1).
gy = =T [(aty) (o)) = D VialjaUjy Vi (6.20)
L)
Using contour integral, we can evaluate the mode-sum analytically. The details are in given Ap-

pendix B. The result is

<n¢,xn¢1y>(a) = e |T-y1° ( [(H) ]) ( f) 6.21)
g () (1) exp(=27f) - (m > Hiy)

UIn principle, there should be local terms involving more K, in the action, such as 6Z K2, or 9K - 9K . However we are
only interested in & % W (x # y), and these terms do not contribute. Thus we can omit them in the action. We note this

is only true if we are working in the coordinate space Feynman diagram, as soon as we do Fourier transformation, we shall
encounter the x = y case, and O(K?) terms are needed.
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(a) (b)

(c) (@ (e)

Figure 6.1: The LO and NLO diagrams for ((9)x(3)y,r)c , where the cross-dot vertices is
insertion.

We can understand this result by backtracking the two points x,y to the time when they were

deep inside the horizon, and see what happened when they grow apart.

1

L. In the heavy mass case (m > Hy,s), the Compton radius m ™" is smaller than the horizon

radius H~!. The physical separation r will first grow to the Compton wavelength, and

phys
trigger the exponential suppression factor (exp(—2mry,s)) in the correlator.
o m3
<¢lpx¢¢y>flat,rphys<m ~ W eXp(—Zmrphys) (6.22)
pnys

As the physical separation r grows further to exceed the horizon radius H !, the corre-

phys
lator would freeze and start falling as (ar/ay,)®, where a, = 1/(Hr) denote the scale factor at
the horizon crossing. Then we recover the heavy mass formula, with a, = %, Tphys = H -1
6 3
ay m 1 m\3 m
Ir) T exp(—2 ~ (7) 27 6.23
<a’7> 47_[31,2@5 exp( m”phys) 616 \H exp( H) (6.23)

Thus we recover the heavy mass result.

2. In the light mass case (m < Hj,y), the physical distance will cross the horizon radius first,

without the exponential suppression of exp(—2mr y,s). From the flat space UV limit result
1

0B
phys
- 1
<l/)l/)x¢¢y>flat,rphys<m ~e (6.24)
phys
we get (a, = %z”phys =H
6
1 1
(ar) < "~ %% (6.25)
ay Tonys 027

Thus we recover the light mass result.
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Unfortunately, the fractional relic density fluctuation at CMB scale? is too small

(Spxdpy) m? /(a1 ) ( 1 >6
(0y)? m2m®(a$ /a®) asmrepmg )

(6.26)

where rcpp is the comoving distance for typical CMB observation scale and the subscript * denotes
the time when fermion production ends. Let acpp denotes the scale factor when CMB scale exits
the horizon then we have

Temp ~ acmsHing (6.27)
Assuming the fermion production ends during reheating when m, = H(t), and H o a~* during

reheating, then we have

1
Hing acHe | (ae\'™" (H\'TF (6.28)
Assuming that inflation ends 60 efolds after the CMB scale exits horizon and MD-like reheating i.e.

« = 3/2, then we have

(0px0py)  (acmpHing 6N acmp %eHing 6Nef300 He)® (6.29)
<p¢>2 Ay e AxMy My '

Using the fermion relic abundance formula Qy ~ (my/10°GeV)?, for example, we take Try =

10°GeV and g. = 100, then we get

(0pxdpy) 2 (0px0py) 39 ( H, )2
A Gy 07Ge

We see that generically the pure fermion isocurvature perturbations are small on CMB scale.

6.3 Next Leading Order Result

We consider the diagrams (b)-(e) in fig.(6.1). They represent the effect of the Yukawa interaction to
the fermion production. Here we only consider the case of light fermion my < Hjy.

First, we want to estimate which diagram gives the largest contribution when x,y have large
spatial separation. From Appendix C.1 that equal-time correlator (0,0y) scales as ¥ =% and ()

3

scales as v, we can expect that diagrams that has fewer fermion lies stretched between x,y de-

creases slower when r — co. Thus we shall take diagram (b) as the dominating diagrams.

2Since the (6pdp) are frozen as long as the two points are outside of horizon, we can extrapolate this large spatial
separation result obtained at the end of inflation to the recombination time.
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For diagram (b), we have can expand it using commutators

L(x,y) = <(1/_11/J>x,r(l/_]l/])y,r>c,diug(b) (6.31)
x Y
= 407 [ ) [ @) ) B9 P9 o) (632)

Hi0? [ () [0 i) (o o) o) ) (639
X Y _ _ _ _

#4007 [ ) [ @0 ) Bop ) opo) O — o) (634

007 [ (d2) [ @) (s b P, Bl ooy (639)

%

where [- - - | means anti-symmetrization and {- - - } means symmetrization. As derived in Appendix

C.2, ([0, 0x,]) is suppressed by a2

relative to ({0x,, 0%, }), whereas ([{ifx,, PiPx,]) is suppressed
by a~! relative to ({¢x,, P1px, }). The last line is obtained by keeping only the dominating contri-
bution.

Since the fermion particle production ends at ¢, and the previously produced particles are
mostly diluted away, we expect the z, w integrals to peak around the time t,. For late time and
large spatial separation, the scalar correlator (0y,0;,}) will be slowly varying. Thus we may ap-
proximately take (o(,07,)) = (0(z,0w,}), where zg = (¥, t:) and wyg = (¥, t:), and factor it outside
of the z, w integral.

The remaining fermion integral can be evaluated using the following identity

i [ ), 1) = 2 () = g 636)

An explicit check of this integral using Bogoliubov coefficients is given in Appendix C.3. Thus we
get

(neny)nro = Iy(x,y) ~ A2 Bty ()] Bt () {0z T} (6.37)

We can understand that the number density correlator (n,71,) is generated from the slowly varying

scalar corrector <U{Z(Tw}> via the correction of the fermion mass.

Therefore, we can generalize this result to

(nyny)no = (ng(my + Ao (x))ny(my + Ao (y)))e

Q

9
A (G 1@ 7))
1 /\4 > 2/ 42 2 )\6
Here note that we expanded it using the perturbative parameter A assuming this expansion per-

turbatively under control. However, the assumption may breaks down and the expansion does
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not hold when the other factors overtake the A suppression. i.e., AHj,r/m < 1. We shall mainly
focus on the parameter region where the perturbation holds in this paper and leave the other re-
gion for the future investigation although the region may have interesting features such as large

non-Gaussianities.

6.4 Isocurvature Power Spectrum

In the long wavelength limit, the temperature fluctuation is [97]

AT 1. 2
where
5 0
§=P _ W 5o = wyds. (6.40)

oom  Obm
and wy = QIIJ /Qpy indicate the relative abundance of the fermion dark matter compared with the
total dark matter.

If we define the power spectrum of observable O as

3 P
Po(k) = k? Px (050%) e %, (6.41)

then we find the power spectrum of the temperature fluctuation

Par

T

1 4
g'Pg + gp‘g, (6.42)
where the cross-correlation term has been dropped. From Eq. (6.38), we have

2
Ps(k):wiﬁ( nwm"’)) P, (k) + O(A%). (6.43)

The power spectrum for a light scalar field can be obtained as

_ H(t) k ~(2/3)(m2/ H?)
PO (”(tm)H(tk)> (6.44)

where f} is the time when k exits horizon. The slow decay of the o modes suppresses the modes

that exit horizon early, therefore the isocurvature power spectrum is slightly blue-tilted relative to
{ power spectrum. In the region m2/ H? < 1/60, we can ignore the slow decay factor in P, and get

dmmty(my)\ > HA(t)
Vlw 47’[2

Ps(k) =~ wiA? ( (6.45)
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For example, if we consider MD-like reheating, then from Eq. (5.19) and Eq. (5.30), we get

Ps 2( My N[ Tra ) H \?
__Ps 6.46
5= P+ P <1O3GeV) 10°GeV ) \ 1013GeV (6.46)

The current observational bound[98, 99, 100, 101] of the isocurvature for the uncorrelated case, i.e.

(¢S) = 0,is ag < 0.07, which can be used to constrain A and 1.

6.5 Corrections to Scalar Field Propagator

In this section, we want to consider the effect of the produced fermions on the ¢ correlator. In
general, 0 field would acquire a plasma mass when interacting with an ensemble of particles. Here
we want to check that whether this effect is so large that we can no longer treat the scalar field as a
light field during inflation. Here, to be consistent with our renormalization condition, we will use
the WKB mode function to define fermion particles during inflation, i.e. the vacuum choice is the
adiabatic vacuum.

The fermion number density is about mi before particle production ends, since the Bogoliubov
coefficient |By , |2 1/2 for k/a < my. Thus the number of fermions per horizon is about mi/ H3,
which is much less than one. We expect the fermions to have no effect on the scalar mode when it is
sub-horizon. After the scalar mode exits horizon, the fermions exert a tiny drag on ¢, and shift the
zero-point of ¢’s potential. Apart from this effect, we see the equation of motion is also modified

(see [29]),
0 = (@ m)s— ) + Y+ [ @ (P e+ 008 64)

Thus, we redefine oy = 0y + %, where Y ~ O(A) absorbs the divergent part in A((y).

o

During inflation, we expect (x) to be spacetime independent, thus O(px) = 0. Thus we have,

0 = (O—mg)ay+iA / (d2){ [, §9]) 0+ Sm2 (A, 1y ) + O(A?) (6.48)
~ (O—m?)o, — /\Z(an—”’)&x +0(A%) +c.t. (6.49)
8m¢
~ (O 2+ 222" e 4 0(A%) + et (6.50)
amlp

where in the derivation we used the slow modes approximation for &,, which is valid as long
as k, < aymy. The divergent part in iA> [*(dz)([(yx, P1-])0: is canceled by the counter-term

Sm3 (A, my)ox.
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If we estimate ny = Clmij during inflation, then the mass correction would be /\zaa:;—‘i ~
Cl)\zmﬁ,. Thus, as long as
CrA?m, + mg < H? (6.51)

we can approximately take o field to be light during inflation.
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Chapter 7

Isocurvature Cross Correlator

In the last chapter, we computed the two point function of the isocurvature operator. This encodes
the strength of the energy density fluctuation of the fermion field at various scales at the initial
time. In this chapter, we compute the cross correlation of the isocurvature operator and curvature
operator. (dsC) This encodes how aligned these two types of fluctuations are at the initial time.
Since both types of perturbations will lead to temperature fluctuation A—TT of the CMB photon, it is
necessary to know how they interfere with each other.

To extract the particle production’s contribution to the loop diagram, we used the Bogoliubov

subtraction prescription. We find that the cross correlator is small. The intuition is as follows

e The ( field enjoys a shift symmetry. Recall that  reflects the local fluctuation of the scale
factor a(t), thus a spacetime constant shift of { is equivalent to multiply the scale factor by a
constant. However such a change does not affect the background expansion history, which
is encoded in H(t) = dIna/dt. Since any physical observable should be independent of the

normalization of a(t), a constant shift of { has no effect on the physical observables.

e Fermions are produced continously during inflation and early era of the reheating. Due to
the dilution of the early produced quanta, the majority of the remaining fermions are pro-
duced latest. Around this production time, let’s consider the ¢ fluctuation with a comoving
wavenumber pcyp that corresponds to the CMB observation scale. Such a fluctuation is

2 ,—60%2

nearly constant in space and time, with fractional variation on the order of ()

This nearly constant ¢ will have little effect on the fermions production at late time.
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The argument for the cross correlator only depends on the a~3/2 scaling behavior of the fermion
field mode function. It also applies for heavy scalar field with m > H;,r. Hence, in the following
discussion we do not use the explicit form of the fermion stress tensor T,,,. However, we do give
explicit check for fermion case in the Appendix.

This chapter is organized as follows. In Section 7.1, we give formal formula for the cross correla-
tor. In Section 7.2, we show that the cross correlator is suppressed in the long wavelength limit due
to the derivative coupling of { and matter. In Section 7.3, we show that computation in comoving

gauge and uniform curvature gauge are equivalent.

7.1 Formal Expression of Cross Correlator

First, we recall the gauge invariant definition for isocurvature curvature and curvature perturba-

tion in Eq. (6.7),

55 =30y —0) y=5 500 7.

where we used operator O for the fermion energy density operator and to keep the discussion

general. Also we recall the general form of matter-gravity interaction (see e.g. Eq. (2.32, 2.36))

St = [ (%) 37 ()38, (330) 72)

the in-in cross correlator to the 1-loop order is given by

) 1

(6 ()T W 1-100p = l/M(dZ)<5§(x)5$(y)§T””+(Z;lP)fsgIv(Z;éD (7.3)
. 1 - _
—i [ (@206 (5 )3T (@ 9)6gi(z0) 7.9
In the inflationary background, { can be quantized as
. oik-% ek T
[(Z1) = / d3k[aE(2n>§ul(f)(t)+a%(2n)%u,(f) D) (75)
©) N 1 H(t) ik . .k

u” (t) =) O e'af (1 laH) (7.6)

where t. is the time when mode k exit the horizon. In the limit that k is outside of horizon k/aH <

1, we have the following expansion

O — @0 L (KN (kN
us' () = u [1+2 aH) +3 (aH +--] (7.7)
o0 - 1 _Ht) (7.8)
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where u,(f)’o represent the asymptotic value for the mode function when it is outside of horizon.
To proceed further, we choose a gauge. It is not obvious that computation in uniform curvature
gauge would give the same result as in comoving gauge, due ot the difference in the form of dg
and in the interaction action. However, we show that this is indeed the case in Section 7.3. Thus,
without loss of generality, we use comoving gauge.
In comoving gauge, the Fourier transform of cross correlator (same Fourier convention as in

Chapter 6):

(6 F OB )1 100

H. [

= 85 (d2) (O (K, g (B, )(£T — £

int int

= a5 [ { Gew.0.080 G0N (060, 3T )

O, 3T AN, 0585 ) 79)
= ()8 (K + P)[Ig-sa5 (k) + Loz (k)] (7.10)

The first term contains an anti-commutator on {{ internal line, with commutator on the matter loop.
This represents the effect of {’s vacuum fluctuation on isocurvature. The second term contains an
commutator on {{ internal line, with anti-commutator on the matter loop. This represents the effect

of isocurvature’s vacuum fluctuation on curvature.

7.2 Suppression from Derivative Coupling

To estimate the cross correlator, we first introduce the long-wavelength approximation for {. From
the fermion relic abundance calculation, we know that the majority of fermions are produced at
late time after inflation ends. Around that time, the wavelength for { mode is far outside of hori-
zon. The physical length scale of { perturbation ( %) o is much longer than the gravitational
particle production length scale H(t,)!, thus we may approximately take the long-wavelength

approximation for {:

{CB 1), 0 ~ e PEuf?2 7.11)
2 > i9-Z 0 . -1 2
{20, (5 relt) ) ~ e P Pa(-ip) (TS, 7.12)
’ B 2
(@0 2h ~ PP () (F) 7.1
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and
. ~ PP (LY 7.14)
(€0, (&4 et ~ PR (L) ape 7.15)
(0 5] ~ e 20 (1) 716)

To further simplify this expression, we shall also approximately assume O has the following
time dependence O(t) « a~3(t) at late time, which is from the intuition that O is proportional to

the cold dark matter’s number density at late time. From the above approximations on ¢ and O(#),

we get
’ 012t .
s (p) = '”g i /tp<dz>ew'2<[o<o,t> Ti(z))) (a;) (7.17)
4 ¢02 ¢ L = 4 .
o)~ H5hi e o, ) () 718)
¢,012 ¢ . . ’
o~ M5 e o @)z () 719)
and
e ~ YR e o, Ty
ssg\P) o) : ),
2i /1 p\3
x (azéij?) (%) ) (7.20)
0i -~ [ S PN 0i
Blep) = i [ @ PG06.0, TG
x (aﬁie(tz) (ﬂ’;)z) (7.21)

00 |Z/l%0|2 . f izz,1 = 00
o) ~ S| (@) {06,0, 7))
(2
(o)
2
Next, we shall show that I;_,s.(p) and I, ,;(p) are suppressed by (ﬁ) , where £, is the

time for gravitational production (for continous production, it is the time for the end of production).

The suppression in I;_, 5. (p) is due to that { and ¢’s gravitational couplings are actually derivative
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coupling, and at late time { is nearly constant in space and time. One only need to show

/t t(dz)e*iﬁ'f<[0<6,t>,a§5ijT"f<z>]> ~ O(p?) (7.23)

/tt<dz>e"ﬁ'f<[o<6,t>, (z)]) ~ O(p) (7.24)
[ @ 00,0, 1@ ~ o) (725)
tp

Since there is no inverse power of p coming from the matter-loop, it is obvious Eq. (7.25) holds.
To see Eq. (7.24) holds, we may set p = 0 on the LHS. By isotropy, the LHS is zero. Thus Eq.
(7.24) start from p linear term.

To see Eq. (7.23), we may set p = 0 on the LHS again. We claim that
t g
i / dt.d°za3([0(0,t), T aZs;]) = 0 (7.26)

The reason is that (in|O(0, t)|in) is invariant under a spatial dilation flow centered at (0, t). More
precisely, we define a local dilation flow X*(x) = W(x)(0,x',x?,x®), where W(x) is a window
function that is one inside the past lightcone of point (0,t) and smoothly goes to zero at spatial
infinity. Then, we get

ViX]' = a2§ij + az(xfaiW). (7.27)

We can replace T;j a%éi]- by Tzij ViXj— T;j a*(x/9;W). However the W dependent part only has sup-
port outside of the light-cone while the commutator only has support inside the light-cone, thus

the W dependent part does not contribute. We get
t g t N
i / dt.d>zal(in|[0* (0, t), T a6 in) = i / dt.d>z a(in|[0* (0, t), T V; X;]|in) (7.28)

Next, since

VoXo=0, V;Xo+VpX;=0 (7.29)

we have

TV (VX)) = TV, X, (7.30)

Plug this back into the above equation, we get

t
i / dt.dz a2 (in|[O(0, t), TM'V, X,] |in) (7.31)

—XH(0, B0yl g (inO(x) |in) (7.32)

= 0 (7.33)
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where the last step used X* = 0 at the origin. Thus, we have conclude the proof of the claim Eq.
(7.26). If we assume analyticity of LHS of Eq. (7.23) in p? and use isotropy of the background, we
see the next leading term is of order p?.

Thus, we have shown all three terms in I;_, 5, are p? suppressed. Combined with the assump-
tion that the time integral is peaked near t,, the suppression factor should be (ﬁ)z

It is also clear that all three terms in I, ,; are p? suppressed, since the matter field mode func-

tion has no inverse p dependence. Thus we conclude the cross correlator is suppressed in the long

wavelength limit.

7.3 Gauge Independence of (550)

In uniform curvature gauge, we have

- 3. (7.34)
The full correlator up to 1-loop level can be expanded using in-in formalism as

WM & OZ(F )1 -100p

= —3<@<E,t>@<ﬁ,t>>—3gi T (@20 €00t B oW D) (73

int int

The cross correlators at 1-loop level in comoving gauge and in uniform curvature gauge have
different expressions, see Eq. (7.9) and Eq. (7.35). It seems that in uniform curvature gauge, one
would get a strong correlation due to the ({{) term in Eq. (7.35). However, the paradox can be
resolved by computing everything to the same 7 order. In Eq. (7.35), the second term (one-loop
diagram) has the same order of 7 as the first term (tree diagram), since the denominator O of the
second term also contains one-loop. In the remaining part of this subsection, we show that this is
indeed the case.

First, we take the difference of Eq. (7.9) and Eq. (7.35):

A<5S€> = <5§;U) (E/ t)C(ﬁr t)>1—loop - <5§C) (E, t)g(ﬁ/t»l—loop (7.36)
= =3((kHE(F 1)
H. [k - . _
—351 [ @20 (0T (1 (L, — L5,)
where ALE, = W) _ p2(O)

int — int int
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Next, we compute AL;,;;. From Eq. (2.30) and Eq.(2.35), we get

(u) (©) 2%(%) (_H)l _
Aguv = 08 — 0 = : , = —[Eg#a,,g]w, (7.37)
(—f)i —a%0;2C
where
0 g i
= — = U. 7.
P=-7, &=0 7.38)
Their interaction actions differ by
by 1
ASim = S — 519 — / dtd’xal ST (3, 0) [~ Lova, &l
ty
= / dtdxal V, T (3,0)& (7.39)
In the second line, we have dropped a total derivative term
y
/ dtdxal V, [TH (g, 0) ). (7.40)

If t; were taken to +oco we assume that this term would be negligible. Thus, we get
ALjpt = VVTW(g_, U)év(g)- (7.41)
Plug AL;,; back into Eq. (7.36), and use the Ward Identity Eq(4.20,4.21), we get

—3(¢(k,DE (P 1)

—3%’ tf(dZ)<O+(E,f)VyT”V(Z;§/0+)><€+(ﬁ,f)Cv(Z;€+)>

A(6s0)

- Hd )

= —3<§(k,t)§(ﬁ/f)>—35E<O(t)>(€+(ﬁ/t)(—T)>

=0 (7.42)
In short, we have shown that the cross correlator in the uniform curvature gauge is the same and
in the comoving gauge at 1-loop level. For any other gauge fixing condition with resultant metric

perturbation 4g;y, as long as dgy,v — (5g£,$)

= E;; g for some ¢, we can use the above procedure to
show that the cross-correlator agrees with that in comoving gauge at 1-loop level.
We may also check (d5ds) is the same in uniform curvature gauge and in the comoving gauge,

as long as we systematically expand everything to order O(%). Thus, it is necessary to consider
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Feynman diagrams involving gravitational interactions to ensure gauge invariance. In comov-
ing gauge, the gravitational interaction diagram gives suppressed contribution due to derivative
coupling, thus we can neglect their contribution to (dsds). In uniform curvature gauge, the gravi-

tational interaction diagrams are important to cancel out the { dependence in g as in Eq. (7.34).
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Chapter 8

Discussions

8.1 Other Interactions

In general, fermions can couple to gauge field as well. Here we shall show that gauge coupling
would not create large density perturbation. The main reason is the late time large separation scal-
ing behavior of A, 2-point function decreases as 1/ 72, unlike the massless minimally cooupled
scalar field correlator which does not decrease in the large r limit. Physically, since the early pro-
duced fermions would dilute away during the inflation and do not contribute much to the density
perturbation, we shall focus on those fermions that are produced at the last production surface,
namely equal-time hypersurface with H(t) = my.

From the conformal symmetry of the classical action,

1

S(8uv  Au) = / d*xy/3(— )8 8" FuFop (8.1)
1 —40 K& v

= [ty e g e (8.2)

= S(e*guv, Ay) (8.3)

we know an on-shell configuration A, (x) in flat spacetime maps to an on-shell configuration in
FRW spacetime. Hence the two-point equal-time correlator (A, (G, 1) Ay (7,77)) scales as 1/12, as in

flat spacetime, where we used conformal time #. This implies in vierbein indices,

(Aa(0, 1) A7, 1)) o 1/(a(t)r)? (8.4)
(Fap (0, 1)Fea(7, 1)) o 1/(a(t)r)™. (8.5)

. We see the field strength correlators are suppressed at large separation, unlike the massless min-
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imally coupled scalar. Thus any effect of the gauge field on the fermion production, such as QED
Schwinger effect or the polarization of the produced pairs are suppressed by (pcap/(aH))?, thus

negligible.

8.2 Parameter bounds

First, we estimate the parameters in this model. We leave H;,,r and Trp as external parameters, not
part of the model. For the mass of the scalar field, we want it to be small enough such that we can
treat it almost as massless during inflation. This enable us to use the estimation that do ~ Hj,y,
and the mass fluctuation dmy ~ Adoc ~ AH;,r. Furthermore, since after inflation the scalar field
will start to oscillate when m, > H(t), we want this to happen after the fermions are produced
but before RD-MD equality time. Once these criterias are met, we do not need to know the precise
value of m, and we are left with two parameter, namely A and m1y.

There are two observational bounds, the relic abundance of dark matter and the fluctuation of

the relic dark matter.

QL/) < 1 (8.6)
om _5
Qyp Mers < ~10 (8.7)

For small mass correction case, i.e. AH;;,y < my, we have

- my N2 ( Tru 8.\ V4

Yy (1010GeV> <109GeV) (100) 88)
om ABling (89)
Mefyf my '

For large mass correction case, i.e. AH;, F > My, we have

My AHing 2 Ty g, \1/4
O AHjyf (10106eV> 109GeV (100) (8.10)
AR (8.11)
Meff

Combining the above consideration, we have the parameter plot shown in fig. (8.1).

The large mass correction case maybe is the most interesting case, since 1y, depends on |my +
Ac| and it may happen that my + Ao become negative at certain patches of the universe. However,
the perturbative calculation of ny is invalid for this case. We leave the analysis of the large mass

correction case for future work.
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Log,(Yukawa Coupling)

0 2 4 6 3 10
Log,;, (Fermion Mass in GeV)
Figure 8.1: Bounds on the fermion mass and Yukawa coupling for various inflationary Hubble
scales. The vertical and diagonal bounds corresponds to total relic density constraint and density

fluctuation constraint. The splitting lines in each region separates the small mass and large mass
correction regime.

8.3 Non-Gaussianities

Next, we give an estimation of the non-Gaussianities of this model. We compute the bi-spectrum

Bs(P1, P2, P3) defined by
@) SR B (P P i) = / dx1dxpd xse LT (S5, 5, S, (8.12)
1

The fermion density fluctuation is intrinsically non-Gaussian, since 7y is the non-linear function of

o. If we assume the mass fluctuation is small, we can expand the number density as

g (g + A02(2)) = ny (my) + A Gy (my)) 0(7) + 322 (Bmg(my)) 2(2) +O(). (813)
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=
g

Figure 8.2: The two leading order diagrams to 3-point function (SSS) . The shaded blob indicates

P insertion.

Also note that no cross-correlation term arises unlike the other multi-field inflationary model. Then

the bi-spectrum is written diagrammatically as Fig.(8.2), and we have

(Bmny)” (iny) 6
3 [Psr(p1)Po(p2) + 2 perms] + O(A°) (8.14)
¥
Now we compare it with the observational non-Gaussianities using the conventional parameter

Bs(f1, P2, F3) = AMwy

fni defined by
oL 6
By(Pv, P2 P3) = g fwe [Pe(p1)Pe(p2) + 2 perms] . (8.15)
Identifying B; as the bi-spectrum of the temperature fluctuation using Eq.(6.39) and compare it

with Bg, we find

2
8 Bs _g 5.4 5 (0mnyg)” (051y) Po(p1)Po(p2) + 2 perms.
—— =8x -A wy 3
Bl fyp=1 6 ny Pr(p1)P;(p2) + 2 perms.

Note that the factor 8 arises due to the fact that the isocurvature contribution is twice larger than the

e = (8.16)

curvature perturbation at the long wavelength limit as in Eq.(6.39).Although the isocurvature non-
Gaussianities parameter f3; should not be compared directly with fy;, defined by the curvature
perturbation[102], this can be corrected easily by O(1) factor[25, 103, 104].

Next, we specialize to the case of MD-like reheating scenarios. During the early stage of the

reheating when the inflaton field oscillates coherently, the equation of state of the inflaton is

w(t) _ P(t) _ %4_)2 B V(q_)) (8.17)
2

p(t)  La2+vi(p)



58

which oscillates between +1. If the coherent oscillation’s time scale is much less than the Hubble
expansion rate H !, then during the period when H(t) drops below m (the duration of this period
is about H/H ~ H™!), fermions would experience the time averaged effect of the oscillation. Thus,
after the time average, w.¢s = 0 and we are in a MD-like era.

After approximating the early stage of the reheating to a MD-like era, we get (see Eq. (5.19))

ny(t) ~ m (”(t’”))B ~ mH? (“8)3 (8.18)

37T2 az as

However, this leading order result gives 93,1, = 0 which renders fxp = 0via Eq.(8.16).

To find the non-zero result of ff,L, we need to study the mass dependence of 1y in more detail,
which in turn requires the knowledge of |y (t;m)|?. To this point, we have approximated our
spectrum by |Bi(t;m)[?> ~ 1/20(k. — k), where k. = a(t.)m and t,is the time when m = H.
However, in general the spectrum should contain more than one characteristic scale, such as k. =
a(t.)H, where t, marks the end of inflation. Thus, in general, the number density should contain a

fudge factor (1) i.e.
3
a m
~mH?> (= — 1
g~ (%) () 819)
and f(0) = 1. This higher order correction to 1y would render 93,1y # 0 for MD-like reheating
scenario.

For simplicity, if we assume that f(x) =1+ a;x + apx% + - - -, then in the limit where P,, Pz, Ps

are scale invariant

6 9 14
fz%]L N alo(l())QDMtx% (10 GeV) <10 GeV) (10 GeV) (8.20)
My TRH H,

However, the justification of the Taylor expansion for f(x) and the estimation of the coefficient a;

will be left for future work.
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Chapter 9

Conclusions

In this thesis, we studied the cosmological effects of gravitationally produced fermions. Since most
of the current isocurvature models depends on fluctuations of bosonic condensates, it is interesting
to know the effects of fermionic fluctuations. Furthermore, many particle physics models for in-
flation contains massive fermions, it is useful to have cosmological probes for these models. Here
we used Bogoliubov transformation to compute the relic abundance of fermionic dark matter, and
we used the in-in formalism to compute the correlator and the cross correlator of the fermionic
isocurvature perturbations.

First, we revisited the gravitational fermion productions, to clarity its analytic structures. For
light fermions with mass smaller than the inflationary Hubble expansion rate, they are continu-
ously produced until the Hubble rate drops below the mass during reheating. For modes that are
non-relativistic when the particle production ends, their occupation numbers are about 1/2. Un-
like the bosonic case, fermion statistics forbid the occupation number to be larger than 1. Heavy
fermions with mass larger than Hubble expansion rate are produced predominantly at the end of
inflation. The occupation number per state is exponentially suppressed by the factor exp(—cym/H)
where ¢; ~ O(1). The analytic estimates are confirmed by the numerical computation in a toy
model.

The fermion isocurvature two point correlator, which is proportional to ((¢y)(x)(Py)(y)), is
computed at the leading order (one-loop level) and the next leading order (two-loop level). The
leading order contribution comes from the fermions that are generated when the CMB scale exits
the horizon. Due to the 1/43 scaling behavior of the fermion equal-time correlator, coming from the

fermion operator’s conformal dimension, the leading order contribution is undetectable. The next
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leading order contribution comes from the scalar field ¢’s interaction. Since a light scalar field’s
fluctuations are long-lived, its fluctuations at CMB scale would effectively change the fermion mass
and modulate the fermion relic number density.

Next, we computed the curvature and isocurvature cross correlator. We used gravitational Ward
identities to show that the cross correlation contains a suppression factor of [pcaip/ (a(ts)H(£:))]? <
exp(—120), where pcyp is the comoving scale relevant for CMB observation and f, is the time at
the end of fermion production. Thus, the fermionic isocurvatures are of the uncorrelated type.

As a self-consistency check, we used the Ward identities to show the gauge invariance of our
results. The gauge-invariance of the correlation function regarding isocurvature is only true if
we include all the diagram with gravitational coupling at the same % order. If Jg is a composite
operator, as is in our case, one need to consider the tree-level diagrams and the one-loop diagrams
together to get gauge-invariance.

Our results regarding the gravitational fermion production can be applied to any model with
heavy stable fermions. The fermion mass is constrained from the dark matter relic density and the
Yukawa coupling constant with light scalar field is constrained from the CMB isocurvature bound.
Our results about the smallness of the cross correlator can be generalized to other field types, as
long as the fields carrying the isocurvature perturbations are generated at late time. Our proof for
the gauge-invariance of isocurvature correlators at one-loop level should pave the road for future
loop computations.

In the future, it would be interesting to consider the non-Gaussianities signal from this model
more closely. If the mass correction from the scalar field to the fermion field is large, one need to
give up the perturbative calculation and use the stochastic approach. It would be interesting to
know how the resulting bispectrum behaves. It would also be useful to prove gauge-invariance
beyond one-loop level and study the construction of gauge-invariant quantum operators relevant

for cosmology.
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Appendix A

QFT in curved spacetime

A.1 Quantization for Scalar field

In this section, we quantize the free scalar field in a fixed curved background and work out the case
for FRW background. We follow the approach in [36].

From the classical action
So = [ (dx)(~ g a,00,0 — Lm2o? Al
c= (x)(_ig ‘,40'1/0'—57710’) (A1)
we can extremize with respect to ¢ to get the equation of motion
Vu(g"9,0) — m*e = 0. (A2)

The set of solutions to the equation of motion forms a complex vector space N,,. We can define an

inner product on the solution space as
(W, ¥2) = [ dxrel byt (A3)

where d¥V = n'd%, with n" a future-directed unit vector orthorgonal to the spacelike hypersurface
Y. and d¥ is the volume element in . Use Stoke’s theorem, and the current conservation we can
show that the inner product is independent of the choice of X.

There exists a complete and orthonormal set of mode solutions u;(x) of (A.2), such that

(i uj) =05, (uju;) =0 (A4)
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where label i schematically represetns the set of quantities necessary to label the modes. Then we

can expand the field operator ¢(x) as
¢(x) = Y aui(x) +afuf (x) (A.5)
i
where we impose the commutation relations

lai,af] = &, ai,a] = [a],a]] =0 (A.6)

For unperturbed FRW spacetime, we use the 3-momentum k to label the modes. The mode

function can be written as
k%
up(X,t) = 5 U (t) (A7)
(2m)2

where the time-dependent factor of the mode solution u(t) obeys the equation from Eq.(A.2)

i () 4+ 3H (81 () + (];—i +m?)u(t) =0 (A.8)

and satisfies the normalization condition from Eq. (A.4)

ukatuk - ukaﬂ/lk = m (A9)
Thus for FRW metric, the mode decomposition can be written as
5 oik-% . o—ik-¥
o(%1) = / Ak [~ e (£) + at - (1) (A.10)
(27)3 (273
A.2 Quantization for Spinor field
In this section, we quantize the spinor field on a fixed curved background.
From the classical action
Sy = /(dx)t/?(i'y"vea —m)yP (A11)
we can extremize with respect to §, i to get the equation of motions
(i7*Ve, —m)p =0, Ve, P(—iv") —¢pm = 0. (A.12)

The set of solutions to the equation of motion forms a complex vector space . We can define an

inner product on the solution space as

(¥1,¥2) = [ ey 1Y (A13)
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where the notation is the same as in the scalar field case. Use Stoke’s theorem, we can show that
the inner product is independent of the choice of X.

Analogous the scalar field case where u(x) — u*(x) defines pairing in the solution space N,
in the spinor case ¥ — —iy?Y* defines a pairing in the solution space Ny.

There exists a complete and orthonormal set of mode solutions U;(x) of (A.12), such that
U, ;) =65,  (Vi, V) =465,  (U;,V;) =0 (A.14)

where V; = —iy?U} and label i schematically represents the set of quantities necessary to label the

modes. Then we can expand the field operator ¥ (x) as
Y(x) = Y al+bV, (A.15)
i
where we impose the commutation relations
{ai,al} =65, {bi,b]} = 5. (A.16)

For unperturbed FRW spacetime, we use the 3-momentum k and the helicity ¥ = %1 to label

the modes. The mode function can be written as

eik% uak(t)
U (%,t) = ——=mm—a7s ’ ® hy (A17)
kr a(t)3/2(27)3/2 ritg (1) kr
o—ik¥ ruy, (t)
Ve (1) = ——me——ar ’ ® (—io?)h; (A.18)
kr a(t)3/2(27'c)3/2 —M*Ak(t) k,r
where hy,  is eigenvector of k - , that satisfies
k-ohy, = rhy, r==+1 (A19)
s = s (A.20)

More concretely, if k = (8, ¢) in spherical coordinates, then the normalization factor can be chosen

such that

cos %e‘i‘i’ sin %e""f’
h

(A.21)

s 0 ’ 0
Sll’lz —COSE

One can easily check that due to this phase convention

—ic? (b, )" = —re My, b =y (A22)
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The time-dependent factor of the mode solution (uy 4 (t), 1y p(t)) obeys the equation

u m 2 u
| 4| = “ 4 (A23)
up % —m up
and satisfies the normalization condition from Eq. (A.14)
|ual® + |up* = 1. (A.24)
Thus for FRW metric, the mode decomposition can be written as
R eik-% uak(t)
Y(xt) = / Pk oy, ——— ® Iy, (A.25)
r a2 (2m)?2 rupg(t)
ik-% rut  (t
+b%% bi(0) ® (—io?)h} ] (A.26)
3 3 T
a2 (2m)?2 —u¥ (1)

A.3 Bogoliubov Transformation

In the previous two sections, we have quantized the scalar field and the spinor field on a curved
spacetime background. And we have used the mode decomposition to express the field operators
as creation and annihilation operators. However, there is ambiguity in such a mode decomposition.

For scalar field ¢(x), consider another set of complete orthonormal basis {i;, i} }, which lead to
another mode decomposition

¢(x) =Y a;in; + aj ;. (A.27)

The new basis is related to the old basis as
11] = Z(ﬂé]‘iui + ,B]lul*) (A.28)
i

Conversely
up =) (ije; — 1} Bji) (A.29)

These relations are known as Bogoliubov transformations.

We can also write down the transformation for the creation and annihilation operators

a; = Z(a’jo‘ji‘l“d;‘ﬁ;’ﬁi) (A.30)

j
aj = Z(“;‘Fiﬂi—ﬁfi“?) (A.31)

1
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If we define the matrix [a];; = a;j,[B];j = Bij, then the Bogoliubov coefficients satisfies the
relation
w I 0 ot BT I 0
ot Wt BT .
[B]" [a]” 0 —I B (" 0 —I

Vacuum states defined using 4; and 4, are different. For example, if we define |0) by 4;/0) = 0
and |0) by 4;|0) = 0, then we have
a;|0) = } @} B510) # 0 (A.33)
)
It then follows that
(0lafa;10) = E |,5jif2 (A.34)
i.e. the vacuum defined using ; is not empty of part]icles defined bya;.

In the case of FRW spacetime, due to momentum conservation, the only non-zero /31-]- compo-

nents are f; ;. In this case, we can factor out k dependence and introduce a, B¢ by
e (t) = ageug(£) + Bru (t) (A.35)

The constraints on & and 8 are now

lag | — B> =1 (A.36)

Similarly, we can analyze the spinor field (x). Consider another set of complete orthonormal

basis {U;, V;}, which lead to another mode decomposition
U = Za,-juj + BijV; (A.37)
]
Apply —iy?(.)*on both sides, we get
V= Za;‘jvj + BiU; (A.38)
]

By requiring the new modes satisfies the orthonormal conditions, we get these constraints on the

Bogolubov coefficients:

Y &b + BhuBim = Gij (A.39)
m
Zaimﬁjm + ,Bim“jm =0 (A.40)
m

or equivalently in matrix notation

= (A.41)
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In the case of FRW spacetime, due to momentum conservation, the only non-zero f3;; compo-
nents are f3 (R (—r)” In this case, we can factor out k, ¥ dependence and introduce ay, B by

ua ua u
= +Be| ° (A42)

up up —Uy

Kt kt k,t

The constraints on « and  are now

> + B> =1 (A.43)

The Bogoliubov coefficients are extracted using the scalar product of the mode functions evalu-

ated at time 7 as follows:

= uj{q,kﬂ ﬁA,kﬂ’] + u%lk,ﬂ ﬁB,kﬂ? (A.44)

%, = ¢ 0 (uA,k,ryﬁB,k,q - uB,k,ryﬁA,k,n) (A.45)

Since we shall only consider |B|? in this work, we can drop the e=i5¢(K) factor in the By def-
inition without loss of generality. Here one of the bases (corresponding to the Heisenberg state
of the universe) is specified by asymptotic conditions such as the Bunch-Davies boundary condi-
tion as the in-vacuum. ) Similarly, the other basis is the observable operator basis as specified by
asymptotic conditions at late times, which is referred to as the out-vacuum.

Finally, we introduce the time dependent Bogoliubov coefficients.First, we define the adiabatic

vacuum at time ¢. Recall that on flat spacetime, the fermion equation of motion is

u m k u
| 4 = A (A.46)
Ug k —m up
kit

and the solution with positive frequency (e ! time dependence) takes the form of

u whm ,
o= 20| it (A47)
u w—m
B Kt 2w
m(t k(t
where w? = m? + k2. In the case that the matrix 1 K is time-dependent but vary-
k() —m(t)

ing very slowly, compared with the scale of w(t), we may still use Eq. (A.46) as an approximate

solution. More precisely, the approximate solution is

WK GEI0)
Uua _ () | i [Tt (A48)
w(t)—m(t)

u
B ) 2w(t)
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The exact solution can be decomposed as

WKB WKB

Uua Uap u
= 0 + Bt (A49)
ug ug —u’y

kt Kt k,t

where « and f are now time dependent. The field operator can be decomposed as
P(x) = Laf P OUP P (x) + 5P (VI () (A.50)
i

and the vacuum |0) annihilated by a!"KB(t) and b}YXB(t) for a fixed time ¢ is called the adiabatic
vacuum centered at time .

If at very early time t — —oo, the WKB solution approaches an exact solution, then we can use
Eq.(A49) witha = 1,8 = 0 at t = —oo to define the positive frequency mode function. This will
corresponds to the in-vacuum. Similarly, if at very late time, the WKB solution approaches an exact
solution, then we canuse « = 1, = 0 at t = +oo to define the out-vacuum.

Next, we derive the evolution equation obeyed by ay ;, By ;- In the case that k(t) = % =kpand

m(t) = m constant, we get!

k,H

= 4’“2 (Zz,ezlf’wﬁ (A53)
kyH .

Wp = —%e*zﬁtwa. (A.54)

kyH . . .
2207 as the non-adiabatic parameter. It is easy to see that at very early

We may define €, aq = 5.3

time and very late time, € d is suppressed, thus we are indeed in the adiabatic regime.

non-a

To get the Bogoliubov coefficients between the in-mode and out-mode, defined as

in out out
Up , Uy . u
_ a;(nfout + ﬁ;{nfout B* (A.55)
u U —u
B/ ks B ) ki Akt
one only need to consider Eq. (A.49) at late time. Thus
in—out __ 1;
B = lim . (A.56)
Since for fermion field, « ~ O(1), we may formally integrate Eq. (A.54) to get
k
+oo  m—r~H(t) et
B~ — / gf a0 k2 o2 [ dtw(t) (A.57)
"More generally, if we set k — k(t) and m — m(t) in Eq. (A.46) and plug the ansatz Eq. (A.49) into it, we get
dtk — ko St
= TR e (A51)

ap = W@‘” J'ey (A52)
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A.4 Stress Tensor for Dirac Spinor

We use (— + ++) for Lorentzian metric signature. We use vielbein {e;},—0 ... 3 and its dual {6°},,

with the following decomposition
e = e)oy (A.58)
0" = 0dx". (A.59)
The spin connection one-form is given by
w= w;‘ TA ® dx (A.60)
where T4 are generators of so(3,1). In its fundamental representation, TA acton e, by
T (ea) = e [T]5, (A.61)

then we define
[wp] = Wil [T (A.62)

The curvature and torsion 2-forms are defined by T = D, R = Dwwhich in component form reads

T = d¢° +wj AQ° (A.63)

R}, = duwi+wiAwf (A.64)

We shall impose T' = 0 constraint as we vary the vielbein.
If we take the vielbein and connection 1-form as the fundamental object and define the metric
and connection from it, then we may consider a perturbation of the metric caused by the perturba-

tion of the vielbein. Consider the following infinitesimal transformations

eqa > egtde, (A.65)
0* — 0% 440" (A.66)
[wulf, = wulf + [bwulfy (A.67)

We may parametrize the perturbation as

deg = epel = (e +€7) (A.68)

where superscript A, S denote the symmetric and anti-symmetric part of the matrix €;,. At linear

perturbation level, €/} and €7 can be considered independently. €/}, corresponds to a rotation (in
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SO(3,1) sense) of the orthonormal basis, under which the action is invariant. ega causes metric

perturbation, and we may define the stress-tensor T%" in vielbein indices as
b
55 = — /M €5 T (A.69)

which is symmetric. Since e does not do anything, we will set it to zero and treat €,;, as a symmet-
ric matrix.

The 66” and dw are determined by the linearization of constraints

0% (ep) = 0 (A.70)
T = 0 (A.71)
ie.
50%(ey) +60%(dey) = 0 (A.72)
d(667) + w A (60°) +6(wi)AB" = 0 (A.73)
The first one gives
09" = —etol. (A.74)
The second one gives, skematically
SdwANO = —D(50) (A.75)
= D(eb) (A.76)
= d(ef) +w A (eb) (A.77)
= (de) N0+ €(df) +w A (eb) (A.78)
= (de)NO+e(—wAB)+wA (eb) (A.79)
= (de+[w,e])NO (A.80)

If we write 6(w9) = %6 (de + [w,€])} = M6 and lower the indices by 0T, = qud(srgb,
M = WabM?b/ then
STeapfNOY = M0 N6 (A.81)

<~ 5rc,11b - (Srb,uc = Mc,ab - Mb,ac (A.82)



Since 4T . 45 is anti-symmetric in ab indices, we may permute the indices to get

(Src,hu - ‘Sra,bc = Mc,ba - Ma,bc
5Fb,ca - éru,cb = Mb,ca - Mu,cb
If we do Eq.(A.82)-Eq.(A.83)-Eq.(A.84) and divide by 2, then we get
‘Src,ab = Mg}uh + MS Ml?,ca

a,ch

where M4, is defined using €/ and is anti-symmetric in ab indices, etc. Thus

8wyl ap 656 c.a0

= u(en) + ([wp e
+6e! [ves. + ([wy, €))ac]
—0%e; [veae + ([wy, €])ac]

= 0%[Ve(ely) + Valep,) — Vi(er)]
where
(Vi€)ea = €y [0v€cq + ([wy, €])ca-

In FRW metric, using conformal time, we have
ds? = a (i) (—dy* + dx?)

The vielbein is simply the rescale of the d,,,

Lo 13, 12
O 7 oy’ aox
00 = ady, 0 = adx'

70

(A.83)

(A.84)

(A.85)

(A.86)
(A.87)
(A.88)
(A.89)

(A.90)

(A.91)

(A.92)

(A.93)

(A.94)

The connection one-form in the vierbein indices are w’ = 6°(w,)?. Define we gy = fa4(wc)?, then

the only non-zero components are

wijo = —wjoi = H(1).

Consider the following action for Dirac spinor on a curved background

s= [ BirVa-my

(A.95)

(A.96)
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The volume form d*x,/—¢ = d*x det(69,) is implied in [y;. The Lagrangian density is not real, we

may extract its real part and imaginary part

Le = SG'Vap— Val@)in"p) - mpy (A97)
L = Si"Vap + Va()in'y) (A.98)
= O Valfin"y) (4.99)

We see L is a total derivative, and does not affect the ¢S in the path integral, thus we may drop it
safely.

Under the vielbein perturbation de;, = e;€’, where €, is taken as a symmetric matrix, the action

changes as
- - 1
’S = /M {(5[In det(6%,)]1£ + i 5(ef )V + 1pz'y”ef§5[wy] th"Ctp} (A.100)
_ / {—ean™L + e Pir VP + Pin (VyeS)eaZtep (A.101)
M
Note that (Ve%),, is still a real symmetric matrix, thus for any N, symmetric, we get
asbe 1 arbac cA b
NeeY"2" = = Nae?" (77" = 77") (A.102)
1
= —ENM”(—MC —29%9%) (A.103)
1

= ENM(,)/GUZJC _ ,Ybﬂzw). (A.104)

We may work on the last term in 65

/M (Ve )capin Ty (A.105)
= = [ )aValpir =y (A.106)
= =3 | ittt =)y (A107)
= 5 | T i) + e Viu(iny) (A108)
Plug back in, we get
05 = /M {_eabﬂahﬁR+€ab;[lpi7avblp—Vb(lﬁ)i’yai,l)]} (A.109)

Thus, we get the stress tensor for fermion field in vierbein indices (indicated by (v))
) = [y "V = VO (@) ] + 1 L (A110)

which is real and symmetric. Note in the above derivation, we did not use the equation of motion

for 1.
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Appendix B

Details for Relic Abundance Computation

B.1 Demonstration that |8|> ~ } for Small k

We begin with the determination of B from Eq. (A.45) evaluated at very late times when the out-
modes can be directly replaced by their asymptotic values. In the limit in which am/k — oo, we

see that we then only need to find the asymptotic values of the in-modes:

out in out

Bel = kB, — ”quuAkiy (B.1)
/w—i—am /

= | Bk17 Ak?] (B.2)

= ,}5‘30 |”B,k,;7|' (B.3)

Let us consider the evolution equations as given in Eq. (A.23) with boundary conditions as given in
Eq. (5.22). For concreteness, we choose a time #; that is early enough such that u4(7;) ~ up(y;) ~

%. The system can be formally solved to obtain

A = Texp{—i/dCD(T(G)} ta (B.4)
u

up B
f i

in which wcos® = k, wsin® = am, wdy = d®, and 0(0) = 07 cos0 + o3sinf (0 < 0 < 71/2). The
time evolution is thus expressed as a series of infinitesimal SU(2) rotations that act successively on
the complex vector u = (14 ug).

For fixed 6, the evolution corresponds to precession about the axis defined by ¢ (#). However,
throughout the evolution of the universe, o(6) evolves from its initial direction along o (am < k) to

its final direction along o3 (am > k). If the switching of the axis is much faster than the precession



73

time scale, # remains in the xy-plane and rotates around the new axis 03, while if the switching
is much slower compared with the precession time scale, u adheres closely to the rotation axis
and thus ends up in the o3 direction. The time scale of the axis switching is given by the Hubble
expansion rate, since the universe needs to expand several e-folds for am to overtake k, while the
time scale of the precession is given by the physical frequency w/a, which is on the order of m
during the transition. Hence, fast transitions occur when m < H, for which |up|? stabilizes at %

and |Bi|?> = 1. After H(n) drops below m, only slow transitions occur and |By|? is small.

B.2 Heavy mass case (m > H,)

As we expect the particle production spectrum |B|? to be exponentially suppressed by m/H, we
can adopt a similar approach as the heavy mass scalar case [73] to look for a one-pole approxi-
mation to the time integral that determines ;. We shall consider the time-dependent Bogoliubov
coefficients between the in-modes and the zeroth adiabatic modes with boundary conditions such

that
(n)

“a | v (B5)

up

k=
In the above, the superscript (771) indicates the time that the boundary conditions are imposed. The

in-modes can be decomposed into the zeroth adiabatic mode basis as follows:

in (1) (1)
ha _ a;{ﬂ*(fh) ha + /3;(”*('71) —Up

up ug u’
kin km ki

(B.6)

For 171 — oo, the instantaneous-modes will coincide with the out-modes up to an overall phase,
and hence

B¢l = lim g, (B7)

11—

—(m)

Inserting this decomposition into Eq. (A.23) (and writing tx;'(” as ax(171), ete. for notational sim-

plicity) results in

koo ¢
() = —%aezllm”‘“(”)ﬁk(nl) (B.8)
Br(m) = zm—cfzae_”fmd”‘“(”)ak(m), (B.9)

with the initial conditions ay(%;) = 1, Bx(y7;) = 0 for the time #; early enough that the mode is

inside the dS event horizon. Since we expect |B;| < 1 and a; =~ 1, we can replace « = 1 in Eq. (B.9)
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and formally write the solution as

f k —2i [T dyw
Br(15) :/ dfzm—aﬂa(r)e 2i [* dne(n) (B.10)
i

The steepest descent method can be applied to evaluate this integral in a similar fashion as was
done for the scalar case in [73]. Despite the different k dependence in Eq. (B.10), the result is the
same as Eq. (41) of [73]:

IBi|? ~ exp { —4 [k/a(r)]” + n (B.11)
k m\/H2(r) + R(r) /6 /H2(r) + R(r)/6| [’ '

in which r is the real part of the complexified conformal time 77 at which w(#j) = 0 and R is the Ricci
scalar. This is approximately due to the fact that the branch point occurs when w = 0, such that
the dominant contribution occurs when |k/a| ~ m. Eq. (B.11) leads to the particle number density

(fermion plus anti-fermion) as

1 a(r)\? m 3/2 —4m
pw(t)“mﬂ(a%t?) m[ﬂHz(”*R(”m} exP( H2<r>+R<r>/6>' -

To estimate the relic abundance from this equation, one can use the formula

T H(t.) \ 7> pylt)
Qph? ~ 1 rh e B.1
v 00 <109G€‘V) <1013GeV) (1012GeV)4’ (B-13)

where one is only formally evaluating py (f.) at the end of inflation time ¢, even though the particle
densities are well defined at times far later than time. Unlike the formulae presented in the body
of the text, the exponential sensitivity and the approximations made in obtaining the saddle-point
does not allow one to guarantee an order of magnitude numerical accuracy, especially for large
m/H(r) [73]. However, the spectral and mass cutoffs can be well estimated by Egs. (B.11) and
(B.12).
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Appendix C

Details for Isocurvature Correlator

Computation

C.1 Asymptotic behavior of (,1,) at large r

In this section we want to derive the result about leading order contribution to (1y,x1ny,), i.e.
Eq.(6.21). By Wick contraction, this reduces to computing the field correlator (,¢,). The stan-
dard way to compute the correlator is to plug in the mode decomposition Eq.(A.15) and compute
the mode functions {U;, V;}. The difficulties lies in how to obtain the mode functions on a curved
spacetime. For inflationary background spacetime, one can use the de Sitter spacetime as an ap-
proximation and obtain exact analytic solutions. However, it is unclear how do these mode solu-
tions evolve after inflation ends. Here we give an approach that answers this question.

First, we plug in the mode decomposition to the equal-time correlator:

(9aBy) €D
= Y U0 () €2
i
1 ik (Z-7) u 2 —ru u’
= / d3 Z 73 EQT)?) ‘ A,k,xo | A,k,xo B’k,xo ® hi{ Vh}C— T (C.3)
r==+1 % 7”B,k,x0uj<4,k,x0 - |uB,k,x° |2
5 1 ok T |u A,k,x0|2 ® I - ”A,k,xouz,k,xﬂ ® (k-7)
_ L (C.4)
ay (27)

B0y g0 @ (ko) —lup > ® b
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where we performed the spin-sum in the last step. Since

okT okT

[ Frmlianel = [ @k uggl) ©3)

= 53(7)—/d3k( et S lup g0l (C.6)

and 7 # 0, we see the diagonal elements are the same. Then we perform the angular integral d?k.
Recall that

/ Bk (k) = / amk2dk 2 k( ") (k) (C7)

/ Bre*Thif(k) = / Pl gc) (C.8)

= (—idy,) / d3keik'r$ (€9

= (—ifdy) / Arck2dk Sin;f”@ (C.10)

After the angular integral, we have

_ drck?dk | A B
= —_— (C.11)

<¢x¢’y> / (27_[)3 B* c

sin(kr
A = Juppyl* k( ) (C.12)
r
- . sin(kr) 1
B - (17” . U)uA,k,ﬂuB,k,q . arT% (C13)
sin(kr

C = —lupryl* k(r ) (C.14)

It is sufficient to study these two integrals for the diagonal and off-diagonal elements.

B B 4rtk2dk > sin(kr)
Ih = Ip= /0 2P [uakyl” T (C.15)
. ® 4rk*dk . sin(kr)1
112 = 121 = 8r/0 7(27_[)3 uA,k,WuB’k’,] r E (C16)

Now, we only need to find the mode function 1 4, up, and perform the mode sum.

Let’s consider the mode functions first. Since we are interested in evaluting the fermion field
correlator at a time when the fermion production has ended, i.e. when m > H(x") and in the limit
r — oo, we can make the following approximations about the mode functions {u s ,o, g 0}
First, since the particle production has stopped, the non-adiabatic parameter is suppressed by #,
thus we can approximately replace the Bogoliubov coefficients by their late time asymptotic values,

ie.

X x0 R (g, By 0 = P (C.17)
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Second, since we want to capture the particle production effect on the correlator and the produced
particles are non-relativistic at the time of production, by the time x° which is sufficiently long after
the production has ended, we may approximate the produced modes all have k < a(x?)m. Thus,

the WKB modes can be approximated by

WKB
m w-+am - , 1 - ,
= 20| et [Twdn” | V2 i [T (C.18)
w—am O
k1, IR 2w

Combining these two approximations, we have

in

A =i [Twdy
u K —=e "
A o kﬁl ety (C.19)
a1 i [Twdy
"B kIR Pl
Thus we can easily evaluate I, I1o:
27’[2111 IR = / kzdk 7|06k|2 . sm(kr) (C.ZO)
! 0 2 kr
i 1 sin(kr)
_ 29 211 — .
_ /O Rk S [1 - n(k)] - S0 (21)
1 C ol ikr
= -Im kdk =[1 —n(k)] -e (C.22)
r 0 2
We note that for the contribution from 1 vanishes
1 « ikr 1 « c N\ —sr
;Im kdk[1] - ™" = ;Im (is)ids[1]- e =0 (C.23)
0 0

For the contribution from n(k) , we may assume it to be a real analytic function on R"and can be
analytically continuated to upper-right quadrant of the complex k plane. The location of singularity
of n(k) determines contour of k. For example, we may consider the n(k) for heavy fermion case

(m > Hinf):
4(k/anad)2 _ 4ﬂ

e i (C.24)

n(k)heavy =exp |—

where a,,,; is at the non-adiabatic time point. In this case, the non-adiabatic time is the transition
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from de Sitter era to the reheating era, i.e. 4,,,7 = a.. One can apply steepest descent to find that

27 L1 jueaoy, IR (C25)
= e[ -40]m /0 " kdk exp [—W + ikr (C.26)
= —% exp[—%n]lm /Ooo kdk exp {—(% + ii\/ﬁr)z - %erz (C.27)
~ —% exp[—%n - Rerz](agmH)Im[—i%\/ﬁaer%\/ﬂ (C.28)
= VAR mH)} exp[- T~ amHP] (€29)

For light fermion, we may approximate the number density spectrum as

1
1+ exp( k2 )

(anadm)z

n(k)rignt = (C.30)

where the non-adiabatic point occurs when H drops below m, i.e. a,,5 = a(#«) = a.. This ansatz is

only used to mimick the cut-off of the spectrum at k ~ a,,,4m. The singularity lies at

k2
= (2n + 1), n=0,1,2--- (C.31)

*

or kv = a.my/(2n+1)7e®’. Again, one can perform the steepest descent around the n = 0

singularity k. = a,m/me%’. Let § = (k — k.)/a.m, we have

1 *© 1 ;
2712111,11-ght,m = —;Im / kdk —kze’kr (C.32)
0 1+ exp( (a*m)Z)

1 iksr 1 iasmrd

= —-Im|™kam | d6——e™ (C.33)
r ¢ l—exp2;46
1 .

= —;Im (—e’k*r(a*m)z(m')> (C.34)

2
= 18 exp[—,/Z |
= exp| 5 a,mr] cos( 5 a,mr) (C.35)

For both the heavy and light fermion case, I;; « exp(—a.Mr), where a,.M is the scale that n(k)
start to cut-off. This can be viewed as the screening effect of the produced fermions. We should

also remind ourself that the UV vacuum contributions also exist, which scales as
Ii1,uv o« exp[—aymr]| (C.36)

due to the singularity at k = a,,m in the mode functions uZVKB , MEVKB . Thus we have shown that the

diagonal element of Eq(C.11) is always exponentially suppressed.
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Next, we turn to look at the off diagonal element I1,. Unlike the I;; case, whose integrand |u 4 |?

has constant asymptotic value in the IR region, the I;5’s IR contribution
—oi [1
Upjoytlh oy = xBre 2 w0 (C.37)

contains e~ time dependence. Physically, if we decompose the in-state into WKB vacuum and

excitation state
lin,vac) =~ |WKB,vac)+ ~ |WKB,2-particles)+ ~ |WKB,4-particles) (C.38)
then this term comes from the interference term
(WKB, vac|ipxpy |[WKB, 2-particles) € (in, vac|i, iy |in, vac). (C.39)

If we care about r large enough, for example corresponding to the CMB observation scale at
recombination, we may assume the relevant k scale exit horizon and become non-relativistic during
inflation. Thus we may safely use the dS mode function to evaluate I;5 ;g cymB-

Recall that during dS era, we have Eq. (5.23), where we choose the end of inflation time ¢, as

the reference point. Thus

L dim(t—t,)+2i% n(k/a H) 2 L _ -1
uA,k,,]ug’k,W - Ee lm( ) ZH 1’1( a )r <§ — lﬁ) (C40)

Performing the integral using steepest descent, we found the leading contribution comes from

2i ¢ In(2k/H) cannot be

k ~ 0 singularity in u A,k,”u’é,kﬂ. We note that the k dependent phase factor e
absorbed by a redefinition of the mode functions w4 x,, U, since this phase factor depends on
the relative phase of u x , up t,;, which is fixed by the Bunch-Davies initial condition.

Pluggin in the Eq(C.16), we have

272113 % (C.41)
_ %efzim(tft»rz(% _i%)ar [1 /0 ™ dk 2% (2K /acH) sin(kr)} (C.42)
— %E*Zim(f*tf—’)rz(% — i%)m + 21'%) (C.43)

2+ Zi%) cosh(%) (6162Hr>2iﬁ % (C.44)
_ —e2im(tt(r>)+i¢(¥})r3\/ mfffﬁn}) (1 + (TI)Z) (C.45)

where ¢(%) = Arg(T'(2+ix)T(3 —ix)) and ¢(r) is the time when a(t,)Hr = 4. We may consider
the light mass limit

2% L, 1R Jight & —e2im{t=H(r);=3 (C.46)
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and the heavy mass limit

3

1 m\ 2
27T2112,1R,heavy ~ —(47m)2 (*) exp(—7

5 ﬂ)872im(t7t(1’))r73 (C.47)

H

We may also consider the effect of having an IR cut-off kg, which is the scale that exit horizon
at the beginning of inflation. Such an IR cut-off will introduce a exp(—krr) type of exponen-
tial suppression factor. However, for observable universe with comoving radius R,ps, as long as
kirRops < 1, we may ignore this suppression factor.

After evaluating the matrix element for the fermion correlators, we find that

1. For the light fermion case, i.e. m < Hj ¢, in the limit r — oo

1 A B
22
27 B* A

‘ —_

(PxPy) = (C.48)

=W

a

where

1 ,m? [ [t
A Ena*a—*rexp[— Ea*mr]cos( Ea*mr) (C.49)

B = —ip-ge 2imlt=t)y=3 (C.50)

where a, in evaluated at 7.

2. For the heavy fermion case, i.e. m > Hj,y, in the limit r — oo, we find in Eq. (C.48)

1
A = LJradmHD)} expl—at — L 2mH,A (C51)
16 e 16
3
- 1(m)\?2 M oim(t—t(r)) ,—3
— i m i 52
B it - o(4m)2 (He> exp( nHe)e r (C.52)

and a, is evaluated at the end of inflation.

Finally, we plug in the field correlator to (ny,x7y,), and drop the term that are exponentially sup-

pressed when r — oo, to get Eq. (6.21).

C.2 Relative suppresion of (in|[Oy, Oy]|in)

In this subsection, we want compare the dependence on the scale factor a(t) between (in|[Oy, Oy]|in)
and (in|{Oy, Oy }|in), where Oy is a bosonic hermitian operator and x, y are spacetime points lo-

cated near the end of inflation. For simplicity, we take H as a constant. In particular, we are
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interested in the cases where O = o, ¥, {. We want to show that the commutator of O suffers from
additional suppression factor than the anti-commtutator.

In general, the diagonal matrix elements of products of hermitian operator obeys
((in|OxOy|in))* = (in|O,Ox|in) (C.53)
therefore

(in|[0, 0]lin) = 2ilm(in|0,0y]in) (C.54)

(in[{Ox, Oy }|in)

2Re(in|0,Oy|in) (C.55)

We can just study (in|O,Oy|in). We may use the mode expansion of the field operator to evaluate
such an expression, and focus on modes that are outside of horizon at both times 7y, 77,,.

We shall first take O = 0. We assume that the scalar is light, i.e. m, < %H, such that v is real.

(inloalin) = Lo ) (56
[ i) e () €57)
@0 Pat) ) Gty

B o [ d2ke®ED] 1 7 ‘

= /47‘[k deEZUXIy + Yny + l(Yx]y - ]ny)] (C58)
where [, = Iv(ﬂxLH), Yy = YV(QXLH) are the first and second kinds of Bessel functions with real val-
ues. The d°k is the angular integral with normalization [ d?k = 1, and [ Rhelk D) = sin(kr) /kr
is real. If we focus on the k modes that are outside of horizon, i.e. k/aH < 1, we may use the small

argument expansion of the Bessel function, i.e. when (0 < z < /14 v)

M~ o (3) (€59)
Y,(z) ~ —L;‘) <§)V (C.60)

Then, under the common scaling of ay — Aay,ay — Aay, with A increasing, we see the various

term in the correlator scales as
a0, o AR (C.61)

020,37y, « A3 (C.62)

a0, (Vo ]y — IYy) & AT (C.63)
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Thus, we see under this common scaling, the IR contribution to the two point functions are

, , B 2 [f ket ED) 1 7 —
(in|{ox,oy}|in) ;g = 2/1R 47tk deH 1 (JaJy + YaYy) o< A7 (C.64)
[f deezk- xfy)]

. . . 2 7z . -3
(in[ow, oy]|in) 2i /1 ; 47tk dk—(zn)%i R H A (Yely = JxYy) < A (C.65)

Thus, we have shown under the scaling 2 — Aa, the commutator of ¢ is suppressed by A~2" factor
relative to its anti-commutator. For small mass scalar, A2 ~ A -3 ZZZ

For the case of O = {, we have similar statements as the scalar case with v = 2, ie ([Cx, Cyl) IR
is suppressed by A3 relative to ({(x, {;,})r under the scaling of 2 — Aa.

Next, we consider the case of O = ¢p. Using the mode decomposition Eq.(A.15) and mode

functions Eq. (A.17,A.18), we have

(Ppxpipy) (C.66)
- ZVi,xuj,xUj,yVi,y (C.67)

E%)-(ffg) . ,
= Z 3 (27)6 [h; (1‘72)}1]‘} [hj(—laz)h }Fz]xF[;y (C.68)

where

Fjx = riupixtiajx+ (i< ]) (C.69)
iy = 2lrupixiaje+ (o Pl(rig ;) (C.70)
= 2[uB,i,xuA,j,qu,i,yu’A,j,y + 7‘1'I’]'MB,Z'IXuA,]‘,qu,]-’yu;,i,y]. (C.71)

We note that in Eq.(C.68), the factor ¢ ki tK)-(F=9) after angular average is real, and the factor
[hiT(iUZ)hj] [h;f(—iaz)h;‘] = |[hiT(i(72)h]]| is also real, thus the imaginary and real part of F;,F, l]y
correspond to the commutator and anti-commutator respectively.

Next, we consider the two terms in Eq. (C.71) one by one, using explicit expression of fermion
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de Sitter mode function to get

UB,ixUAjxUB iy Ay (C.72)

7T k s m k
_ t iZ(+i% ) ( F(1-ig I 7
\/; i iy o 4ax DH o) (©7)
7 ki —i5 (-ifh)) < —J_g=iF (14if)) g kj
o B e [ Rap €
kj kj
_ r k7 m ki m (C.75)
4axH 4ax 4ayH 4ayH

]+ ix T 1Y+ i x) ]7,] xtiY_; X ]7 iy in,i,y) (]Jr,]',y - Z'YJr,]',y) (C.76)

where

ki ki
]i,ix—flilH(a H) Yi,ix—ylilm(m) (C~77)

Using the small z expansion of Bessel function again, where Re (v) = 1 in all the cases, we can

extract its scaling behavior under a — Ag,

Ut ix + 1Y% i) U e + Y ) Uiy = 1Y i) Uy — Y4 jy) (C.78)
= Yo iYoxYoiyYiy x A?, real (C.79)
i i Yo YiyYa iy — 1Y i Yy Yy x Al imaginary  (C.80)
FiYy YTy Yy Y Y Yy « Al imaginary  (C.81)
+terms subdominant in Aexpansion. (C.82)

Thus the imaginary part is suppresed by A~! relative to the real part. We can do similar analysis
to the second part r;7jup ; 1 A,j,xug,j,y”ix,i,y in Eq. (C.71) and found the same behavior. Thus, for Py

operator, we have the following scaling law

{ P, Py 1)k o ATC (C.83)
([P, Py ]y 1 o A7 (C.84)
Thus, we see the commutator for i gives additional suppression of a~! factor compared with

the anti-commutator, whereas the commutator for ¢ and { gives additional suppression of a~3

factor.
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C.3 Explict check of the mass term insertion formula

Expressing both side of Eq.(6.36) using the mode sum, we see the left hand side is

Y o 16 [V Bk
—1/ (dw){[Ppx, Pipu]) = ;3/ du® aw/WIm[(”A,kMB,k)x(MA,kMB,k)Z;] (C.85)
and the right hand side is
_ 2 [ d%k
) = = [ sdn(usl = lual) (C36)

Thus, we only need to check for each given k, the following equation is right

yO
O (|up|* — |ual?) = 8/ dw® agIm|[(u g ) x (14 k1tp k) ) (C.87)
From the left hand side, we have

d Ua
Ol fual?) = 28e | (uy vy ) g (c55)
m Uup .
X

and upon expressing mode function at time x° in term of evolution operator acting on the initial

value, we have

u 2 am k u
ai 4 = ai T exp fi/ dn 4 (C.89)
M\ ug m i k —am ug
kx ki
x am k
= —i[ dPU°® « 2% ai (C.90)
i m k —am
u
xU )| 4 (C.91)
up i
1

Combining these two expression, we can obtain the desired result after some algebra.
However, the remaining d°k integrals in Eq. (C.85) and Eq. (C.86) are UV divergent. To make
them finite, we express both side in terms of Bogoliubov coefficients and dropped the pure vacuum

contribution to get

0

i f " (dw) ([, Pa]) (C92)

%

3 am * am
16/(2i£)3,()x/ i () wlm[(af) (ap); ] (C.93)

Wy
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and

O (YY) (C.94)
2 43k paxm, 4 Bk aym )
aa?/(271)36’"[2@""| wk,x] ~ a;{/ (27-[)3(wk,x)am‘ﬁk,x| (C.95)

Now, we only need to check

OlBicl? =4 [ a2t (6) 0] (9

Suppose, x¥ is late enough such that By , is stablized and equals to its value at asymptotic future

Br, then we get

Im|Brl? (C.97)
X9 am  k 1//2
= 2Re{ Bidm | (0,—~1)Texp —z'/qu (C.98)
1i k —am 1/v2
= 2Re{|(—i) [ dza. |Bi[(lual® — u*){ + afBf (2uaup)i’ |} (C.99)
i
x0 am
_ 4 / 4200 " (g ) () (C.100)
i

Thus, Eq. (6.36) is compatible with the Bogoliubov projection.
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Appendix D

Example: Cross Correlator for Fermion

In this appendix, we explicitly check the claim that the non-derivative coupling term does not cause
large isocurvature and curvature cross correlator in the fermion case. In other word, we check Eq.
(7.26) with operator O as Py and Ty, as in Eq. (A.110). Upon integration by part, we only need to

show
t .
[ @, 3L40(2) — (Fir'a2i9):) = 0 ®1)

We may plug in the mode decomposition for ¢ as in Eq. (A.15), then sum over the modes running
in the loop. We may perform the spacetime integral first, then we shall find the mode sum is UV
divergent. We assume such a UV divergence can be regulated via a covariant regulator, such as
Pauli-Villars regulator or the Schwinger proper time regulator, and the regulator dependence can
be removed by some counter-terms in the operator mixing of . Here, we use the adiabatic

subtraction method to extract the particle production contribution. Let
t -
A = i [ @30 (2) D2)
t .
Ay = i [ @) (ir'a o)) 03)

we only need to show that A; = A,. To evaluate A;, we may consider varying  in the closed-

time-path path integral with free field Lagrangian

(in|ipein) = /C DDt £y, (D4)



87

to get
0 - _ i - i
j ) = fiJerr £ —)=
s inlduslin) = [ DyDgel fe £y ()5 [ x (D3)
.ot
= () [ @) Lynla) D)
Since (in|ipyy|in) is a one-loop calculation, we get
o - o
S\ PPxling = (inlPyx|in). (D7)
After setting 71 back to 1, we get
Ay = —3{in|fy.in). (D8)

Then we apply Bogoliubov transformation to obtain the particle production’s contribution to A;:

2 a3k
A = =35 [ G (lunOF = luax()P) (D9)
_ 2 d3k 2 2 — 2 — 2
= —3@/(2703[(04, — Bt (g jr]* = |dags]”) (D.10)
—8Re (g ¢ Bty g 1B t)]- (D.11)

Here we repeat that (14 ug) are the mode function with Bunch-Davies initial condition, while
(7ia,7ig) are WKB mode functions. They are related by time-dependent Bogoliubov coefficients as
in Eq. (A.49). If this expression is evaluated when the particle production has ended, then «, 8 are

constant over time. Plug in the explicit expression for WKB modes, we get

3
Ay = =3 [ 10— 20Bu) () — BRelanibi Gk i it (D.12)

where w = \/ay 2k + m?2. The first term in A; is non-oscillatory, and the second term is oscillatory
with frequency 2w. The Bogoliubov subtraction involves subtract the same expression of A; with
& = 1,8 = 0. And we further simplify by assuming that the time ¢, is late enough such that the
produced particle are all non-relativistic, i.e. kay 'w ™! < 1. This approximation enables us to drop

the second term and take m/w =~ 1 in the first term. After these simplification, we get

4 dk
AR = =3 /(2n)3|,3kt2 (D.13)

where subscript IR denote the above procedure in extracting the particle production contribution.

Next we compute Ajp. Plug in the mode expansion, we get

d’k .
Ay = —4/ dtz/ 2mX3aZ m(2uup)y (U — u3)k. (D.14)
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We may perform the Bogoliubov transformation and drop the oscillatory part to get

a3k 21 m i
Ao =16 [t [ 75 () S ) (2B (D.15)
V4

27tay, )3 Wiz Wix

After switching order of the time integral and the momentum integral, we find the time integral to

be

x k\* 1
[t () oo i) (D16)
a;) Wy,

It is interesting to note that this time integral is peaked around the time when mode k is being
excited. Since before k mode is excited, the integrand is suppressed by By ,; after k mode is excited,
the integrand is suppressed due to Im(a By x5 ,Bf ) = Im(|axBx|?) = 0. Due to the peak of the
time integral, we can approximately take ay By, =~ ;S and set the time integral’s upper bound

to +-oo.
We claim that the integral I is related to ﬁ | Bk|?. Recall that By is the time-independent Bogoli-

ubov coefficients between the in-vacuum and out-vacuum, which can be found from Eq. (A.42):

uin
t t Akt
N 0l B (D17)
Up gt
Uy
t t k,
ap = (U4 ugk:) in (D.18)
UB k.t

where the matching time ¢ can be arbitrarily taken. If we take ¢ to be +oo, then the out-mode is

approximately the WKB modes,

out w+m o 1 o
f— oo Ha ks — 2w eifw emifw (D.19)
uout w—m 0
B,k t 2w

where the last step is due to % < m in the asymptotic future. Thus, we can have

”i:xzk
Bx =~ (0,—1) z'n, o (D.20)
UB k0o
ty m k/a 1/v2
~ (0,—1)Texp —i/ dt v2 (D.21)
£ k/a —m 1/v/2

where we have used the evolution equation Eq. (A.23) to formally express the in-mode mode

functions. The initial and final time #; and f¢, can be chosen arbitrarily, as long as they are in the
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asymptotically early and late region. Such arbitrariness in #; and 7 only affect B by a constant

phase factor. Next, we consider

2
alnkwk'
= ZRe[ﬁztm,Bk}

1/2

0 ty
= 2Re[f;(0,—1)==— Texp —i/ dt

i

Oh
>
~
> S
L Z
S s

t
= 2Re[B;(0,—1)[— /tdtk Uty t) 1o in

Using the identity matrix

ug ”?;t j j
L= )y, ugi) + (U —UA k)
uin _qyinx
Bkt Akt
we get
2
alnkwk'
01 uin
= 2Re[B;(0 / dtf (tr, )1 BRE)
1 0 ”lf?,k,t
[k ”Zlkt
_ 2Re[[3,’§(0,—1)(—1)[£ ar | aRe(uf i)
: UB k.t

inx

UB .t j i
+ ((”an,k,t)z — (”%,k,t)zm
gy
Akt

. k 4 «
= aRel-i [t (1B P2Re(uy 35, + B () ()

The first term vanishes after taking the real part, the second term gives
2 k 2 in_ \2
Tn k|,3k| =2 df Im[“kﬁk((”Bkt) — (Ul ))]

We use Bogoliubov decomposition on u% — 1% to get

K\ 1
2 o o - * %
alnk"Bk’ ~ 4/ dt ( > wk’tlm[‘xkﬁktxk,tﬁk,t]

a
£

where the approximation is due to the omission of the oscillatory terms.

(D.22)

(D.23)

(D.24)

(D.25)

(D.26)

(D.27)

(D.28)

(D.29)

(D.30)

(D.31)

(D.32)

(D.33)



90

This above identity enables us to write Eq.(D.15) as

d®k 0 5
Aan ~ 4 [ s sl (D39
4k
= -3 X4/(27le)3 |Bil? (D.35)

where in the second step, we used integration by part in ﬁ. We see A jr = Aj,jr indeed.

To summarize, to prove Eq. (D.1), we only need to prove A; = Ay, where A; and Aj; are defined
in Eq. (D.2) and Eq. (D.3). We used the approximation that ¢, is late enough, such that the particle
production has stopped and the produced particles are non-relativistic by the time of t,. We used
the Bogoliubov subtraction prescription to extract the particle production contribution, i.e. Aq g

and Aj ;r. We are able to show that A ;g and Aj jr are indeed equal.
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